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Abstract. The paper discusses “regularisation” of dualities. A given duality between
(concrete) categories, e.g. a variety of algebras and a category of representation spaces,
is lifted to a duality between the respective categories of semilattice representations in
the category of algebras and the category of spaces. In particular, this gives duality for
the regularisation of an irregular variety that has a duality. If the type of the variety
includes comstants, then the regularisation depends critically on the location or absence
of constants within the defining identities. The role of schizophrenic objects is discussed,
and a number of applications are given. Among these applications are different forms of
regularisation of Priestley, Stone and Pontryagin dualities.
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1. Introduction

Priestley duality [26] [27] between bounded distributive lattices and ordered
Stone spaces may be recast as a duality between unbounded distributive
lattices and bounded ordered Stone spaces [6, p.170]. In joint work with
Gierz [7], and using a range of ad hoc techniques, the first author combined
this form of Priestley duality with the Plonka sum construction to obtain
duality for distributive bisemilattices without constants. Such algebras have
recently found application in the theory of program semantics [15] [28]. The
variety of distributive bisemilattices without constants is the regularization
of the variety of unbounded distributive lattices, i.e. the class of algebras, of
the same type as unbounded lattices, satisfying each of the regular identities
satisfied by all unbounded distributive lattices. In this sense, the duality
of [7] may be described as the regularization of Priestley duality without
constants.

For a type with constants, there are various forms of regularization ac-
cording to the location or absence of the constants within identities. Part
of the motivation for the current work is the desire to apply these versions
of regularization to Priestley duality in its original form, i.e. as a duality
for bounded distributive lattices. Indeed the resulting algebras, distributive
bisemilattices with constants, are more readily suited to the applications in
program semantics. Another motivation for the current work is the desire
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to extend traditional Pontryagin duality by regularization. Since Pontrya-
gin duality (between discrete abelian groups and compact Hausdorff abelian
groups) involves constants, such extensions have to involve constants as well.

The ad hoc techniques of [7] did not lend themselves well to further de-
velopment. As a first step, the present authors gave a general and more
conceptual treatment of the regularization of a duality for algebras without
constants [34]. There were two key ingredients in this treatment. The first
(which was also used independently by Idziak in a different context [12])
was the interpretation of the Plonka sum as an equivalence between semi-
lattice representations or sheaves and (total spaces of ) bundles. The second
was a purely categorical theorem showing how an initial duality could be
enlarged to a duality between categories of representations of semilattices
in the categories of the initial duality. (The initial duality was recovered
from the enlarged duality as the duality for representations of trivial semi-
lattices.) The present paper recalls the key concepts of [34], but the reader
is referred there for details such as the proof of the duality theorem for semi-
lattice representations. The proof remains valid for the improved version
of this duality theorem (Theorem 4.4) formulated here with less restrictive
completeness assumptions.

For algebras with constants, there are three main forms of regulariza-
tion. These are known as regularization, symmetrization, and symmetric
regularization. They correspond to three possible locations of a constant
object in a meet semilattice viewed as a poset category: terminal, initial,
or arbitrary. There are three corresponding varieties of semilattices with
constant. The second section of the paper discusses dunality theorems for
semilattices without constants and for these three varieties of semilattices
with constant. These semilattice dualities may be viewed as regularizations
of (trivial) duality for trivial algebras. Semilattice duality is the basis for
regularization of other dualities.

The third section starts with the analysis of identities with and without
constants that leads to the various forms of regularization. It then presents
the various forms of the Plonka sum construction that describe algebras
in the various regularizations of a strongly irregular variety 0. For the
symmetrization and symmetric regularization, the appropriate Plonka sums
represent semilattices in a new category 29. This new category is itself a
sort of Plonka sum of the category 9 (with homomorphisms as morphisms)
and the “non-constant reduction” of U, the variety 2, generated by the
non-constant reducts of algebras from 9.

The fourth section begins with the concept of compatibility between du-
alities for U and P,. Given such compatible dualities, there is a duality for
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the Plonka sum category 2% (Theorem 4.2). The section then leads up to the
main Theorem 4.6 presenting dualities for all the various regularizations of a
strongly irregular variety 0, with or without constants. Subsequent sections
give a selection of examples illustrating how Theorem 4.6 may be applied.
In the applications, one is often interested in axiomatizing semilattice repre-
sentations as sets with structure (algebraic, relational, or topological). This
may be achieved by the use of schizophrenic objects as discussed in Proposi-
tion 5.1, and by the basic Theorem 5.2. The first applications, discussed in
the fifth section, are the regularizations of Priestley, Stone, and Pontryagin
duality. These applications are relatively straightforward.

The sixth section shows how Priestley duality may be symmetrically reg-
ularized. In order to obtain compatible dualities for distributive lattices with
and without lower bounds, the standard Priestley duality for distributive
lattices with lower bounds has to undergo a subtle modification involving
“creation operators” and “destruction operators”. The key issue is that the
underlying set functor from a concrete category of sets with structure is not
always a functor forgetting that structure. (A standard example of this phe-
nomenon occurs when the underlying set of an object in a category of Banach
spaces is the unit disc of the Banach space, not the whole space {35, p. 47].)
The seventh section presents various regularizations of Lindenbaum-Tarski
duality, based on a new version of this duality covering the case of pointed
sets. The final section deals with varieties such as Boolean algebras and
abelian groups having definable constants. Although it may not be possible
to find a compatible duality for the non-constant reduction of such a variety,
a simple modification to Theorem 4.6 enables it to provide symmetric reg-
ularizations of dualities for these varieties. Stone and Pontryagin dualities
are analyzed from this standpoint.

The topic of this paper involves concepts from a number of branches of
mathematics. Readers unfamiliar with any one of these branches may often
be able to suspend disbelief temporarily in order not to lose the thread of
the discussion. For category theory, one may refer to [16] or [35]; for sheaf
theory, to [13] or [17]; for universal algebra, to [31]; for duality, to [5] or
[13]. Note that mappings and functors are generally written to the right of
their arguments so that concatenations such as (4.11) or (6.6) may be read
in natural order from left to right.

2. Semilattice Dualities

The variety Sl of semilattices is the variety of commutative, idempotent
semigroups. The semigroup multiplication will usually be denoted by a
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period or by juxtaposition of the arguments. A semilattice H or (H,.) may
be considered as a poset (H,<) or (H,<.)— a meet semilattice — under the
relation

(2.1) r<yeT-y=uz.

In turn, the poset (H, <) may be considered as a small category H with set
H of objects. The morphism set H(z,y) is the singleton ¢ — y if z < y,
and otherwise H(z,y) is empty. Another way of looking at a semilattice H
is as a topological space with topology

(2.2) QH)={GCHlz<yeG=>zeclG}

the Alezandrov topology T(H,>) of the dual poset (H,>) [13, IL. 1.8]. The
poset (H,<) may be identified with the subposet {] hlh € H} of (Q(H),C)
consisting of principal subordinate subsets. In this guise, H forms a basis
for the topology Q(H). At various times throughout the current work, it
becomes convenient to regard semilattices as semigroups, posets, categories,
topological spaces, or as bases of topologies.

Beyond the basic variety Sl of semilattices, various varieties of semilat-
tices with constants are needed. A bounded semilattice is a semilattice H
with two constants forming lower and upper bounds in the poset (H, <).
The variety gﬂ is the variety of semilattices with a single constant (i.e. the
tensor product [31, 232] of Sl with the variety of pointed sets). The variety
Sl, is the variety of commutative idempotent monoids. (The suffix 0 here
pertains to the additive notation for semilattices used in [25]. Despite the
current use of multiplicative notation, retention of this designation for the
variety of monoids facilitates use of [25] and related references.) Finally, the
variety Sl is the variety of semilattices with an absorbing constant (i.e. an
initial object in the corresponding category). Along with the notation for
semilattice varieties, which are categories having all homomorphisms as mor-
phisms, notations for the dual categories of representation spaces are needed.
Recall that a Stone topological space is one having a compact Hausdorff zero-
dimensional topology, or characterized by the equivalent conditions of [13,
Theorem II. 4.2]. Then B denotes the category of bounded Stone topological
semilattices and continuous homomorphisms between them. Following [10],
Z denotes the category of Stone topological Sl -algebras (the mnemonic Z
for “zero” is helpful here). As posets, B-spaces are complete (indeed al-
gebraic) lattices [10, p. 39]. A subset X of a B-space G is a cover of an
element g of G iff ¢ < supX. An element ¢ of G is compact if it is not
the lower bound, and if each cover of ¢ contains a finite subcover. Then U
denotes the full subcategory of B consisting of B-spaces with compact upper
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bound. Finally, M is the category of B-spaces with a compact constant and
B-morphisms respecting these constants.
The dualities for semilattice varieties may be listed as follows:

(2.3) C:S8laB:F;

(2.4) Co: 8l = Z : Fo;
(2.5) Cy:8l, = U: Fy;
(2.6) Cu :E’——lu 2 M:F,.

Duality (2.4) is covered very thoroughly in [10], and briefly in [13, VI. 3.6].
Duality (2.3) is given explicitly in [6, p. 158], [5, p. 28]. Both these du-
alities arise from the rtole of the 2-element semilattice 2 = {0 < 1} as a
“schizophrenic object”, i.e. as an object (with appropriate structure) of
each of the categories appearing in the duality. Thus C = 8I( ,2), F =
B( ,2), Co=8L( ,2),and Fy = Z( ,2). The dualities (2.5) and (2.6)
do not seem to have been treated in the literature (and (2.6) does not appear
to arise from a schizophrenic object). They are discussed below on the basis
of the duality (2.3).

As an object 2 of B, the two-element semilattice has the discrete topol-
ogy, lower bound 0, and upper bound 1. For a semilattice H, the B-space
HC is defined to be the closed subspace SI(H,2) of the product space %H .
Elements of HC are called characters of H. The characteristic function of
a subset © of a semilattice (H,.) is a character of (H,.) iff the subset © is a
wall of (H,.), i.e. iff

(2.7) Vh,ke H, (h-k€©)& (heB,kc0)

[33, Prop. 2.2]. In meet semilattices, walls are often described as “filters”
(cf. [10, Defn. 2.1]), while in join semilattices they are often described as
“ideals” (cf. [32, Defn. 4.1]). Let HW denote the set of walls of H.

ProrosITION 2.1. Under intersection, HW forms a subsemilattice of the
power set of H. Moreover, there is a natural B-isomorphism

(2.8) HC — HW; x — x"H{1}.

Proor. Cf. [10, Prop. II. 2.4(ii)]. The least element of HW is the
empty wall. .
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PROPOSITION 2.2. In a B-space G, the set GK of compact elements forms
a join semilattice (i.e. a subcategory with coproducts of pairs of objects).

Proor. See [3, Th. VIIL 8], [10, Prop. II. 1.10 and Th. II. 3.3] or [31,
64]. [

For an element h of a semilattice H, the wall [h] is the intersection of all
the walls of H containing h. Such a wall is called principal.

ProposITION 2.3. For a semilattice H, an element © of HW is compact
iff it is principal. There is a natural isomorphism

(2.9) H— HWK; b~ [h].

PRroOOF. See [10, Prop. II. 3.8], [31, 344 (i)] or [32, Th. 5.1]. The latter
two references apply on considering the variety of stammered semilattices
[31, 327]. [

In the other direction, one has the folowing
ProPosITION 2.4. For a B-space G, there is a natural isomorphism
(2.10) Y6:G— GKW; g~ GKnNn | g.

Proor. Cf. [10, Prop. II. 3.9]. The bottom element of G maps to the
empty wall: each compact element of G is strictly above the bottom. ]

ProrosITION 2.5. There is a contravariant functor K : B — Sl given by
Proposition 2.2. For a %B-space G, define

(2.11) kg:GF — GK; 0 — inf 671{1}.
Then k : F - K is a natural isomorphism.

ProoF. See [10, Th. I1.3.7 and Prop. II. 3.20]. n

With these details of the basic semilattice duality (2.3) established, it be-
comes easy to treat the dualities (2.5) and (2.6). For an gﬂ-object (H,.,1),
the corresponding M-object HC, may be defined with the aid of Proposi-
tions 2.1 and 2.3. Namely HC), is the B-object HW with the principal wall
[1] selected as the compact constant. In the other direction, suppose given
an M-object G with compact constant m. Then GF), is the semilattice GF
with constant mkg!, defined using the natural isomorphism of (2.11). The
functors C; and Fy of (2.5) are the respective restrictions of C, and F), to
the full subcategories _S?ll of _§__1“ and U of M.
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3. Identities and Plonka Sums

The varieties leading to semilattice-based dualities are determined by proper-
ties of their defining identities. One thus needs a fairly detailed classification
of different kinds of identity. An identity is regular if it involves exactly the
same set of arguments on each side [31, 13]. It is strictly regular if it is
regular, and does not involve nullary operations on either side. It is nullary
symmetric if it does involve nullary operations on each side. It is nullary
asymmetric if it involves nullary operations on one side only. It is symmet-
ric if it is strictly regular or nullary symmetric. Finally, it is symmetrically
regular if it is regular, but not nullary asymmetric. This classification may
be displayed by the following Venn diagram.

WITHOUT WITH NULLARIES
NULLARIES NULLARY NULLARY
SYMMETRIC ASYMMETRIC
e )
SYMMETRIC

STRICTLY || SYMMETRICALLY

REGULAR
REGULAR REGULAR

eI ENS AN~

/

There is a nice correspondence between the classes of identities outlined in
the diagram and the varieties of semilattices listed on the left hand side of
(2.3) — (2.6). Let 7 : B — N be a plural type, i.e. with 771{n € Njn > 1}
non-empty. Set B¥ = 7712+ and By = 7~1{0}. A semilattice (H,.) may be
realized as a Bt-algebra, a Bt-semilaitice, on setting

(31) hl...hw,,—wzhl'...‘hwf
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for w in B*. A pointed semilattice (H,.,u) from gﬂ or its subvarieties
Sl,, 81, may be realized as a B-algebra for non-empty By via (3.1) and

(3.2) w=p

for w in By. Such a B-algebra is called a B-semilattice. The classification of
identities in the type 7 carries over to varieties of B-algebras. A variety U of
B-algebras is said to be symmetrically regular, for example, if it is precisely
the class of all B-algebras satisfying a set of symmetrically regular identities.

ProrosiTioN 3.1. Let 7 : B — N be a plural type, and let U be a variety of
B-algebras.

(a) Suppose that By is empty. Then U contains the variety Sl of B-
semilattices iff U is (strictly) regular. In particular, Sl is the variety
of B-algebras satisfying all (strictly) regular identities in the type T.

(b) Suppose that By is non-empty. Then U contains the varieties (i) SL,,
(i) 81, (iii) S1, of B-semilatlices iff % is respectively (i) regular, (ii)
symmetric, (iii) symmetrically regular. In particular, the varieties (i)
8L, (i) 81, (iii) §_l“ are the varieties of B-algebras satisfying respec-
tively all (1) regular, (ii) symmetric, (iii) symmetrically regular identi-
ties in the type T.

Proor. (a) Cf. [20], [21], [25, Prop 2.1], [31, 235]. (b) Cf. [25, Prop.
9.1]. For (i), cf. [12, Cor. 3.8], [22]. For (ii), cf. [23]. For (iii), cf. [24]. =

DEFINITION 3.2. Let 7: B — N be a plural type, and let U be a variety of
B-algebras.

(a) Suppose that By is empty. Then the (strict) regularization P of U is the
variety of all B-algebras satisfying all the (strictly) regular identities
satisfied in 2.

(b) Suppose that Bg is non-empty. Then the (i) regularization By, (ii)
symmetrization Dy, (iii) symmetric regularization 51# of U are the va-
rieties of all B-algebras satisfying respectively all the (i) regular, (ii)
symmetric, (iii) symmetrically regular identities satisfied in 2.

(c) The (non-constant) reduction Uy of B is the variety of Bt-algebras
satisfying each of the identities satisfied by all of the B*-reducts of
algebras from 2.
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Models for the various varieties introduced in Definition 3.2 (a) (b) may
be obtained by a construction known as the Plonka sum from representa-
tions of semilattices or sheaves over Alexandrov spaces (2.2). Let H be a
semilattice, considered as a small category. A set representation of H is a
contravariant functor

(3.3) R:H — Set

from H to the category of sets, i.e. an object in the functor category
H = S:g___t_HOP of presheaves on H. Since the elements of H, as principal
subordinate subsets, are join-irreducible in the poset (Q(H),C), the condi-
tion [17, II. 1(9)] for a presheaf on H to be a sheaf is trivially satisfied. By
the Comparison Lemma for Grothendieck topoi [17, Th. II.1.3 and App.,
Cor. 3(a)], the category H is equivalent to the category Sh(H) of sheaves (of
sets) over the space H under the Alexandrov topology (2.2). By [17, Cor. IL.
6.3], the category Sh(H) is in turn equivalent to the category Etale H of étale
bundles 7 : E — H over the space H. Given a representation (presheaf)
R : H — Set, the corresponding bundle 7 : E — H (or more loosely just the
total space E) is the bundle RA of germs of the sheaf R : Q(H) — Set. An
alternative, purely algebraic description of the equivalence between semilat-
tice representations and étale bundles may be given. The variety Lz of left
trivial or left zero bands is the variety of semigroups satisfying

(3.4) TEYy=2

(11, 119], [31, 225]. The category Lz is isomorphic to the category Set of
sets. In one direction, forget the multiplication (3.4). In the other direction,
the multiplication on any set is just the projection (z,y) + « from the direct
square. The (strict) regularization Lz is the variety of left normal bands, the
variety of idempotent semigroups (Ends) satisfying

(3.5) THY*xZ=T*2Z%xY

[11, 119] [31, 223]. The bundle 7 : E — H of a left normal band (FE, %) is its
projection onto its semilattice replica [31, 17]. One obtains a corresponding
representation

(3.6) ET: H — Set; h— n7'{h},
defined on the morphism level by

(3.7) (h = K)ET : 7 Yk} 5> 77 Hh}; 2>z xy
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for any y in 771{h}. In the other direction, a presheaf or representation
(3.3) gives a contravariant functor

(3.8) R:H — (%)

to the category () of groupoids or magmas (sets with a binary multiplica-

tion) and homomorphisms. Here (3.8) is obtained from (3.3) on interpreting

each set AR as the left zero band (hR, *). Defining 7 = |J (hR — {h}) and
heH

(3.9) zxy=a(@xy" — ")k
for z,yin £ = U hR gives the bundle

hEH
(3.10) RA:E— H

of a left normal band (E,#). The constructions I' of (3.6) and A of (3.10)
extend to functors providing an equivalence

(3.11) A:He(Lz, H): T

between the presheaf category H for a fixed semilattice H and the comma
category (Lz, H) of left normal bands over H (cf. [16], §IL. 6). The equiva-
lence (3.11) is an algebraic analogue of the equivalence

(3.12) A:ShH = Etale H : T

of sheaf theory [13, Cor. V. 1.5(i)], [17, Cor. II. 63].

The algebraic equivalence (3.11) may be extended. Let C be a category
whose objects are small categories and whose morphisms are functors. Let D
be a category. Then one may define a new category (C; D), called a semicolon
category, as follows. Its objects are covariant functors R : C' — D from an
object C of C to D. Given two such objects R: C — Dand R : C' — D, a
morphism (o, f) : R — R’ is a pair consisting of a C-morphism f:C — C’
and a natural transformation ¢ : R fR’. The composition of morphisms
in (C; D) is defined by

(3.13) (0, /)7, 9) = (o(f7), f9)

(cf. [10, §0.1] [16, Ex. V. 2.5 (b)]. (Note that Mac Lane used the name
“supercomma”and the symbol |- in place of the semicolon.) For a concrete
category D, let (S1; D°?)’ denote the full subcategory of (Sl; D°?) comprising
the functor @ — D and functors from non-empty semilattices to the full
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subcategory of D°? consisting of non-empty D-objects. Then the equivalence
(3.11) may be extended to the equivalence

(3.14) A (ShSet?) = Lz : T.

Consider a left normal band morphism F' : E — E’, with semilattice replica
f+H — H'. Define R=FET:H — Set and R = E'T : H — Set. A
natural transformation ¢ : R > fR' is defined by its components

(3.15) wh:hR — hfR'; 2 — zF

at objects h of H. The (SL; Set°?)-morphism FT : ET — E'T is then defined
as the pair (¢, f). Conversely, given such a pair as an (S1; Set°”)-morphism,
a left normal band morphism f = (¢, f)I' : RI' — R'T is defined as the
disjoint union of the components (3.15).

The general equivalence (3.14) may be specialized in various ways. Of
particular interest in the current context is the case of a strongly irregular
variety U of B-algebras, considered as a category with homomorphisms as
morphisms. Such a variety U is said to be strongly irregular if there is a
left zero band operation * derived from the basic B*-operations in 9. For
example, the variety of groups (as usually presented with multiplication,
inversion and unit) is strongly irregular by virtue of

(3.16) zxy = (zy)y~ L.

Then Plonka’s Theorem describing regularizations of strongly irregular va-
rieties may be formulated as follows:

THEOREM 3.3. Let 7 : B — N be a plural type, and let B be a strongly
irregular variety of B-algebras.

(a) Suppose that By is empty. Then the equivalence (3.14) specializes to
an equivalence

(3.17) A:(SL2%)Y =3 T.

(b) Suppose that By is non-empty. Then the equivalence (3.14) specializes
to an equivalence

(318) A() . (go;m”) = %0 : Fo.

Proor. (a) Cf. [20], [21], [25, 7.1], [31, 239]. (b) Cf. [22], [25, 11.1(Db)].
Consider a semilattice representation R : H — 2. For an operation w in
Bt, the operation w on the bundle E = RA is defined by

(3.19) cenzpow=coz(c2lLw - eD)E
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For w in By, the constant w in the bundle E = RA = RAg is defined to be
the constant w in the B-algebra representing the unit of the monoid H. m

The functors A of (3.17) and Ao of (3.18) are known as Plonka sums, Ao
“with constants”.

Plonka’s Theorem 3.3 describes algebras from 9 and B as Plonka sums.
For non-empty By, there are analogous descriptions of algebras from 9; and
Dl ,- However, the representations of the semilattice replicas are not in the
category 2, but in a more complicated category 29 obtained from . In fact,
this more complicated category is itself a sort of Plonka sum of categories
over the two-element semilattice. First note the forgetful functor

(3.20) U:9 -3,

obtained by taking B*-reducts. The class of objects of 29 is the disjoint
union

(3.21) 0b(*B) = Ob(B4) U Ob(D).
The morphisms of 2% are either morphisms of U or Y., or else of the form
(3.22) fiXoY

with X € Ob(D4), Y € Ob(B), f € D4 (X,YU). Then for g € B(Y, Z), one
has fg € 20(X,Z) with fgV € 94.(X,ZU). For h € (W, X), one has
hf e *0(W,Y) with hf € D (W,YU). Define

(323) (81, 0%,

to be the full subcategory of (’S-—lu; 293°P) conmsisting of functors R : H — 295°P
with restrictions R: (| ) — Y and R: (H— | p) — U4. Objects in the im-
age of the latter restriction are required to be non-empty. Define (gl , 20°P),
as the full subcategory of (gﬂ; 290°P),, consisting of functors whose domain
semilattices have initial constant objects. Then Plonka’s Theorem describing
symmetrizations and symmetric regularizations of strongly irregular varieties
may be formulated as follows:

THEOREM 3.4. Let 7 : B — N be a plural type with 7=1{0} non-empty. Let
B be a strongly irregular variety of B-algebras. Then the equivalence (3.14)
specializes to equivalences

(3.24) Ay :(SL; *0°P); = By : Ty
and
(3.25) Ay (Sl 20°P), =29, : T,

=y
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Proor. For (3.24), cf. [23], [25, 11.1(c)]. For (3.25), cf. [24], [25,
11.1(a)]. |

The functors A of (3.24) and A, of (3.25) are known as Plonka sums with
constants.

4, Semilattice-based Dualities

A duality (of concrete categories) is written as
(4.1) D:Ae%:E

and understood as follows. Firstly, 2 is a concrete category of objects called
algebras (e.g. a variety of algebras of type 7 : B — N), while X is a concrete
category of objects called representation spaces for 2-algebras. There are
(covariant) functors D : 2 — X°P and E : X — U° furnishing an (adjoint)
equivalence between 2 and X°? (as in [16, Th. IV. 4.1]). Thus there are
natural isomorphisms ¢ : 1o ->DFE and 5 : 1y > FED. For example, in the
duality (2.3) for semilattices, these natural isomorphisms are given by (2.9)
and (2.10) respectively.
Suppose given a duality (of concrete categories)

(4.2) D:5=29:E

for a variety U of B-algebras with By non-empty. Let the natural isomor-
phisms for the duality (4.2) be ¢ : 14 >DE and 7 : 19 5 ED. Further,
suppose given a duality (of concrete categories)

(43) D+ : QI+ =4 2)+ : E+

for the reduction 2 of U, with natural isomorphisms e : 15, - Dy Ey and
nt : 1y, > EyDy. Recall the forgetful functor U : ¥ — U4 of (3.20). Then
the dualities (4.2) and (4.3) are said to be compatible if there is a functor
(preserving underlying sets)

(4.4) Z:9 - Dy

such that the following compatibility conditions are satisfied:
(a) DZ =UDy;

(4.5) (b) EU=Z7E;

(c) for A € Ob(B), ealU = el
(d) for Y € Ob(D), mvZ =nf,.
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(Thus the pair (U, Z) is a “map of adjunctions” in the sense of [16, §IV. 7].)
Define a dual Plonka sum 92 of 9 and 94 by

(4.6) Ob(?) = OB() U OK(D+),

such that morphisms of 9? are either morphisms of 9 or 94, or else of the
form

(4.7) f:Yy =Yyt
with YV € 0b(9),Y* € 0b(94), f € D+ (Y Z,Y+) (cf. (3.21) and (3.22)).

ProrosiTion 4.1.
(a) The category 2T is complete, and has directed colimits.

b) The category D? is cocomplete, and has directed limits.
3}

Proor. It will be shown that 29 is complete. Cocompleteness of ? is
proved dually. First, consider a pair (f,g) of parallel morphisms in 2. If
the pair lies in 9, then its equalizer in 29 is its equalizer in U. If the pair
lies in U, then its equalizer in 29 is its equalizer in 2. Suppose the pair
has domain A%t in U, and codomain A in Y. Thus there is a parallel pair
in Wy (AT, AU). The D -equalizer of this pair is then the 2-equalizer of
(f,9). Thus 29 has equalizers.

Next, consider a set (A;|¢ € I) of ?U-objects, partitioned so that I =
Io U I with set (A;]i € Ip) of B-objects and set (A;]¢ € 1) of V-objects.
Form the U -product P = ( [T A;)x( [ A:U) with projections p; : P — A;

i€l 1€l
for ¢ in Iy and p; : P — A;U Ofor i in 111. Then P becomes the product of
(A;]7 € I)in 20, equipped with projections p; : P — A; in 29 corresponding
to p; : P — A;U in U, for i in I. Since 29 has equalizers and products, it
follows [16, §V. 2] that 29 is complete.

Now it will be shown that 9)? has directed limits. The proof that 2% has
directed colimits is dual. Consider an (upwardly-)directed poset J, and a

contravariant functor R : J — 92. There are two cases to consider.
(¢) Jke€J. kR eObD).

In this case im(R : J — 9?) = liin(R : 7k — 9). Indeed, any cone
including a morphism to kR in Ob(2)) must have its vertex in 9, and then
the universality property for im(R : Tk — 9) in 9 yields the universality

property for ]j(_r_n(R :J — 9% in P2

(b) Vk e J, kR € 0b(9).
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In this case ]j(I_n(R =P = ]jg_n(R :J = 94). For a cone with vertex in
2+, the universality property for H£1(R :J — 94 ) in Q4 yields the requisite
universality property for ]jg_n(R :J — 9?) in P?. For a cone with vertex Y

in 9, the P?morphisms ¥ — kR to the limiting cone correspond to P ,-
morphisms YZ — kR. The universality property for lim(R : J — 94) in

P+ yields a unique Y-morphism YZ — lim R, giving the requisite unique
92-morphism Y — lim R. [ ]

THEOREM 4.2. Given compatible dualities (4.2) and (4.3), there is a duality
(of concrete categories)

(4.8) D: g=9?%: E2

ProofF. The dual of the non-trivial 28-morphism f : At — A corre-
sponding to the U -morphism f : At — AU is the non-trivial 9%-morphism
2D : AD — At D, corresponding to the 9 -morphism fD, : AUD, —
A* D,. Compatibility condition (4.5) (a) guarantees that this 9)-morphism
has the correct domain. The functor 2D acts as D on Mor () and as Dy
on Mor (D). The functor E? is defined dually. In particular, it sends a
non-trivial P?-morphism f:Y — Yt to the non-trivial *%-morphism fE? :
Y+E, — Y E corresponding to the ¥, -morphism fE, : YtE, - YZE,.
Compatibility condition (4.5) (b) guarantees that this 8, -morphism has the
correct codomain. The natural transformation 2¢ : 15, »2DFE? is defined
by 264 = ca for A € Ob(D) and %¢4 = ¢} for A € Ob(Ty). The natu-
ral transformation 72 : 1y, > E? 2D is defined similarly by n2 = ny for
y € Ob(9) and n2 = nf for Y € Ob(94). The naturality of 2¢ on morphisms
entirely within 2 or 9, is immediate. Consider a non-trivial 2-morphism
f : AY — A corresponding to the U -morphism f : At — AU. Then
Z¢ is natural at this 20-morphism [ since f2e4 = feq = feY = fely =
8j'1+ fP+E+ =2 ¢, f?2p52, The first and last equalities here follow by defini-
tion of 2¢, 2D, and E2. The second equality follows by composition in 2%,
the third by compatibility condition (4.5)(c), and the fourth by naturality
of e¥ at the YUy -morphism f : A* — AU. The naturality of 5? is obtained
dually. [ |

ExAMPLE 4.3. The semilattice dualities (2.6) and (2.3) are compatible. The
functor U : % — Sl forgets the constant, while the functor Z : M — B
forgets the compact constant.
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Now suppose that a duality of the form (4.1) is given, with complete
2 having directed colimits, so that X is cocomplete and has directed limits.
Such a duality may come from (4.2) with By empty, or from (4.8) of Theorem
4.2. Set 9% = (Sl; A°?). For a B-space G, a representation (contravariant
functor) R : G — X is said to be B-continuous if

(4.9) gR=1m(R:GKN | g — X)

for each element g of G. (The limit on the right hand side of (4.9) is the
limit of the restriction of R to the upwardly directed ordered subset of G
consisting of compact elements below g.) The category X is defined to be
the full subcategory of (B; X°P) consisting of B-continuous representations
of B-spaces in X. By virtue of (3.14), representations R in 2 and X may be
identified with the (total spaces of the) corresponding bundles RA. Define
a contravariant functor D : % — X by

(4.10)  (R:H —»)D=(HC - %; 8+ [lim(R:07*{1} - 2)]D).

To see that RD is B-continuous, it is convenient to identify characters 8 of
H with the walls -1{1} that they determine, according to (2.8). Under
the identification, HC K is the set of principal walls (Proposition 2.3). For
an element h of H, with corresponding principal wall [h], one has [h] RD =
[]jin(R :[h] — Q[)] D = hRD. Then for an arbitrary wall © of H, it follows

that lim(RD : HCKN | © — %) = Iim(RD : {[h]|h € ©} — %) = lim(RD :

0 — X) = [limR: 0 - A)D = ORP, as required. The penultimate
equality holds since the covariant functor D : % — X°P, having F : X7 — 2
as a right adjoint, preserves colimits [16, §V. 5]. The definition of E: X4
is quite direct. Recall the natural isomorphism kg : GF — GK between
the meet semilattice GF dual to the B-space G and the join semilattice GK
of compact elements of G (Proposition 2.5). The composite of kg with the
order-preserving embedding 7 : GK — G of the poset GK in G gives a
contravariant functor kgj : GF — @. The definition of E is then given by

(4.11) (R:G — X)E = (kg jRE : GF — ?).

The right hand side of (4.11), as the composite of three contravariant func-
tors, is contravariant. It thus forms a representation of the semilattice G F
in 2, determining an %-algebra.

THEOREM 4.4. Suppose given a duality (4.1) between a complete concrete
category A with directed colimits and a concrete category X of representation
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spaces. Then the functors D of (4.10) and E of (4.11) yield a duality
(4.12) D:A=%X:E

between the category U = (SL;A4°P) and the full subcategory X of (B;%°F)
consisting of B-continuous representations.

Proor. Cf. [34, Th. 4.3]. Cocompleteness of 2 was assumed there,
but the existence of directed colimits suffices. [ |

Theorem 4.4 uses the semilattice duality (2.3). An analogous result may
be formulated and proved on the basis of the semilattice monoid duality
(2.4).

THEOREM 4.5. Under the assumptions of Theorem 4.4, there is a duality
(413) 50 : 5[0 = %0 : E()

between the category U = (81,; %°P) and the full subcategory Xo of (Z;%°7)
consisting of continuous representations.

Plonka’s Theorems 3.3 and 3.4 may now be combined with Theorems
4.4 and 4.5 to yield dualities for the regularizations and symmetrization of
a strongly irregular variety.

THEOREM 4.6. Let 7 : B — N be a plural type, and let ¥ be a strongly
irregular variety of B-algebras, equipped with a duality of concrete categories

(4.14) D:5=9:F.
(a) Suppose that By is empty. Then there is a duality

(4.15) D: %= E

for the regularization 0 of .
(b) Suppose that By is non-empty. Then there is a duality

(416) bo : i]g = i)o : Eo
for the regularization By of V. Suppose further that there is a duality

(417) Dy 0y 294 E+
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for the reduction By of B compatible with the duality (4.14). Then
there are dualities

(4.18) 51 : i]l =4 @1 : E

for the symmetrization Ty of T and

~ ~ ~ ~

(4.19) D,:%,=9,:E,
for the symmetric regularization 57,1 of 0.

Proor. (a) Applying Theorem 4.4 with (4.14) in place of (4.1) yields
a duality

(4.20) D:(SLYP)=%: E

between (S1;0°P) and the full subcategory X of (B;9°P) consisting of B-
continuous representations. This duality restricts to

(4.21) D:(SLw*Y 2 E

for a suitable subcategory 9) of X. By the equivalence (3.17) of Theorem 3.3,
the category on the left hand side of (4.21) may be replaced with 9, yielding
(4.15).

(b) Applying Theorem 4.5 with (4.14) in place of (4.1) yields (4.16). Apply-
ing Theorem 4.4 to the duality (4.8) of Theorem 4.2 yields a duality

(4.22) 2D : (8L 20?) = X : B2

for the full subcategory ¥ of (B; 92 °?) consisting of continuous represen-
tations. By (3.25), the symmetric regularization 9, is equivalent to the
category (gu; 250°7), of (3.23). This category in turn has an equivalence

(4.23) L:(SL; *0%), = 6&:J

with a subcategory & of (Sl; ?@°?). The functor L forgets (“Loses”) the
constant g in the domain semilattice of a representation. The functor J
recovers the constant in the domain of suitable representations (viz. those in
&) as the least upper bound (“Join”) of the semilattice elements represented
by 29-objects in . Define a functor

(4.24) D,: 0" — %

as the composite D, = T,L 2D of the functors of (3.25), (4.23), and (4.22).
Let 9, be the image of D in ¥. Let E, be the restriction of E? to 9,.
This yields the duality (4. 19) Finally, (4 18) is obtained from (4.19) by
restriction. [ |
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5. First applications

The current and subsequent sections discuss some typical applications of
the general Theorem 4.6. In these applications, the category 0 of (4.14) is a
strongly 1rregu1ar variety of finitary B-algebras with nu]lary operations. The
category 9 is the regulanzatlon of 9, the category 9 is the symmetrization
of ¥, and finally ‘1} is the symmetric regularization of . The duality (4.14)
arises from a schizophrenic object T', appearing simnultaneously as an object
T of O and as an object T of 9, in such a way that there are natural
isomorphisms

(5.1) A:DSg( 1)
and
(5.2) p:E-9( 1)

Moreover, the underlying sets of I’ and T coincide with T'. The category 2 is
the closure IS P{T} of the singleton class {T} under the closure operations
P of power, S of subalgebra, and I of isomorphic copy. The representa-
tion space 7 is a compact Hausdorff structure with closed relations. These
relations on I are subalgebras of powers of T' with respect to the algebra
structure on T given by I'. Moreover, operations w : T — T of T are con-
tinuous with respect to the topology of T. The category 9 is the closure
IS P{T} under the closure operations P of power, § of (closed) substructure,
and I of isomorphic (homeomorphic) copy. (Cf. [5].) By Theorem 4.6, there
are dualities

(4.16) 50 : i]g = @0 : Eo,
(4.18) Dy:%y 29 : By,
(4.19) D,:90,29,:E,

for algebras from the regularization 2o, the symmetrization B;, and the
symmetric regularlzatlon B 4, Tespectively. Similarly as in (4.14), the duali-
ties (4.15) D : B = 9) : E and (4.16) arise from schizophrenic objects. Given
a schiophrenic object T for the duality (4.14), there is a representation J of
the two-element semilattice 2 in 2, with 1J = T and 0J = oo, the terminal
object of U or P, that may be interpreted either as an object J or T*° rep-
resenting 2 in 2y or as an object ¥ or 1'* representing 2 in . There is a
similar representation of the two-element semilattice monoid 2¢ in Py, that
may be interpreted either as an object IT'5° representing 2, in Yo, or as an
object Ti° representing 2p in Yo.
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ProrosiTioN 5.1. IfT is a schizophrenic object for the duality (4.14), then
T is a schizophrenic object for the duality (4.15) and T§® is a schizophrenic
object for the duality (4.16).

Proor. For the first part, see [34, Th. 6.1]. The second part follows
similarly. u

As in the case of the duality (2.6) for semilattices, the duality (4.19) does
not seem to arise from a schizophrenic object.

Before discussing our first examples, let us note that if a basis for the
identities holding in the variety of ¥ is known, then it is very easy to find
a basis for each of the varieties U, By, Ty, and 5],1. Since U is a strongly
irregular variety, there is a basis for the identities satisfied in % consisting
of a set of symmetrically regular identities and a unique irregular identity of
the form

(5.3) TxkY=2

as discussed in Section 3. (See [18], [29].) The bases for the varieties
B, Do, T, and B x can be obtained by means of the following theorem.

THEOREM 5.2. LetT: B — N be a plural type, and let 0 be a strongly irreg-
ular variety of B-algebras defined by a set X of symmetrically regular identi-
ties and the identity (5.3). Then the (strict) regularization, symmetrization
and symmetrical regularization of B may be defined by the following sets of
identities, respectively:

(a) If By is empty, then B is defined by the identities ¥, the identities
defining * as a left normal band operation, and for each w in B the

identities
(5.4) Ty Burw* Y = (21 %Y) ... (Tur *¥)w,
(5.5) Y#r(Ty .. Ty W) = Y+ TL* .. ¥ Ty

(b) If By is non-empty, then 57“ is defined by the identities as for B and
the identity

(5.6) W * w§ = Wy

for all wg,w} in Bo.
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(¢) If By is non-empty, then By is defined by the identities as for i‘!u and
the identity

(5.7) Thwo =1

for each wq in By, and By is defined by the identities as for flu and
the identity

(5.8) Wo * T = W
for each wq in By.

PrOOF. See [20], [21], [29], [30], [22], [23], [24], [25]. .

EXAMPLE 5.3. (REGULARIZED PRIESTLEY DUALITY) The variety DI of dis-
tributive lattices may be defined by the set of symmetrically regular (indeed
regular) identities axiomatizing + and - as semilattice operations and con-
necting them by the distributive laws, and moreover one strongly irregular
identity

(5.9) TryY:=c+ry=2

of absorption. As shown in [19], the set of identities from Theorem 5.2
defining the variety Dd of doubly distributive dissemilattices (cf. [31, 109],
[19], [25]), that is the regularization of the variety D1 DI, may be reduced to the
regular ones among those defining DI. The algebras in Dd are also called
distributive quasilattices or bisemilattices. (Cf. [19], [32]). The variety Dlz
of distributive lattices with a lower bound 0 is axiomatized by the identities
defining DI together with the symmetrically regular identity

(5.10) z4+0=2+4 20.

Finally, the variety DIb of bounded distributive lattices with a lower bound
0 and an upper bound 1 is axiomatized by the identities defining Dlz and
the symmetrically regular identity

(5.11) z-1=z(z+1).

By Theorem 5.2, it is easy to see that the symmetrically regular identities
from those defining Dlz describe the regularization Dlz, of Dlz. And simi-
larly, the symmetrlcally regular identities from those deﬁnmg Dlb describe

the regularization le of DlIb. Note that the dissemilattices in Dlz are
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those that have recently found applications in the theory of program seman-
tics [15], [28]. They are called “snack algebras” in [15], and are used there to
describe the structure of certain types of so called “edible” power domains.

For each of the three varieties of distributive lattices DI, DIz and Dlb con-
sidered above, there is a version of Priestley duality. Each one arises from a
schizophrenic object that is the two-element lattice 2 without or with suitable
constants. The functor D or Dy of (4.15) or (4.16) is naturally isomorphic
to the functor given by homming to the schizophrenic object considered as
a lattice. Similarly, the functor E or Eg of (4.15) or (4.16) is naturally
isomorphic to the functor given by homming to the same schizophrenic ob-
ject considered as a corresponding ordered space. In particular, one has the
following dualities

(5'12) P—:l( 7_2-)_--__1-‘_—'9—____1)-&( ,29,1%
(5.13) Diz( ,2): Dlz = 08z : 085( ,2),
(5.14) DIb( ,2,): Db = 08 : 08( ,2)

between distributive lattices and bounded ordered Stone (or bounded Priest-
ley) spaces, between distributive lattices with a lower bound and ordered
Stone (or Priestley) spaces with lower bound, and finally between bounded
distributive lattices and ordered Stone (or Priestley) spaces. (Cf. [6]) The
schizophrenic object of (5.12) is the two-element lattice 2 = ({0,1},+,-)
or the order space 291 = ({0,1},<,0,1,7). The schizophrenic object of
(5.13) is the two element lattice 2o = ({0,1},+,+,0) or the ordered space
20 = ({0,1},<,0,7). Finally, the schizophrenic object of (5.14) is the lat-
tice 291 = ({0,1},+,-,0,1) or the ordered space 2 = ({0, 1}, <, 7).

The dualities (5.12), (5.13) and (5.14) may be regularized using Theo-
rem 4.6. The duality for the variety Dd = _]_3:1 of (non-empty) distributive
dissemilattices is thoroughly treated in [7]. It has the form

(5.15) Dd( ,3):Dd = OSNB : OSNB( ,3),

where the category OSNB is axiomatized as the category of ordered Stone
topological left normal bands with three constants ¢, ¢1, ¢, satisfying

THCo = Cq* T = Cqy,
TxeC)=CT*C) =&,
(5.16)

coCz<er, oLzl
CO*T =CL¥T => T = Cq,
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where C is the ordering relation defined by
(5.17) rCyezry<yandy*z =7.

The schizophrenic object 3 = 2% is interpreted either as the dissemilat-
tice 3 = ({0,1,a},+,-), the Plonka sum of a two-element lattice and a
one-element lattice, or as the ordered Stone topological left normal band
301 = ({0,1,0},<,%,0,1,0,7), the Plonka sum of a two-element ordered
left zero band and a one-element left zero band, with all three elements serv-
ing as the constants. The constantless reducts of the schizophrenic objects
of the regularizations of the dualities (5.13) and (5.14) are the same as the
constantless reducts of 3 and 3p;. Moreover 3, = 2§° and 39 = 2§° have
one constant operation selecting the lower bound of the two-element lattice
component. The object 3y, = 2§% has two constant operations, selecting
the upper and lower bounds of the two-element lattice component respec-
tively, and the object 3 = 2> has the set of these bounds as a (closed)

unary relation, say 7. The category ﬁfz: = ISP(2%), the regularization
of Dlz, is equivalent to the category (Sl ; DIz°?) (cf. (3.18).) The category

6/SZD = ISP(28°) is the full subcategory of (Z; 0Sz°") consisting of con-
tinuous representations of Z-semilattices in the category OSz. It may be
axiomatized as the category of ordered Stone topological left normal bands
with one constant ¢g satisfying the conditions

(5.18) zxcg==c and cg*z < z.

The category le = ISP(2§%), the regularization of DIb, is equivalent
to the category (Sl Dib°?) (cf (3.18)). Let DIb* be the s subcategory of
DIb consisting of non-trivial algebras. The category (§l,; DIb°?) has a full

subcategory (Sl ; DIb*?) with l/)\ﬂ)*: = (81,; DIb**?) Aq.

The elements of ]/)\IB*: may be described as Plonka sums (with con-

stant) of non-trivial bounded distributive lattices. The category @0 is
the full subcategory of (Z;0S5°) consisting of continuous representations
of Z-semilattices in the category OS. This category cannot be axiomatized
similarly as the category OSz, OSz The reason is that OS_ contains representa-
tions R : G — QS with some gR empty. Note that if for g in G, gR =@
and g < h, then AR = &, too. In particular, the dual of each represen-
tation B : H — Dlb with hR = oo for all h in H is the representation

Rﬁ" : HW — 0§ with @Rﬁo = @ for all © in HW. More generally, if
there isa subordinate set D C H such that for all h in D,hR = oo, then
T hRDo = @ for all hin D. Let us call such representations trivial. Consider
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tE subcategory 6§z3 of 6§z: consisting of non-trivial representations in
OSz,,. Then the duality

(5.18) Dy : DIb, = 08, : Eo
restricts to the duality
(5.19) Dy : ﬁﬁ)? 2 Q:S_; B3

between the category of Plonka sums of nontrivial bounded lattices and the
category of non-trivial representations of Z-semilattices in OS. The category
@*D = IS P(2°°) may now be axiomatized as the category of ordered Stone
topological left normal bands having a closed unary relation 7, satisfying

(5.20) Veer,Vyer,z=z+xyandy=y+z
and
(5.21) Ve,dydze€r. e =zxy, y=y*+zand y = 2 4.

Axiom (5.20) says that 7 is a class of the semilattice replica, while axiom
(5.21) says that 7 is the unique maximal class under the (meet-) semilattice
ordering of the replica. These axioms guarantee that semilattice replicas of
_F(_);'S’;—morphisms are genuine Z-morphisms.

EXAMPLE 5.4. (REGULARIZED STONE DUALITY) Stone duality may be con-
strued as the duality Bool & Stone between the variety of Boolean algebras
and the category of Stone spaces. The category Stone is isomorphic with the
category SLz of Stone topological left zero bands. The schizophrenic object
for the duality

(5.22) D :Bool# SLz: F

has two elements, and is interpreted as the two-element Boolean algebra
2, = ({0,1},4+,-/,0,1) or the two-element (topological) left-zero band 2, =
({0,1},*,7). So the schizophrenic object 25° for the regularization of the
duality (5.22) appears in @0 as the three-element Plonka sum of the sin-
gleton oo and the Boolean algebra 2,. As 2p°, the schizophrenic object is a
Stone topological normal band ({0,1,a},*,7), the Plonka sum of the sin-
gleton oo and the left-zero band 23, together with a constant operation ¢,
selecting oo and a unary relation 7 consisting of the subset {0,1}. The vari-
ety @o’ the regularization of the variety Bool, can be axiomatized by the
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identities defining the variety @ together with the following:

(CC + y)l — .’I}Iyl,

[/ -
5.23 r =9
( ) z.0 = zz',

0 =1.
(See [22] and Theorem 5.2.) The category BT)BI: contains a full subcategory

BT)T)]E of Plonka sums of non-trivial Boolean algebras. The category STch
is the full subcategory of (Z; SLz°?) consisting of continuous representations

of Z-semilattices in the category SLz. Similarly as in the case of @0, the

category §szC also contains trivial representations. However, again similarly
as in that case, the duality

(5.24) Do : Bool, = 8Lz, : Eo
restricts to a duality
(5.25) D5 : Bool, = 8Lz, : Ej

between the category of Plonka sums of non-trivial Boolean algebras and
the category of nonﬂ—‘t,rivial continuous representations of Z-semilattices in
SLz. The category SLz, = I.5P(2°) is axiomatized as the category of Stone
topological left-normal bands with one constant operation ¢, acting as zero
and with one closed unary relation 7 satisfying conditions (5.20) and (5.21).

EXAMPLE 5.5. (REGULARIZED PONTRYAGIN DUALITY) (See [34].) This is
the regularization

(5.26) Ab ( ,T*):Ab, = CHAb: CHAb( ,I*)
of the Pontryagin duality

(5.27) Ab( ,T):Ab= CHAb: CHAb( ,T)

between the variety Ab of abelian groups and the category of compact Haus-
dorff abelian groups. The circle group T = R/Z is a schizophrenic object for
the duality (5.27). The variety &0 is the variety of commutative inverse
semigroups with identity 0 satisfying

—(—(I)) =z,
(5.28) ;‘(_m;‘fl::(;x) + (-9),
z+0==z.
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It is the class of Plonka sums with constants of abelian groups [22], [25], and
is equivalent to the category (Sl ; Ab’?). The class CHAD is axiomatized as
the category of compact Hausdorff &—algebras. For an go-monoid G, the
dual &O(G ,T%) is the set G* of semicharacters of G in the notation of [9,
Defn. 5.3].

In much the same way, one can find regularizations of dualities for the
varieties A of abelian groups of exponent m and varieties L of vector
spaces over the finite field GF(q) (see [6], [5]).

6. Symmetrically regularized Priestley duality

In this section, the category U of (4.14) is the variety Dlz of distributive
lattices with a lower bound 0, and the category 2) of (4.14) is the category
05z of ordered Stone spaces with a lower bound 0. The category U, is
the variety Dlz L= DI of distributive lattices, and the category 4 is the
category OSz L= OSb of bounded ordered Stone spaces. There is a duality

(6.1) Dy =DI( ,2):Dl=08b:0Sb( ,21)=E4,

(cf. 5.12) with natural isomorphisms et : 1py) > Dy Ey and 97 : 1pg =
E;Dy. In order to achieve compatibility with (6.1), the duality (5.13) has to
be modified slightly. The categories U and ) are as defined above. Instead
of the functors Dlz( ,2,) and OSz( ,2p), two other functors D and E are
defined. To this end, let the “creation operator”

(6.2) Zy := 7 : 0S8z — 0Sb

be the functor that assigns, to each space X in OSz, the space X U{1}, where
1is not in X, and for each z in X,z < 1. Morphisms between Z-images
of members of 05z extend OSz-morphisms by preserving 1. The category
05z becomes concrete by virtue of the composite Z,G : OS2z — Set of
the creation operator Z, : OSz — OSb with the standard forgetful functor
G : OSb — Set. Now let the “destruction operator”

(6.3) Z_:0827 — 08z

be the functor removing the element 1 from each space Y in the image 0SzZ
of OSz under Z. Note that Z_Z, = 1g,, and Z; Z_ = 1g,. Now recall

the forgetful functor U : 0 — U, of (3.20) and accordingly define

(6.4) U_:=U:Dlz — DI, and
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(6.5) Uy : DlzU_ — Dlz.

The first functor U_ forgets the constant 0, and the second one recalls it.
As before, U_U, = 1y, and U4U- = 1p),;. The functors D and F are

defined as follows:
(66) D = U__D+Z_ and FE = Z+E+U+.

ProrosITION 6.1. Let L denote an object of Dlz. There is a natural iso-
morphism ¢ : Dlz(  ,29) D = U_DZ_ between the functors Dlz( ,2,)
of (5.13) and D of (6.6) given by

(67) YL %(Lazo) - LU—-D-FZ—-; ((La +, ’0) - .2_0) = ((L7 +, ) - .2_)

LetY denote an object of OSz. There is a natural isomorphism
11 08z( ,20) > E = ZyE Uy between the functors 08z( ,20) of (5.13)
and E of (6.6) given by
(68) '(/)y : Q_S_E(Y, 29) - YX+E+U+;
((Y,%,0,7) = Z9) = (¥ 0 {1},%,0,1,7) = 20,).

Proor. Both functions ¢y, and 1y are obviously bijective. The upper
bound of LU_Dy is the function f: L — 2; a— 1 with Lf = {1}. [ |

Since ¢ : Dlz( ,25) =D and 4 : OSz( ,29) = FE are natural isomor-
phisms, one obtains a duality

(6.9) D:Dlz=05z: E.

The natural isomorphisms for (6.9),¢: 1y, SDE=U_D,Z_Z,E, U, =
U.DyEyUyandn=1qg, »ED = ZyE U U_DyZ_ = ZyEy Dy Z_, are
given by

(6.10) e =efyUys and ny = nf, 7.

PROPOSITION 6.2. The dualities (6.9) D : Dlz & OSz : E and (6.1) Dy :
DI = OSb : E, are compatible.

ProoF. One has to check the conditions (a)-(d) of (4.5). First note that
DZ = U_D+Z-Z+ = U__D+ = UD+ and ZE+ = Z+E+ = Z+E+U+U._ =
EU_ = EU. This proves (a) and (b). Now, for each lattice L in Dlz and
space Y in OSz, the conditions (6.10) give that e U = e U_ = Ezuﬁ+ =
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e}y and similarly nyZ = nvZy = n§,Z_Z4 = n{,. This proves (c) and
(d). |

Since the dualities (6.9) and (6.1) are compatible, Proposition 4.1 and
Theorem 4.2 yield the duality
08z?: E2.

(6.11) ’p 2

=)

i

1z

N

Note that the category 9_§§2 is concrete by virtue of the faithful functor into
Set that acts as the standard forgetful functor G on the subcategory OS5z "
as Z4G on the subcategory 0S5z, and that assigns to each 08Sz2-morphism
of the form f:Y — X, where Y is in Ob(QSz) and X is inﬁ(%{_), the
Set-morphism f :YZ — X. The following diagram helps to summarize the
dualities and functors discussed in this section:

0sz Zx¢

2
2
]
=3

et «— Dlz

ll
|

mnu

U_=Ul Uy Z=Z+HZ_
DlzU 0Sz7

! 4

| »]
o
I

Dl =t 0s
=Z+*E=Z+ G 2=

Theorem 4.6 now yields the dualities
(6.12) Dy :EL_ZI :’Q___’szl . By

for the symmetrization Q:lﬁ of Dlz and

(6.13) Dy,:Dlz, =05z :E,

for the symmetric regularization @u of Dlz. An equational axiomatization
of the varieties il and @# can be deduced from Theorem 5.2. The
variety _]ll is defined by the symmetrically regular identities defining Dlz
(cf. Section 5) together with the identity

(6.14) 0+ 0z =0,

and the variety @_ is defined by the symmetrically regular identities from
those defining Dlz.
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Note that the dualities for @# and il obtained in this section do
not seem to arise from schizophrenic objects. However, it is likely that a
duality with a schizophrenic object exists at least for ]3?21 It should be
based on a duality for 51, obtained by means of the two-element semilattice
with an absorbing element selected as a constant nullary operation serving
as a schizophrenic object. We did not pursue this line in the current work.
Similarly, we did not consider another possible duality for i@ that can be

obtained from our duality for _iﬁ,, by taking p = 0.

7. Lindenbaum-Tarski duality

Here the basic variety 9 is the variety Lz of left zero bands, discussed in
Section 3, isomorphic to the category Set of sets. The categorical version of
the well-known Lindenbaum-Tarski duality [1], [6], [13, VI. 4.6(b)], [34] may
be written as

(7.1) Lz( ,2):Lz=StB:StB( ,2),

where St _B is the category of Stone topological Boolean algebras, isomorphic
to the category of complete, atomic Boolean algebras. For aleft zero band E,
the space Lz(F,2) consists of characteristic functions @7 : E — 2 of subsets
T of E. One can then identify the space Lz(F,2) with the (topological)
Boolean algebra of subsets of the set E. The natural isomorphisms L7 and
nLT for the duality (7.1) are given, as usual, by

(7.2) B E - St B(La(F,2),2); o (p — ap)
and
(7.3) % X — Lz(St B(X,2), 2); = = (h > zh).

The schizophrenic two-element object 2 appears in Lz as the band 2 =
({0,1},#), and in St B as the Boolean algebra 2 :“({0,1}, 'y ,0,1,7)
with discrete topology 7. A duality for the variety Ln of left normal bands,
the (strict) regularization of the variety Lz, was obtained in [34]. It has the
form

(7.4) Ln( ,3):Lon=StB:StB( ,3)

The algebraic part of the category St B is axiomatized as the regulariza-
tion Bool of the variety Bool of Boolean algebras. Here the variety Bool
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may be axiomatized by the identities defining the variety Dd of distributive
dissemilattices together with (regular) identities

(z+y) =2y,
(7.5) za!' +yy' = za'yy,

=z

and one irregular identity
(7.6) ztazy==z

of absorption. The regularization Bool is axiomatized by the axioms for Dd
and the identities (7.5). The category St B is described as the class of Stone
topological ]i?)?)l-algebras with three nullary operations ¢4, g, ¢; satisfying

T+ zCco =1,
co+zT=1x=zC,
etz =cy = 2Cy,
cotcpr=c1+z=>1T=cy,.

(7.7)

The schizophrenic object 3 appears in Ln as the Plonka sum 3 of the two-

element left zero band 2 and a one-element left zero band, and in St B as a
3-element regularized Boolean algebra 3, with discrete topology, and with its
three elements a,0 and 1 selected as constants by nullary operations c,, ¢
and c; respectively. The algebra 3 is well known under various names such
as the “weak extension of Boolean logic” [8], [14] and the “Bochvar system
of logic” [2], [4].

The duality (7.1) can be modified to obtain duality for pointed sets. Here
the basic category U of (4.14) is the category L_}_P of left-zero bands with a
(non-empty) set P of nullary operations, isomorphic to the category Setf of
P-pointed sets. One easily obtains the duality T

(7.8) D:LF =2 StBY: E

between the category IJ—_—EP isomorphic to EP and the category of Stone topo-
logical Boolean algebras with a set of pointed atoms selected by nullary oper-
ations in P. The natural isomorphisms ¢ : 1Set = DFE and n: 1St B - ED

for the duality (7.8) are given by (7.2) and (7 3) with £ = ¢LT and 7, 7) ntT

but one requires additionally that for any pointed set (S, P) and each p in
P, the element of 5D selected as a constant by the nullary operation p is
the atom {p} containing the element p in the Boolean algebra of subsets of
S. Similarly, for a pointed Stone Boolean algebra X with a pointed atom p
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in P, the element of X E selected as a constant by the nullary operation p
is the morphism h with (1 p)h = {1} and (X— T p)h = {0}. The natural

isomorphisms ¢ and 7 act on constant elements p in P accordingly:

(7.9) p (pes: SD — 2; o1 = poT),

(7.10) pr (pnx : XE — 2; h— ph).

Note that the schizophrenic object 2 for the duality (7.1) is no longer a
schizophrenic object for the duality (7.8). Homomorphisms of Boolean al-
gebras do not necessarily respect nullary operations in P. Nevertheless the
duality (7.8) satisfies the assumptions of Theorem 4.6, whence there is a
duality

(7.11) Dy : Lz <_StB : By

for the regularization 20 of LzP . The variety Lz is axiomatized by the
identities defining the variety Ln Ln and, for each p in P the identity z * p = z.

The category St;ﬂo is axiomatized as the category of Stone topological _}3__0__9_1-
algebras with the set P U {cq,¢1,c0} of nullary operations. For a represen-
tation R : (H,-,1) — Lz, all P-constants lie in the fibre 1R.

To find dualities for the symmetrization and symmetrical regularization
of the variety Lz’ , one needs to specify the categories ¥, and 9, of (4.3).
For U, one takes the variety Lz, for 9, the category St B, and for (4.3)
the duality (7.1). One has the following diagram of dualities and functors
similar to that for Dlz and Dlz L

D

st & 1P —= 5tB" & gu
u Iz

Set «— Lz 24 6B — s

Here both functors U : _I_J___Z_P — Lz and Z : 5t BP — St B forget the nullary
operations in P. The functors D4 and E in the bottom line are the Lz( ,2)
and St B( ,2) of (7.1) respectively.

LEMMA 7.1. The dualities (7.8) D : Lz 2 St BF : E and (7.1) Dy : Lz =
St B : E are compatible.
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Proor. The conditions (a) and (b) of (4.5) follow directly from the
definitions of the functors in the diagram above. The conditions (c) and (d)
are also obvious. n

Now since the assumptions of Theorem 4.6 are obviously satisfied, it
follows that there are dualities

~ P —~— P =~
(7.10) Dy:Lz, St B, : E;

. . =P
for the symmetrization Lz, of L__gp and

~ —~P —_— ~
(7.11) D,:Lz, »5vB, : E,

. .. P . —~P .
for the symmetric regularization St B” of St BP. The variety Lz, is ax-
iomatized by the identities defining the variety Ln and, for each p in P, the

identity p * z = p, whereas the variety Qf is axiomatized by the identities
defining Ln and all the identities p+ ¢ = p for p, g in P. For a representation
R:(H,-0)— _L__ZP, all P-constants are located in the fibre OR, and for a
representation R : (H,-,p) — gp , all P-constants are located in the fibre

~ P
puR. The non-constant reducts of St } B_f - and St Bﬂ -spaces are defined as

@-spaﬁes. Each _St__E_f-space has the set P of nullary operations. For a
representation R : (G,-,1) — &__z_lip , all P-constants are located in the fibre
1R. For a representation R : (G,-,m) — &P , there is the set P of nullary
operations in each fibre gR for g > m. Denote by P, the set of constants
in gR. Then the space corresponding to the representation R has the set

U P, of constants.
g2m

8. Definable constants

For this final section, suppose that the category U of (4.14) is a strongly irreg-
ular variety of B-algebras with definable constant operations. (Recall that a
constant is definable if the nullary operation selecting it is identically equal to
an operation derived from the basic non-nullary operations.) Examples are
furnished by Boolean algebras, where 0 = z-z’ and 1 = z+42/, and by abelian
groups, where 0 = z — z. It follows that the functor U : ¥ — B4 of (3.20) is
an isomorphism between 2 and BU. Moreover Ob(T4) = Ob(TU) U {2}.
Given a duality (4.2) for such a variety, there may be no compatible duality
(4.3) for Y4 enabling one to apply Theorem 4.6 to obtain dualities for i]u
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and ;. What is always possible, however, as illustrated in this section by
Pontryagin and Stone dualities, is that one may replace the category U in
Section 4 by ¥/, := DU. The category 2, is then replaced by a category
2, that is a disjoint copy 97 of the category 9) via an isomorphism Z. The
duality (4.2) then yields a compatible duality

(8.1) Dy :9, 29| E}

with Dy = U™'DZ, D!, = Z7'EU, etc. Thus (8.1) may replace (4.3), and
more generally the work of Section 4 applies once symbols with “4-” acquire
primes. Modified in this way, Theorem 4.6 gives dualities (4.19) and (4.18)
for U x and By.

EXAMPLE 8.1. (SYMMETRICALLY REGULARIZED PONTRYAGIN DUALITY)
The duality (4.14) here is the Pontryagin duality

(8.2) D =Ab( ,T):Ab= CHAb:CHAb( ,T)=E

(cf. (5.27) discussed in Example 5.5). The category Ab’ is the category
. ==t .

of non-empty abelian groups defined as algebras (G, +, —) (without 0 as a

basic nullary operation) satisfying the identities

(e+ty)tz=z+(y+2)
(83) {w+y=y+x
(8.4) t+y—-y==z

(cf. [21]). Note that abelian groups as algebras (G, +,—,0) may be defined
by the same set of axioms together with the identity

(8.5) 040=0.

Among all these identities only (8.4) is irregular. The identities defining the
symmetric regularization Ab  are (8.3), (8.5) and

—(—z)==
(8.6) ~(z+y)=(-2)-(v)
rt+r—z=ux.
Non-constant reducts of &ﬁsemigroups are commutative inverse semigroups,

Plonka sums of A_b;‘groups. The category &M is equivalent to a cate-
gory of representations of gu-semilattices in 2Ab. For such a representation
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R:(H,-,pu) — 2Ab, the constant 0 is selected from the fibre pR. For p =1,
one obtains the symmetrization __K:T)l of Ab. It is defined by the axioms for
&u and the identity

(8.7) 0+z—2=0.

The category M; is the category of non-empty compact Hausdorff abe-
lian groups (G, +,—,7). The category C%__Ahﬂ is equivalent to a category of
continuous representations of M-semilattices in the category %2. Non-
constant algebraic reducts of @M-semigroups are commutative inverse
semigroups, Plonka sums of g&-groups. For such a representation R :

(G,-,m) — CH &2, there is one nullary operation 0, in each fibre gR for
g > m. The space corresponding to the representation R has the set {0,4]g €
G and g > m} of constants.

ExXaMPLE 8.2. SYMMETRICALLY REGULARIZED STONE DUALITY The basic
duality (4.14) is again the duality

(8.8) D : Bool #> Stone ~ SLz : F

between the variety Bool of Boolean algebras and the category Stone of Stone
spaces or SLz of Stone topological left zero bands (cf. Example 5.4). The
variety Bool is defined by the axioms for the variety Dd and the identities
(7.5) and (7.6) of Section 7 together with the symmetrically regular identities
(5.10) and (5.11) of Section 5. The category Bool’+ is the category of non-
empty Boolean algebras defined as algebras without basic nullary operations
by the same axioms as Bool but without (5.10) and (5.11). The symmetric

regularization Bool of Bool is defined by the symmetrical identities defining
Bool and the identities

(8.9) 0+01=0and1+1-0=1.
If p = 1, one should also add the identities
(8.10) 0+0z=0and141-2=1.

The category Booly is equivalent to a category of representations of gﬂ-

semilattices in the category 2Bool. Just as for BEI:, the category B/(;BIM
contains representations R : (H,-,u) — 2Bool with trivial fibres AR. The

full subcategory B;(i)l: of Bool consists of Plonka sums of non-trivial Boolg—
algebras, with constants 0 and 1 selected by the two nullary operations of
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the fibre yR. The categories &; and SLz coincide. The category ST,ZM
is equivalent to a category of continuous representations of M -semilattices
in the category SLz?. It may contain trivial representations with empty

fibres. The full subcategory _S;L_E: of Sﬁu consists of non-trivial continuous
representations of M-semilattices in §Lz?. Non-constant algebraic reducts of
m:—spaces are normal bands, Plonka sums of left zero bands. The duality

(8.11) D,: BAof)lﬂ = SLz: Eu
restricts to a duality
(8.12) Dy, :Bool = Slz : Ej.
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