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Products of Theta Functions

Defining
n—1
(a;q)o =1, (a;q), = H(l — aq®), n > 1,
k=0
(0:q)oc = lim (a;q)a, gl <1.
Jacobi’s triple product identity
- n TL2
> 2" = (=02 (=) % oo ey ol < L.
n=-—00

Ramanujan’s general theta function

For |ab| < 1,

fla,b) = Z a" "IN — (g ab) oo (—b; ab) so(ab; ab) s

n=—oo



olq) = flaa)= Y d" = (a2 D)

$la): = fla.q") = ~f(1,q) = iqn(nﬂ)/z _ (0% 07w
| 2007 (¢;qYo0
(=) : = f(—=¢.—¢*) = (¢; Q).
Ramanujan
For k € Z™,
o0 k—1 oo
f((l, b) — Z an(n+1)/2bn(n—1)/2 _ Z Z a(k‘n+r)(k;n+7"+1)/2b(kn+r)(lm+r—1)/2.
n=-—00 r=0 n=—o0
Define

Uy = aFFH0/2p60-1/2 17 k(h=1)/2ph(k41)/2

k—1

fla,b) = f(UL,VI) =Y U.f(

Uk—H“ ‘/}ﬁ—T)
U, U
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Products of Two or more theta functions

Problem: Conditions under which the product of two or more theta functions
can be written as linear combinations of other products of theta functions.

Motivation

M.D.Hirschhorn’s generalization of Winquist’s identity, 1987
Ramanujan, 1919
p(1ln+6) =0 (mod 11),

where p(n) is the number of partitions of the positive integer n.
Theorem 1 (Winquist, 1969). For any nonzero complex numbers a,b and

for|q| <1,

© 9] ©.9) 9 9

Z Z <_1)m+nq3m —|—3n2—|—3m+n

m=—o N=—00

¢ (a—me—Bn . a—3mb3n+1 L a—Sn—i—lb—Bm—l + a3n+2b—3m—1)

=(¢;9)%.(0; 0o (@765 @)oo (B ) o0 5 @)
X (ab; @)oo(a 071 ¢; @)oo(ab™; @)oo (@™ 0g; @) e
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Main idea

Let ZZ#O, li€Z+, hiEZ, (ZZl,Q,,H)

n

St = [](=24"": 4" so(—2 0" ") d": 4

1= 1

— E E E le1z2 c. xn Z] 1( )xj‘i‘ lij .
Tp=—

T1=—00 T9=—00

y = Az, A is an integral matrix, det A # 0.

L1 hn
r=| "] y=1]"
Ln Yn
v=A1y =A%, k=|det A, B = sgn(det A)A*.
|
= —DBy.



By=0 (mod k).

Ify =c¢ (mod k) (¢ = 1,2,...,m) is the solution set of the above system
of congruences, we substitute y with ky 4+ ¢; in x = %By. Then we have
x=DBy+1B¢ (i=1,2,...,m).

A system of congruences a; (mod n;) with 1 < ¢ < k is called a covering
system if every integer y satisfies y = a; (mod n;) for at least one value of i.
A covering system in which each integer is covered by just one congruence is
called an exact covering system.

We can take { By + %Bcl, -+, By+ %ch} as an exact covering system of Z".
We need the coefficients of all y;y;, = 0 (¢ # 7,4,7 = 1,2,...,n) in order to

separate Y1, Y2, . . ., Yn.

Generalized Orthogonal Relation
( [1b11b12 + lobo1bay + -+ -+ lnbn1bna = 0,
1611013 + loba1boz + -+ -+ [n0n1bn3

I
o

X llbl(n—l)bln + l2b2(n—1)62n T lnbn(n—l)bnn = 0.
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Procedure for obtaining series-product identities

1. For fixed positive integers [y, lo, ..., l,, ind n X n matrices B satistying

e The “generalized orthogonal” relation,
o det B = k"1,

e kB~ !is an integral matrix,
where k € N.

2. Solve system of congruences By = 0 (mod k).
Suppose we have m solutions to it. By computing the contribution of each so-
lution, we can write each product of n theta functions as a linear combination

of m products of n theta functions.



Products of Two Theta Functions
The generalized orthogonal relation is
1011612 + 12021022 = 0.

Without lose of generality, we can assume three entries of matrix B are positive,
one is negative. We also assume det B = k.

Choose
| k1 R
s=(57%)

Corollary 1. If |ab| < 1, (cd) = (ab)**2, where both ki and ky are positive
integers, then

kitho—1 5 9 K- 2

fab)fled =S ai;ibifif(aklgk iy

1=0

><f(

K—ky . Ktk

—]{Ilic)

k‘2

—k22d>



Proof.
| Kk R
o-(55)

Y1 — Ya = 0 (Hl()d k)

detB:k:kl—l—kg.

kcases: y1 =192 =0 (mod k), ..., y1 =y =k — 1 (mod k).
For y; = yo = ¢ (mod k), replace y; by ky; + ¢ and ys by kya + 4 in x = %By.

We find that .
Ty ) _ k1 ko Y1 X l
I9 —1 1 Y2 0 .

Summing up the k£ parts in the sum .S, we obtain Corollary 1. B



Special case
For ab = cd,

F(a,b)fle,d) = f(ad, be) flac,bd) + af(S, Labed) f(

a c
Gasper, “three term relation for sigma functions” .

Q| &

: %abcd).

Corollary 2.

b(ad, q/ad,bec, q/be,d/a,qa/d, c/b, gb/c; q) oo
+c(ab, q/ab, cd, q/cd,b/a,qa/b,d/c,qc/d; )
+d(ac, q/ac,bd, q/bd, c/a,qa/c,b/d, qd/b;q)s = 0

Hirschhorn’s generalization of the quintuple product identity
For ed = (ab)?,

fla,b)f(c,d) =f(ac, bd) f(a*bd, ab’c) + af( %abcd) f(= a?d)
cb ad b 55 5 5
+ bf(g,gabcd)f(?,@a b c*d”).

bc a

d
a?



Gollnitz-Gordon functions

— (= %)n 2 !
S(q) : = "t = ’
& nz% E P (@) )l )
— (=G P 24 !
T L n n — .
(q) nz_% G (45 6°%)o0 (%5 6%) oo (0”5 ¢%)

Zq 7 7+z 1 7 f(q21+7z"q35—72'>’

2¢(q)(q") f(q (@, )+ P, ) f(a™, q")
+q()0(q") + (@) e(d™) + (g (™).

m
2 . 2 m2+3m

F=L =) f(=1,=¢") = > (=1)'q = f(¢"",¢" ) flg 2 ™, q 7" ") =0,

1=0

Fla,aV (@ a®)+ (@) f(d®,d") = v(@®)e(@™) + ¢°o(d) (™) + q(q®)v(g").
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P(@)Y(g") = (%) p(a®) + ¢Colg" (™) + a(d*)v (g™,

(@Y(q) = fla,a) (@, )+ @ fld®, ) f(d”,q"),
W@ )e(—q°) = f(—(f’ ) f(—¢",—d") + € f(—q,—q") f(—
W(@)e(—q) = 7 (¢, —q )+qf (—q,—q"),

v(@®)elq) = fla,4) f(d”, ¢") + af (. &) f(d*, ¢*").
Corollary 3 (S.-S. Huang, 2002).

S(¢)T(q) — ¢*S(9)T(q") = 1,

3 2 3 (%47 (dh ¢

S(q°)S(q) + ¢ T(q°)T(q) = " q)oo<q1;; O

2 2 (C.lzé CI2 go
DI = s (g e,
(6904
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Definition 1. Let P(q) denote any power series in q. Then the t-dissection
of P is given by

P(q) = iqkpk(qt).
k=0

2

2m-dissection of ¢(q)p(q™)
2m—1

m?2 72 m2+2mi m2—2mi
ol@)elg™) =Y q @ .
1=0

m-dissection of v (Q)Sp@qm2>
2m—1

¢(Q>§0<C]2m2> _ Z q2i2—if2<q4m2—m+4mi’ q4m2—|—m—4mz’> .
1=0

4-dissection of ¥*(—q?) f*(—q)
V(=) (—a) = " (=) [(=a") — 200(d") f*(—q").
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I =2
p-(271)
Corollary 4. For ab = cd,
f(a,b)f(c,d) =f(a’bc?, ab’d?) f(ab’c, a’bd) + af(a’b’c?, bd?) f(bc/a, a’b’d)
+cf(a*b’c?, d*/a) f (b d?, a’d)
+acf(a’b*c*,b/c?) f(b*c, a*b*d)
+ adf (ac?, a*b*d?) f (c/a*, a®b*d).
Special case The septuple product identity
(%; qz) (270 0% )00 (2% )0 (27207 ) oo (05 4°)
(q q' ) (q 6. 410 oo 10.q10)io{z3(z5q8;q10>oo<z—5q2;q1o)oo
+(2°¢% ¢" (2_5618 1O)oo} (6% 0" )oo (0% 0" ")
C]

o q )
> {Z( q47q1 ) (Z C] ) ‘|‘22(25(]655110)00(2_5@4;qm)oo}-
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Products of Three or More Theta Functions

(1 1 1]
B=6|2-1 01.
1 1 -1

e The set of the 3 columns of B is an orthogonal set.

e det B = 1296 = 36371,

e 36 - B! is an integer matrix.

k = 36.
Y1 + y2 + y3 =0 (mod 6),
21 — Yo = 0 (mod 6),
Y1 -+ Yz — Y3 EO (mOd 6)

14



S =(21;9)o0(217 ¢ @)oo (22; Qoo (227 ¢ @)oo
X (231 @)oo(237 ¢ @)oo (0 Q)2

=(—2122"230; ¢ )oo(—21 2272370 ¢*) 0 (0°, ¢¥)
X (2120 23, @)oo (21 20237 g ) (4, 4")o
X (—z1z3_1q; q2)oo(—21 <34: 4 ) ( )
(1 1 1]
B=6[2-1 0
1 1 —1

12422 4+12=6 1%+ (1) 41223 12402+ + (=12 =2
2122223 2129 123 2123 -1
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Corollary 5. For a,b# 0, and |q| < 1,

(a3 @)oo (07" @ @)oo (b Q) (b ' q; Q) (ab; q)o(a™07"q; q)oo(q; 0)2
—=(—ab™'q; ¢*)oo(—07'0¢; %) ( 0 )
X {(=’0°¢; ¢°)oc (=007 ) so(0”, ¢°)
-—a%ﬁbﬂfﬁb5Q%aK—a%% qu%&q,Q)m}
+ (—ab ' % ) oo(—a7'0: 7)o (@, 7)o
x {a*b(=a’b’q" ¢")os(—a b 0% ¢°)oo(0°, 4°)
— a(—a’b’ ¢ ¢")oo(—a 07" )0 (0°, ) }-
Corollary 6.

Z {(2n — 6m + 1)(2n + 6m — 2)*¢ ™
— (2n — 6m — 3)(2n + 6m + 2)*¢*"
+(2n — 6m — 1)(2n + 6m + 2)%¢"™"

— (2n —6m+1)(2n + 6m)2q”_m}q”2+3m2.

16



(1 1 1]
B=4|1-1 1
10 -1
Corollary 7. For a;b; = asby = q, asbs = ¢*, |q| < 1,
f(alv bl)f<a27 b2>f(&37 b3>
= f(a1asas, b1babs) f(a1ba, bias) f(aiasbs, bibas)
+ a1f(a1a2a3% b1b2b3/Q>f<aleQJ bla2/€l>f<a1&253q7 b1b2a3/Q>

+ aray f(arasasq?, bibabs/q*) f (a1bs, bras) f (a1asbsq®, bibsas/q?)
+ ayaz farazasq®, bibobs/q°) f(arbaq, bias/q) f(arashs/q, bibsasq).
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h=ly=ls=1 =1 ]

1
-1
B=3§ L

_ = O O

1
1
1
1

[ 1
1
0

0

1
For ¢ = a1b; = asby = agbs = aqby, |q| < 1,
flay, by) f(az, ba) f(as, b3) f(as, bs)

is a linear combination of eight products of four theta tunctions.
Corollary 7 is a special case of the identity generated by this matrix.
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Generalized Schroter Formula
T(x,q)=>" 2"q"" where x #£ 0, lq] < 1.

Theorem 2 (Schroter’s Formula). For positive integers a, b,

a+b—1
n_bn a —b_a 2abn 2 4a2
T( Z y"q b T aqu q +b>T(ZC by q2 b q ab”+ b>.

Theorem 3. For positive integers a, b, k; (i = 1,2), ko|kib and ksla,

a/ko+k2b/ko—1

a n n 0 a 5

T, )T )= S y'q"Tlayighin, gt
n=0

X T(3,;.—1616/162ya/kgqzazm/k;z7 qakalz//ﬂzquaQb/kQQ).
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Special case: W. Chu and Q). Yan, 2007

Corollary 8. Let «, 8,7 be three natural integers with ged(a,y) = 1 and
A =1+ aB%y. For two indeterminate x and y with x # 0 and y # 0, there
holds the algebraic identity

af®y
(8% l (8% (0% (8% aﬁ « (8%
(254" ool2M Y 0o = 3 (—1) g2l (1) 2y 9g (T )te ey
[=0
x ((—1) g2 e oy

)

where (T;¢)oo = (¢ 9)00(; ¢)0o(q/%; @) 0.
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Corollary 9. For positive integer a,b,and k, with k|a,

a4 ph—1
T, q") Z YT (P, T (2 g R g,

Corollary 10 (Blecksmlth—Brlllhart—Gerst Theorem, 1988). Define
fola,b) = f(a,b) and fi(a,b) = f(—a,—=b). Leta, b, c and d denote complex
numbers such that |ab|, |cd| < 1, and suppose that there exist positive
integer oo, 3, and m such that

(ab)? = (cd)* (=)
Let e1,e9 € {0,1}. Then
fe(a,b) f2,(c,d)
_Z 1)22"¢ r(r+1)/2 gr(r— 1)/2]%1 <a<cd)a(a+1—2n)/2 b<cd>a(a+1+2n)/2>

c ’ do
reR

<a/b)5/2(Cd)(m—aﬁ)(m+1+2n)/2 <b/a)ﬁ/2(Cd)(m—aﬁ)(m+1—2n)/2
X f52 ( dm_aﬁ ) Cm—Oéﬁ ) ,
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where R is a complete residue system (mod m),

5 — 0, if €1 4+ aey is even,
71, if €1 + ey s odd,

and

5 — 0, if 108 + e2(m — af) is even,
271, if 18 + ea(m — af) is odd.

22



