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Introduction

In various areas of mathematics, for example, the theory of projective planes, non-associative
rings, in a number of problems of combinatorial analysis, the theory of functional equations,
etc., it becomes necessary to study one natural generalization of the concept of a group,
namely, a quasigroup.

An impetus to the development of the theory of quasigroups was given by the work of
R. Moufang (1935) on non-Desarguesian projective planes, where the connection of such
planes with quasigroups, or more precisely loops (that is, quasigroups with a neutral ele-
ment), now bearing her name, was clarified. Over the past decades, the theory of quasigroups
and loops has received considerable development in the works of various mathematicians,
and the main attention was focused on loops. R. Bruck is a leading expert in this field,
and he has summarized research on loop theory in his monograph "A Survey of Binary
Systems", Springer Verlag, 1958.

Unlike the book of Bruck, the current book focuses on quasigroups. In this sense, the
present work can be considered, to some extent, as a complement to the book of Bruck.
However, here we also consider the most well-known classes of loops: loops with the inverse
property (IP-loops), Moufang loops, Bol loops, etc.

The author has tried to make the book accessible to a wide range of readers, so all the
results are presented in an elementary way. To understand the book, it is sufficient to know
the basic elements of group theory that are part of a university course of higher algebra.

Not wishing to increase the size of the book, the author does not consider such aspects
of the theory of quasigroups as free quasigroups, ordered loops, systems of quasigroups, etc.
A number of concepts are mentioned in the book, but not developed further, although the
author has indicated literature where these concepts are treated in detail. On the other
hand, some results are considered rather deeply, for example, the Moufang Theorems, etc.

The book is based on lectures from a special course given by the author at Chigindu
State University in 1963-1965, and at Moscow State University in the spring of 1965.

Chisinau, 1965. V. Belousov

Translators’ note

The English translation of the Russian language original was initially undertaken and typeset
in BTEX by a team of students under the guidance of Fedir Sokhatsky, and examined by
Vira Obshanska, at Vinnytsia Pedagogical University. Mathematical and linguistic editing



was then conducted by Jonathan D.H. Smith at Iowa State University (using a personal
copy of the original signed and donated by Belousov in 1987). The publication project was
coordinated by Parascovia Syrbu at Moldova State University.

The editing process aimed to maintain the spirit and layout of Belousov’s original as
much as possible, while introducing minor clarifications necessary to make the book readily
accessible to a broad modern Anglophone readership. Theorem 3.4 provides a representative
example where rather more extensive editing was deemed necessary. The original version of
the proof included a number of excursions, such as the important definition of a groupoid
congruence required for the first section of Chapter IV. In the translation, these excursions
have been taken out of the actual proof, and located in one preliminary and two additional
subsequent remarks. Furthermore, since much of the gist of Theorem 3.4 involves demon-
strating the equality between two differently defined equivalence relations, both written as
~ in the original, the notation ~ is used for the second in the translation.

Almost 60 years have passed since Sade called for a translation of the initial Russian lan-
guage version in his review for Mathematical Reviews [MR#218483]. In accordance with the
translators’ philosophy of staying true to Belousov’s original content, there are no changes,
notes, or additional comments in the translation to reflect the subsequent developments
and terminological variations within the theory of quasigroups that have arisen after the
original publication. Nevertheless, many of these developments have been referenced, in
close relation to Belousov’s book, by V. Shcherbacov, Elements of Quasigroup Theory and
Applications, CRC Press, Boca Raton, FL, 2017.



Chapter I. Main concepts and definitions

1°. Quasigroups and loops

One of the most basic concepts of general algebra is that of an algebraic operation, or simply
operation, usually defined as follows [47].

Let a non-empty set ) be given, finite or infinite. We will denote elements of the set @
by small Latin letters: a,b,c,...,x,y,z,.... By the n-th power of the set () we understand
the set Q™ consisting of all possible ordered sequences (ay, ag, . .., a,) of elements from Q.
Then an n-ary operation A defined on the set ) is a mapping of the set Q™ into the set Q.
If the sequence (ay, as, ..., a,) is sent to the element b (also belonging to @), then we write
A(ar,as,...,a,) =b. The number n is called the arity of the operation A. If n = 2, then
the operation A is called binary: A(aj,as) = b. If n = 1, then the operation A is called
unary: A(a;) = b. We can also consider operations of infinite and of zero arity (nullary
operations); for more see [47] page 109. A set @ with a set Q of operations, where the
operations from {2 can be of any arity, is called a universal algebra or simply an algebra,
denoted by Q(9).

We are interested only in binary operations, so in future we will omit the word "binary".
Operations defined on a set @) will be denoted by capital Latin letters A, B, C, ... Sometimes
we write the operations as an ordinary multiplication. Thus, we will not write A(a,b) = ¢,
but rather ab = c. If necessary, we may use other signs for the operation: o, =, e, A etc.,
for example aob = ¢, a =b = c etc.

A set @ being considered together with a binary operation A is called a groupoid, and
is denoted by Q(A). If the operation is indicated by a sign, for example (o) or (-), then we
will also write Q(o) or Q(-). Consequently, on the set ) there are as many groupoids as
there exist different operations. Two operations A and B coincide if A(a,b) = B(a,b) for
each a,b e Q.

If @ is a finite groupoid, then Q(A) can be given by means of a table such as

A
a
b
c
d

2 0o QL ol
SIS S S R
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where the element A(a,b) is located at the intersection of the row labeled by the element a
and the column labeled by the element b, in this case A(a,b) = c. Such a table is called the
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Cayley table of the groupoid Q(A).
It can happen that in the Cayley table of the groupoid Q(A), all the elements in each
row and in each column are different, as in the following example.!

A ‘ a b ¢ d
a|b a d c
blc b a d
cla d c b
d|d ¢ b a
If this property holds for Q(A), we say that Q(A) is a quasigroup. Thus, we can give the

following

Definition 1. A groupoid Q(A) (that is, a set @ with an operation A) is called a quasigroup
if for every a, b € @), the equations

Ala, x) =b, Ay, a) =b (1.1)
always have unique solutions x,y in Q.

This definition is equivalent to the following: a groupoid Q(A) is a quasigroup if each
pair of the elements from the equality A(a,b) = ¢ uniquely defines the third. One can also
give the following definition. An operation A is said to be right invertible if the equation
A(a,z) = B is uniquely solvable for all a,b, and is said to be left invertible if A(y,a) =0 is
uniquely solvable for all a,b,. Finally, the operation A is said to be invertible if it is both
left and right invertible. Thus, by "the quasigroup Q(A)" we understand the set @ with the
invertible operation A.

There is another definition which is also often used. To arrive at this definition, note
that in fact, the equations (1.1) define two new operations. The first of the equations (1.1)
shows that to each ordered pair a,b € @), an element x of () is uniquely assigned. Thus, a
new operation is defined on Q. We denote it by B: B(a,b) = x. Similarly, the second of
the equations (1.1) again determines an operation. We denote it by C, and we assume that
C(b,a) = y. Thus, three operations are defined on @, i.e., we have an algebra Q(), where
Q= {A, B,C}. In this algebra, the identities following from (1.1) and the definition of the
operations B and C must be satisfied:

A [a, B (a, b)] =b, A [C (b, a), a] =b. (1.2)

The question naturally arises: if in the algebra Q(Q) = Q(A, B,C) we have the identi-
ties (1.2), then can Q(A) be a quasigroup? It is easy to see that Q(A) is not necessarily a
quasigroup. More precisely, in Q(A) the equations (1.2) are solvable, but, generally speak-
ing, not uniquely. Therefore, we give the following

Definition 2. A groupoid Q(A) is a quasigroup if there exist two other operations B and
C on the same set Q such that in the algebra Q(A, B, C) the identities?

Alz, B(z, y)] Bz, A(z,y)] = y}

=Y,
AlC (y, z), z] =y, C[A(y, 2), 2] = y. (1.3)



hold.

Let us show the equivalence of Definitions 1 and 2. We have already seen that equa-
tions (1.1) are solvable, using the first row of identities (1.3). For example, B(a,b) is
the solution of the equation A(a,z) = b. To show uniqueness of the solution, suppose
A(a,c) = A(a,d) = b. Then

B [a, A(a, ¢)] = B [a, A(a, d)].

Hence, on the basis of (1.3), it follows that ¢ = d. In the same way, we obtain the unique
solvability of the second equation. Consequently, Definition 1 follows from Definition 2. To
show that Definition 2 follows from Definition 1, it is necessary to prove that the second
row of identities in (1.3) hold. For this purpose, suppose that B [a, A (a, b)] = ¢, so
A{a, B [a, A(a, b)]} = A(a, ¢). From here, on the basis of (1.2), we have A(a, b) = A(a, ¢).
As the equation A (a, ) = d must have a unique solution, we conclude that b = ¢, i.e.,
Bla, A(a, b)] = 0.

Definition 3. We call the operation B from Definition 2 the right inverse operation of A,
and denote it by A7!. We call the operation C the left inverse operation of A, and denote
it by ~A.
Thus,
A A vl =y Al M) =n) »
A[TA(y, @), 2] =y, T'A[A(y, o), 2] = y. '
Consequently, the solution of the equation A(a,z) =bis z = A7(a,b), and the solution of
A(y,a) =bisy =" A(b,a).

Remark 1. The definition of the operations A~!' and ~'A implies that the equalities
A(a,b) = ¢, A (a,c) = b and ~'A(c,b) = a are equivalent.

Remark 2. If the basic operation in a quasigroup is denoted by usual multiplication (-),
then instead of (-)~! and ~!(-) we will often write (\) and (/) respectively.

Remark 3. 1If Q(A) is a quasigroup, then Q(A™') and Q(~*A) are also quasigroups. In
fact, we show that the equation
A Ya, x)=b (1.5)
has a unique solution. If ¢ is some solution of this equation, then the equality A™'(a,c) = b
implies A(a,b) = ¢, and (1.3) implies that A(a,b) is a solution of the equation (1.5). Thus,
the equation (1.5) is solvable uniquely.
Let ¢ be a solution of the equation

Ay, a) = b, (1.6)

that is, A7!(c,a) = b. Then A(c,b) = a, so ¢ ==t A(a,b). Let us verify that ~1A(a,b) is a
solution of the equation (1.6). Let

’

A7 (T*A(a,b),a) = b
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This equality is equivalent to the equality A(~'A(a,b),b) = a. But, by virtue of (1.3),
we also have A("'A(a,b),b) = a. Comparing the last two equations, we find that b =
b. Therefore, Q(A™') is a quasigroup. Similarly, one can prove that Q(7'A) is also a
quasigroup.

Let Q(+) be a quasigroup. If a subset Q' < Q is a quasigroup with respect to the same
operation (-), then Q'(+) is called a subquasigroup of the quasigroup Q(-).

Another important concept on which we will focus is the concept of a loop. Consider a
quasigroup Q(-). Suppose there is an element e in @) such that ae = ea = a for every a € Q.
Then e is called a neutral element of the quasigroup Q(-).

Definition 4. A quasigroup Q(-) with a neutral element is called a loop®.

The most studied class of loops are groups, construed as associative quasigroups. Thus,
a quasigroup is called a group if in Q(-) the identity of associativity holds: xy-z = x-yz"(see
[46],[85]). It is easy to show (see, for example, [85]) that the associativity of the quasigroup
Q(+) implies the existence of a neutral element in Q().

An example of a non-associative loop is

1 2 3 4 5
111 2 3 4 5
212 1 5 3 4
313 4 1 5 2
414 5 2 1 3
515 3 4 2 1
Q(*) is a loop, but not a group, since Q(-) is not associative. For example, (2-2)-5 = 1-5 = 5,

and 2-(2-5) =2-4 =3, thatis, (2-2)-5#2-(2-5).

Suppose that Q(-) is a quasigroup, but not a loop. Then, nevertheless, for each element
a there exists a right local neutral element e,, i.e., ae, = a; this follows from the fact that
the equation ax = a must have a solution. The left local neutral element f, : f,a = a is
defined similarly. If all the right neutral elements coincide, (e, = €), then e is called a right
neutral element. A left neutral element f is defined similarly. There are quasigroups with a
right neutral element (they are called right loops), but without a left neutral element, and
conversely. If Q(-) has right and left neutral elements, then they coincide, so then Q(-) is a
loop.

The concept of a subloop is introduced in a natural way: Q'() is a subloop of a loop

Q(-) if Q'() is a loop and Q' < Q.

2°. Regular permutations of quasigroups and nuclei of
loops

Let Q(-) be a quasigroup. The mapping x — ax is called a left translation by means of
an element a and is denoted by L, : L,z = ax. Obviously, L, is a one-to-one mapping

*Often we will write (xy)z as xy - z. So, x(yz - ) means z[(yz)z], etc.
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of the set @ onto itself, i.e., L, is a permutation” of the set Q. This follows from the
definition of a quasigroup. The right translation R, by an element a is determined by the
equality R,z = xa and, therefore, is also a permutation. The set of all the translations of a
quasigroup Q(-) generates a group G, which is called the group associated with Q(-) [1]. If
Q(+) is a group, then there are obvious equalities, each of which is equivalent to the law of
associativity:

Lo(zy) = Lo - y}

Ru(ey) = - Ray. (17

The equations (1.7) are true for all a,z,y € Q. These equations imply the following.

Definition 5. A permutation A of a set () is called a left reqular permutation of a quasi-
group Q) if
Mzy) =Mz -y (1.8)

for all z,y € Q. A right reqular permutation p is defined similarly:

p(xy) = py.

Thus, in a group, any left (right) translation is a left (right) regular permutation.

Left and right regular permutations always exist for any quasigroup; the unit permuta-
tion e (with ex = x)* is always regular on the left and on the right. It is easy to see that the
set .Z (or more specifically, .Z{.)) of all the left regular permutations of a quasigroup Q(-)
is a group. More precisely, .Z is a subgroup of the group G. Indeed, let A, Ay € £. Then

(MA2)(zy) = M[ha(ry)] = Moz - y) = Mi(hex) -y = (MA2)z -y,

i.e., Mg € 2. Let us show that A € £ follows from A\ ™' € Z. Indeed, zy = A ' (A\z - y)
follows from (1.8). After replacing by A~'z, we obtain A™lz -y = A~} (xy), i.e., A1 e Z.

It remains to show that £ < G. For this, note that the equation (1.8) can be rewritten
in the form AL,y = Ly,y, whence AL, = Ly, follows. Therefore A\ = Ly, L. € G. It is
proved similarly that the set Z of all right regular permutations of a quasigroup Q(-) forms
a subgroup of the group G.

Let us find left regular permutations for the case where Q(-) is a loop. Let A € £ and
let Ae = a, where e is the neutral element of the loop Q(-). Then

Ar = Aex) = de -z = azx,
i.e., A = L,. On the other hand, we note that the element a = Ae has the following property:
axr -y =a-xy (1.9)

for all z and y. Indeed, az - y = Az -y = A(zy) = a - zy.

*A one-to-one mapping of a set () onto itself is called a permutation of the set Q.
*Often we will denote the unit permutation by 1, i.e., 1z = .



If an element a satisfies the equality (1.9), then it is said to be left associative. The
collection of all left associative elements of a loop Q(+) is called the left nucleus of Q(-) and
is denoted by V.

Similarly, the right nucleus N, is defined as the set of all right associative elements, i.e.,
elements b such that

xy-b=ux-yb (1.10)

for all z and y € Q. If p e &, then, as above, one can show that p = R, where b e N,.
The neutral element of a loop always belongs to the left and right nuclei. Finally, we can
define the middle nucleus N,, as the collection of all the mid-associative elements ¢ with

TC Yy =1 -cy. (1.11)

The definitions of the left, right and middle nucleus are formulated for quasigroups: in
the equalities (1.9) — (1.11), the neutral element does not participate directly. However, the
following statements hold [39]:

a) A quasigroup Q(-) has a left (right) nucleus if and only if it has a left (right) neutral
element;

b) A quasigroup Q(-) has a middle nucleus if and only if it is a loop.

In fact, if Q(-) has a left neutral element f, then f is left associative. Now suppose that
Q(*) has a left nucleus N;, and let a € N;. Let as show that the right local neutral element
e, of the element a is the left neutral element of the quasigroup Q(-). Let e,x = z’. Then
ax’ = a-e,x = ae, - = ax, whence ' = x. Consequently e,z = 2. To prove b), note that
the neutral element of a loop always belongs to all three nuclei. Now suppose Q(-) has a
middle nucleus N,,, and let a € N,,, f, and e,, respectively, be the left and the right local
neutral elements of a. If x is an arbitrary element from (), then elements y and z such that
x = ay = za exist. We have

for = falay) = (faa)y = ay = =,
xe, = (za)e, = z(ae,) = za = z.

Hence it follows that f, and e, are respectively the left and right neutral elements of the
quasigroup Q(-). Therefore they coincide, i.e., Q(:) is a loop.

In the case when Q() is a group, then N; = N,, = N, = Q, i.e., all three nuclei are
subgroups of Q(-) and even coincide with @. In the general case, we have

Theorem 1.1. Each nucleus of a quasigroup Q(-) is an associative subquasigroup (i.e., a
group).

Proof. a) Let Q(-) have left nucleus N;. Then, as above, there is a left neutral element e
in Q(-). Obviously, e € N;. Now let us show that a,b € N; implies ab€e N, :

(ab)(zy) = a(b-zy) = a(bx - y) = (a-bx)y = (ab- 2)y.

10



Thus, IV; is closed under the operation of multiplication in Q(-). Further, we have
ae-xr =a-er = ax,

hence ae = a, i.e., e is a neutral element in V.
Now we note the following. If Q(-) is a loop with neutral element e, then each element
x €  has inverse elements which are defined by the equalities

zx ! = e, “Ixz =e.

The element 27! is called the right inverse for x, and ~'x is the left inverse for z.

Let us show that if @ € N;, then a=! € N. In fact, there must exist an element 3’ such
that the equality

at-zy=altz-y (1.12)

holds. We multiply from the left by a:

whence, in view of the fact that a € IV;,

aa™ -zy = (a-a'2)y,

-1

e-xy = (aa " -2)y,

xy = 2y
Thus, y = v and from (1.12) it follows that a=* € N;. Now recall that a group can be
defined as a groupoid in which the law of associativity holds, there exists a right neutral
element ze = x and a right inverse element 27!, z2~! = e for arbitrary z € Q (see, for
example, [46]). Thus, from all the above it follows that NN; is a group under the operation
(+) in a quasigroup Q(-). Similarly, it is proved that N, is a group under the operation ()
in a quasigroup Q(-).
b) Let a,b € N,,, then also ab € N,,, since

(x-ab)y = (xa-b)y = za-by = z(a - by) = z(ab - y).

Earlier, we saw that the quasigroup @(-) must be a loop with a neutral element e. If a € N,

1 since ~ta(aa!) = (Ttaa)a! = a ! or “ta = a ! follows from the equality

1

then ~la = a~

-1

(taa)a™! = @ ! and from a € N,,. Moreover a~! € N,,, so N,, is a group (an associative

subloop.) To see this, we reason as above: there must exist an element y' such that

We replace x with za (when z takes all the values of the whole set @, then z takes all the
values of Q):
(za-a Ny =za-a 'y, zy=za-a"y = z(a-a"ty),

11



whence y = a - a~'y’. Multiplying on the left by a~!, we have

a’ly _ a’l(a-a’ly’) _ aila-afly' _ a’ly’,y — yl‘

Thus, za~' -y = = - a~'y which is what we had to prove.
Often, the concept of the nucleus of a loop Q(-) is also considered: the intersection”™ of
the three nuclei N;, N,,,, N, of Q(-).

3°. Isotopy

Another important notion of the theory of quasigroups and loops is the notion of an isotopy
which generalizes the group-theoretical notion of an isomorphism.
Consider two operations A, B, defined on the same set Q.

Definition 6. The operation B is said to be isotopic to the operation A, or an isotope of
A, if there exists a triple of permutations «, 5, v of the set @ such that

B(z,y) = v~ Aoz, By)

for arbitrary z,y € Q.

The ordered triple T = (a,,7) is called an isotopy. The permutations «, 3, are
respectively the left, right, and principal components of the isotopy T. The fact that B
and A are isotopic will sometimes be written as B = AT or B = A% 1If all three
permutations coincide, a = 5 = «y, then the isotopy becomes an isomorphism

B(z,y) = o 'A(az, ay).
In this case, we write (o, a, @) = a and, consequently,
B = Alvea) — g,

An isotopy of the form T = (a, f8,1), i.e., if the principal component is equal to 1, is
called principal.

Example. Let Q(-) be the quasigroup defined by the following Cayley table:

1 2 3 4 5
113 1 4 2 5
215 2 3 1 4
311 4 2 5 3
414 5 1 3 2
512 3 5 4 1

*That is, the set of common elements of the nuclei Ny, N,,, N;..
*If the operations B and A are written with symbols, for example in the form (o) and (-), then we will
write (o) = (+)T.
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In this table, we move the rows, then the columns, and finally permute the elements within
the table itself:

12 3 45 12 3 45 1 2 3 45
113 1 4 2 5 115 2 3 1 4 112 3 5 1 4
215 2 3 1 4 211 4 2 5 3 214 2 1 5 3
— — —
311 4 2 5 3 314 5 1 3 2 315 1 4 3 2
414 5 1 3 2 413 1 4 2 5 411 4 3 2 5
512 3 5 4 1 512 3 5 4 1 513 5 2 4 1
1 2 3 45
111 2 5 3 4
214 1 3 5 2
315 3 4 2 1
413 4 2 1 5
512 5 1 4 3
. 12345 .
We can move the rows by applying o = (2 3 4] 5), and the columns by applying

1 2 3 45 . o4 (12345
b= <2 5 1 4 5>. Inside the table, we apply the permutation v~ = <3 1 92 4 5),

i.e., everywhere where there was 1, we put 3, where there was 2, we put 1, etc. Thus, we
have obtained another quasigroup in (o) by means of the isotopy 7' = («, 3, 7), or in more
detail we have z oy = y~!(az - By). We find, for example, 3 o 4:

3od=~""a3 -B4)=y'(4-4)=7""'3=2

From this example, we see that an isotope Q(0) of a quasigroup Q(-) is also a quasigroup.
This fact also follows from the definition of an isotopy. First we prove the uniqueness of the
solution. Suppose, the equation a o x = b has two solutions ¢; and ¢y : aoc; = b, aocy = b.
But then v !(aa - Bc;) = b and v !(aa x Bey) = b, whence aa - B¢, = b and aa - fey = ~b.
Since Q(-) is a quasigroup, we conclude that fc; = fScg, whence ¢; = ¢;. We prove the
existence of a solution of the equation a o x = b in the following way. There must be an
element ¢ in Q(-) such that aa - ¢ =~b. Then 3~ 'c is the desired solution. In fact,

aofle=y""aa BB )] =1 Haa-c) =7 (h) = b.

Similarly it is proved that the equation y o a = b is uniquely solvable.

We introduce the product of isotopies T = (a, 8,7v) and T} = (a1, 81, 71), namely, we
put TT) = (aaq, 851,771). It is easy to see that all the isotopies defined on a set @) form
a group under this multiplication. The neutral element of this group is (1,1,1) = 1, where
1 is the unit permutation of the set Q. The inverse isotopy for T' = (o, §8,7) is obviously
T t=(atp ).

For arbitrary operations A and B, the following relations hold:

a)if B= AT then A = BT '; (1.13)
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b) (AT = ATh, (1.14)

Indeed, if T = (a,3,7), then B(z,y) = v 'A(az, By), whence after replacing = and y
by a~lx and B~y respectively we obtain B(a 'z, 3 ly) = v 1A(z,y),vB(a ta, B ly) =
A(z,y), i.e., A= BT

For the proof of b), we introduce the notation B = AT and calculate C = BT'. We have
C(z,y) = 77 ' Blaaz, B1y), but B(z,y) = v ' A(ax, By), and consequently

Clz,y) = 11y Ale(aaz), B(B1y))] = 7'y Alaasz, BBiy),

ie.
C = AcanBbioym — ATT

But C' = BT = (AT)":. Thus, the relationship b) has been proved.

Taking into account that A' = A, we conclude that isotopies define an equivalence
relation on the set of all the operations and, in particular, on the set of all the quasigroups.
Therefore, for example, we can say: A and B are isotopic.

Using the relationship b), one can easily prove the following:

Theorem 1.2. If an operation B is isotopic to an operation A, then B is isomorphic to
some principal isotope A.

Proof. Let B = AT = A5 But (o, 3,7) = (v, By, 1)y = S, where as we know,
v = (7,7,7). Therefore, B = A5 = [AS]. If we put AS = C, then C is a principal isotope
of the operation A, and B is isomorphic to C, since B = C7.

This theorem enables us to prove a number of properties of quasigroups with the help
of principal isotopes, and not isotopes. The power of quasigroup isotopy comes from the
following simple theorem:

Theorem 1.3. FEach quasigroup is isotopic to a loop.
Indeed, let a,b be two fixed arbitrary elements of a quasigroup Q(-), and let e = ba.
Consider the isotopy R, L;l, 1), where 1 is a unit permutation of a set Q:

zoy=R 'z L'y (1.15)

Q(o) is a quasigroup, as we have just seen. In addition, Q(o) has a neutral element e, so
Q(o) is a loop. In fact, from e = ba it follows that e = Lya, whence
roe=R,'v-L'e=R,'v- L, (Lya) = R, 'z -a = R, (R, 'x) = x,

a

and similarly e o x = x. Thus, the quasigroup Q(-) is principally isotopic to a loop Q(o).

Example. We take the quasigroup Q(A) given on page 6. We move the rows and columns
so that the first row and the first column are a, b, ¢, d:
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Ala b ¢ d a b ¢ d ola b ¢ d
al|lb a d c ala d c b ala b ¢ d
blc b a d — b|b a d ¢ — b|b ¢ d a
cla d c b cle b a d cle d a b
d|ld ¢ b a did ¢ b a d|ld a b ¢

Thus, we obtain a principal isotope @ (o) of the quasigroup Q(A). Obviously, Q(o) is a loop
with neutral element a (and also a group). We have the isotopy: T = (a, 3, 1), (o) = AT,

a b c d a b c d\ . )
where a = (c 0 b d),a— (a J e b>,1.e.,xoy—A(o¢1’,ﬁy). It is easy to see,

however, that « and S also belong to the group G. Indeed, we have the following.

Lemma 1.1. If a loop Q(o) is principally isotopic to a quasigroup Q(A), then the isotopy
must have the form

T =(R,', L, 1).

Indeed, let T = (o, ,1), and let e be the neutral element of the loop (o). Then
z =zoe = A(ax,fle) = Rgeax, so Rgex = 1 or o = Rgel Similarly, we have 8 = L}

ae

so T = (jo,L;el, 1). For the example considered above, remembering that the neutral

element of the loop Q(o) is a, we have fa = a,aa = c. Consequently, T' = (R, ', L', 1).
We introduce the notation

AR, Ly 1) = Ay

Then from Lemma 1.1 and Theorem 1.3 we obtain the following:

Lemma 1.2. If a loop B is isotopic to a quasigroup A, then the isotopy has the form'
B = (Aa,b)’ya

or in the abbreviated notation
B = Alb' (1.16)

The converse assertion is also obvious: any isotope of the form (1.16) of a quasigroup A
is a loop. The neutral element of the loop Q(A,p) is A(b, a).

If Q(A) is a loop with neutral element 1, then Q(A?) is a loop with neutral element
y~'1. Thus, the neutral element of the loop Q(A7,) is v A(b, a).

For groups, the concept of isotopy does not play a significant role, as shown by the
following theorem:

*Often, instead of a “quasigroup”, we will say a “quasigroup A”, that is, the operation A itself will be

”

called a quasigroup. However, we will say “an element x belongs to the quasigroup Q(A)” instead of “an

element x belongs to the quasigroup A”.
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Theorem 1.4. (Albert [1]). If two groups are isotopic, then they are isomorphic.

This theorem follows from a more general proposition, which is now commonly called
the Albert Theorem: If a loop Q(o) is isotopic to a group Q(-), then it is a group isomorphic
to the group Q(-). We will prove this proposition. For this we use the remark made after
the proof of Theorem 1.2: it suffices to prove the theorem for a principal isotope. Therefore,
suppose that a loop Q(o) is principally isotopic to a group Q(-). Then, by the proof of
Lemma 1.1, the isotopy must have the form (R;', L, ", 1):

roy=R 'z Lb_ly.
But in the group R, = R,-1, for every a. Indeed,

R'z-a=R,(R'z) =z,

whence R;'z = za~' = R,-1x. Similarly, we obtain L, = L,-1. Thus

1

roy= Rz -Lyy=mxa" by =ux(ba) 'y = zcy.

Because
R(zoy) = (zoy)c= (zcy)c = zc-yc = Rx - Rey,

we may conclude that (o) = (-)%. Consequently, Q(o) is a group that is isomorphic to the
group Q(-).

4°. Mutually inverse quasigroups and loops

Isotopy gives the possibility of obtaining new quasigroups from a quasigroup A. Another
way of obtaining new quasigroups is the following.

Two inverse operations are associated with each quasigroup A: a left inverse operation
~'A, which is defined by the equation A(y,a) = b, namely y ="' A(b, a), and a right inverse
operation A™', which is defined by the equation A(a,x) = b, namely x = A~ '(a,b). Tt
was shown above that A~' and ~'A are also quasigroups. Therefore, each has its inverse
operations. Thus, A~! has two inverse operations ~*(A~!) and (A~1)~!. However, (A™!)"! =
A. Indeed, according to the definition of (A™!)™, we must have A~ (z, (A1) (z,y)) = v.
Simultaneously, by (1.4), we find

AN (@, Az, y) = v,

whence
(A™) (@, y) = Az, ).
Consequently, we get one new operation from A~!: ~'(A™!). Generally speaking, we can
get five inverse operations: A=!, 7' A7 (A7), (TP A)7H [TH(ATY]L
Following Stein [74]* , we denote the permutation o(a,b,c) = (oa,cb,oc) of three ele-

ments a, b, ¢ by 0. Then A(a,b) = cis equivalent to the equality “A(ca, ob) = oc. For exam-
ple, if o(a,b,c) = (b,c,a), then A ==1 (A7), since (A1) (b, c) = a < A(a,b) = c.* If we
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consider all possible permutations of the three elements a, b, ¢, then we obtain the five inverse
operations listed above, along with operation A. Note that ["1(A™1)]7! =71 [(T1A)7!] = A%,
where A* is the operation which is obtained as A*(z,y) = A(y,z) from the operation A.
Indeed, we have

AT (ab) =c & (A )(a,c)=1b

= A (bc)=a = A(ba) =c,

Le, [H(A™H]t = A*. Similarly, it is shown that ~'[(T'A) 7] = A*.

Thus, a system Y, , of six quasigroups >, , = {471, A, A7 71 (ATY), (TTA)7H A%} is
associated with each quasigroup A. We call it the system of inverse quasigroups for A. It
is easy to see that if B is one of the quasigroups of a system ), ,, then >}, = >} ,. For
example, if B =7' (A71), then B! = A* "' B = A~! etc. More precisely, the following
assertions hold:

1) Let o be a permutation from &3, the symmetric group of degree 3. Then B =7 A
implies A =7 B;

2) Further, suppose 7 € G3. Then

(FA) =77 A. (1.17)

Let us prove, for example, the second assertion. By definition, the following equivalences

hold:

Afa,b) =c < “A(oa,ob) =0c < "(A)(r(ca), 7(cb)) = T(0c),
that is, A(a,b) = c is equivalent to the equality "(“A)(7oa,7ob) = Toc. On the other
hand, we have A(a,b) = ¢ & "7 A(roa,70b) = Toc. Consequently "(“A)(roa,7ob) =77
A(roa,Tob), from which we obtain (1.17).

If Ais aloop, then )}, does not consist just of loops. Indeed, if A(z,y) = zy is a group,
then A=!(x,y) = 27!y and A~! have no right neutral element in the general case. Therefore,
it is expedient to consider the isotopes of inverse operations for A which are also loops. We
will do this in the following way. If A is a loop with neutral element 1, then we consider the
substitution I defined by the equality A(x,Iz) = 1, that is, [z is the right inverse element
of z.

We introduce the following two operations:

AP(z,y) = AT e, y), AMa,y) =" Az, Ty). (1.18)

We show that A? and A* are loops with the same neutral element 1. Tt follows from the
definition of I that I1 = 1. If A is a loop, then A™' has a left neutral element.

Indeed, let A71(1,2) = 2', so A(1,2') = x, whence 2’ = z. Therefore, A?(1,7) =
AN (I ",2) = A'(1,2) = z. Now let A?(z,1) = 2’. By virtue of the definition of the
operation A?, we conclude that A(I~'z,z’) = 1. But from A(z,Ix) = 1 it follows that
A(I7*z,r) = 1, where ' = x. Thus, two further loops A? and A*, called the left and
right inverse loops for A respectively, can be associated with each loop. Their considera-
tion is suggested by inverse operations for a group or, more generally, for an IP-loop (see
Chapter V).
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The definitions for A? and A* can be rewritten as:
AP = (Afl)PA’A)\ — (71A4)SA7

where Py = (I;*,1,1),54 = (1,14,1), and I, = [ is defined by the equality A(z,[4z) = 1.
It is easy to show that I4 = I4» = ['. Indeed, it follows from A?(x,I4rx) = 1 that
AN (I, 1) 2) = 1, whence A(I71z,1) = Loz, ie., [4o = I71. The equality I,n = I is
proved similarly. Consequently, from here we have the relationship

Par = Py = Pgl, Sar =S = S;l

As for inverse quasigroups, we can consider inverse loops for the loops A” and A*, etc.,
defining (AP)P = AP° (AP) = AP, etc.

For quasigroups we have seen that there are only six inverse quasigroups (including the
quasigroup itself). In order to study an analogous problem for inverse loops, we should first
verify the equations:

AP = A, AN = A,
APN = [T AT g ) (D (1.19)
AP — (A*)(I*l)7 AN — (A*)I
and
APY = AP A)\a — Aa)\
where « is an arbitrary permutation of the underlying set Q.
Let us prove, for example, the equality A? = (A*)7", Let
AP (g, 9)) = 2. (1.20)
Then, applying the definitions of A? and AP several times, we obtain

(AP/\)P(w7y) = Z? (Ap)‘)_l(]_plkxv Z/) = ZvAp)‘(]gpl/\xVZ) = ya

_1(Ap)([;pl>\'r7[1‘1pz) = y7Ap(ya]A/’Z) = ;,L}Ax7

and finally
A—1(121y7 IA/’Z) = ;plxxa
whence
ATy, I hx) = L. (1.21)
However,

In=1T, Ino = I, Iy = Ipop = I3 = Lo = I.
Therefore, from (1.21), we have

AT e, Iy =T 2, AY(T e, T y) = T2,

whence
2= (A9 (2, y). (1.22)
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Comparing (1.2) and (1.22), we obtain the equality A”** = (A*)""". Thus, from the given
loop A we can get the loops

A AP AN AP A0 AN AN AN (1.23)

But up to isomorphism, there exist only siz of them, since A?*? and A*? are isomorphic
in view of the equality A** = (A7) and, applying the equalities (1.19), we reduce all
the loops from (1.23) to the first six.

For example,

A = ()0 = [(AP)] = [(AP] = (AP = (A

Consider the connection that exists between inverse operations and isotopy. Let A be
an arbitrary inverse quasigroup, and let T = («, f3,7). For a permutation o, we can write

T=(o,p,7) ol =0(a,B,7) = (ca,08,07).
Lemma 1.3. (A7) = (“A4)°T.

Let
“(AT)(2,y) = =. (1.24)

By virtue of the definition of 7 A, the equality (1.24) is equivalent to the equality
Al (2 y) = 2, (1.25)
where o(2', ¥/, 2’) = (x,y, 2). But (1.25) implies
A(aa’, By') =7,
which is equivalent to the equality
TA(dz, B'y) =z, (1.26)
where (o, ', 7') = o(«, 8, v) = oT. Consequently, it follows from (1.26) that
(AT (z,y) = 2. (1.27)

Comparing (1.24) with (1.27), the lemma is verified.

Corollary 1. We have (A7)~" = (A™1)7" and ~1(AT) = (T*A)T', where T7 = (a, 8,7)" =
(a7 77 ﬁ) and Tl = (’Y’ /87 a)'

Corollary 2. If B and A are isotopic, then so are °B and  A.
Indeed, from B = AT it follows that °B =° (AT) = (A)°7T.
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Notes

!Such tables are known as Latin squares, particularly in combinatorial analysis (see Hall [85,86]).

2Definition 2 asserts that Q(A) is a quasigroup if the identities (1.3) hold in the algebra Q(A, B,C).
All the algebras Q(A4, B, C) satisfying the identities (1.3) form a so-called primitive class (see A.G. Kurosh
[47,4. 155]). Thus Q(A, B, C) is sometimes called a primitive quasigroup.

3The term “quasigroup” was introduced by Moufang [54], and the term “loop” was introduced by Albert
[1,2]

4The transformation A — A is called a parastrophy (Sade [66], Artzy [8]). Stein [74] and Culik
[88] study the change of identities under quasigroup parastrophy — see also Chapter VIII (invariance of
distributivity under a parastrophy). All isotopies and parastrophies of a quasigroup generate a certain group
— the group of isostrophies. This group is studied by Sade [70], Artzy [7,8], and also by the author [18].
Artzy [6] gives an alternative presentation of the concepts of inverse loops, and studies their nuclei. In [18],
groups of regular permutations of inverse quasigroups are studied.

SStein [74] calls the operations from )., conjugates. Sade [66,69] introduces a special term for each of
the operations from ), (except A).

20



Chapter 1I. Groups of regular
permutations. Autotopies of quasigroups

1°. Groups of left and right regular permutations

We have already seen that left and right regular permutations are closely related to the
notion of the nucleus, having proved the following two propositions:
1) The left (right) regular permutations of a quasigroup Q(-) form a group Z(Z%).
2) If Q(-) has a left (right) identity e, then for any A € .Z (p € #Z), we have e € N, (pe €
N,), and hence
N ={de| e L} = ZLe (N, = Re).

Moreover, we have the following

Theorem 2.1.  The group of left reqular permutations of a quasigroup Q(-) with left identity
s isomorphic to the left nucleus N;.

Indeed, we have just observed that N, = £, = {Xe| e .Z}. Let us consider the
correspondence A — Ae. It is a mapping of .Z onto N;: if a € N;, then for A = L, we have
A — Xe = L,e = a. Furthermore, the correspondence is one-to-one, since Ae = pe implies
A = p. Indeed, if z is an element of @, then Az = A(ex) = Ae-x = pe -z = p(ex) = px, that
is A = p. Consider A\, p € Z. Then A\ — (Ap)e = A(pe) = (e - pe), whence A — Ae - ue,
meaning that . and N; are isomorphic.

Remark. Z =~ N, is proved similarly, if N, exists. It is noteworthy that the correspon-
dence p — pe, where p € R and e is the right identity of the quasigroup Q(-), leads to an
anti-isomorphism of the groups #Z and N,: p; — pie and py — pee (for p1, ps € #) imply
p1p2 — poe - pre. However, if two groups are anti-isomorphic, then they are isomorphic, so
X = N,.

The proof of Theorem 2.1 also implies the following property for left (and right) regular
permutations: if A\, u € £ and Aa = pa for any element a, then A = p.

In the quasigroup Q(-), the group .Z of left regular permutations defines an equivalence.
Namely, we will consider that b and a are equivalent, and write b ~ a (.£), if there exists a
left regular permutation A € .Z such that b = Aa. Each equivalence class, therefore, has the
form K = Lk = {\k | A € £}, where k is an arbitrary element of K.

21



Definition 1. The equivalence class K = £k, where k is an arbitrary element of the
quasigroup Q(-) and Z is the group of left regular permutations, is called the left nucleus
(relative to k) of the quasigroup Q(-). We will denote the left nucleus (relative to the element
k) by N;(k).

Similarly, we define the right nucleus (relative to the element k) of the quasigroup Q(-).

In the case when Q(:) has a left identity e, one of the equivalence classes is the left
nucleus N; : N; = Ze (e € N)), and, as we have already seen, N, is a subquasigroup.

Generally speaking, one of the equivalence classes of a quasigroup Q(A) can be a sub-
quasigroup, even when QQ(A) has no neutral element. We have

Theorem 2.2. Let K be a relative left nucleus of the quasigroup Q(-). If K is a subquasi-
group, then it is isotopic to the group £ of all left reqular permutations.

Indeed, a relative left nucleus K must have the form £k, where k is some fixed element
of the set K, and if K is a quasigroup, then the composition Ak - uk, where A, p € £, must
also belong to K. Consequently, there exists a left regular permutation v depending on A
and p (for a fixed k), such that Ak - pk = vk. Thus, on the set £ we introduce a new
operation, denoted by (o), with v = Ao p if Mk - uk = (A o p)k. From the definition of this
operation it follows that .Z (o) is a quasigroup which is isomorphic to a subquasigroup K (-);
the isomorphism is realized by the correspondence k — Ak. Let a € £. Then

a(Aopu) =alopu. (2.1)

Indeed, a(Ao pk = a[(Aop)k] = a(Ak o pk) = a(Ak)pk = (aX o w)k. On the basis of
the properties of the left regular permutations from above, we conclude that equality (2.1)
holds.

If ¢ is the unit permutation (the neutral element of the group %), then ¢ o A = A
The correspondence A — )\’ is a one-to-one mapping of the set .Z onto itself, since in the

’

quasigroup .Z(o). the equation £ o { = X always has a unique solution. If we put A = ¢
in (2.1) we get
agop=aleop),
whence
aop=au.
This equality means that £ (o) and Z(-) are principally isotopic, and since £ (o) and K (-)
are isomorphic, the theorem is proved.

It is easy to see that Theorem 2.1 is a particular case of Theorem 2.2, with K = N; and
k =e. Then y = p since yi'e = (¢ o p)e = e - pe = pe, and, consequently, o o 1 = av.

If K is a relative left nucleus, then Kl = {kl | k€ K}, where [ is an arbitrary fixed
element of @, is also a relative left nucleus. If we fix k in K and take k1 ~ &k (£, then also
kil ~ kEl (£). Indeed, there must be a permutation A € £ such that k; = A(k), and then
kil = Mk -1 = A(KD), i.e. kil ~ Kkl (£). Conversely, let p ~ kl (£). Consider the equation
p = zl. There exists p € £ such that p = u(kl). Consequently, p = uk -1 = zl, whence
x = pk, i.e. x € K. There is a one-to-one correspondence k — kl between elements of the
classes K and K. This, in the case when @ is finite, implies the following.
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Theorem 2.3. Let Q(-) be a finite quasigroup. Then the order of its group £ of left
reqular permutations is a divisor of the order of the quasigroup.

The theorem follows from the equality K = Zk, i.e., the order of its group £ coincides
with the number of elements of any relative left nucleus.

Note that all the above statements for the group of left regular permutations similarly
hold for the group of right regular permutations.

2°. Middle regular permutations

The groups of left and right regular permutations are closely related respectively to the
concepts of the left and right nuclei. For a quasigroup, these groups play the same role as
the left and right nucleus for a loop. Now we introduce a group of permutations which will
play the same role for a quasigroup as the middle nucleus for a loop.

Definition 2. A permutation ¢ of a set @ is called a middle regular permutation of a
quasigroup Q(-) if there exists a permutation ¢* such that

proy=1-9"y (2.2)
for all z,y € Q.

The unit permutation is a middle regular permutation, which is why middle regular
permutations always exist. It is easy to see that they form a group, which we denote by .
Indeed, if ¢, € @, then

Uz -y =Yx -ty =x - P P"y. (2.3)
According to the definition of middle regular permutations, we conclude that ¢ € ®. From
the obvious equality ¢ 'z -y = z - (¢*) 'y we see that ¢! € ® as well.

Like the groups #Z and .Z, the group ® of middle regular permutations of a quasigroup
Q(") is also a subgroup of the associated group G of the quasigroup Q(-). Indeed, the
equality (2.2) can be rewritten by using translations in the form R,z = Ry z, i.e., Ryp =
Ry xy, whence ¢ = R, 'R «,. Consequently, p € G and ® < G.

The permutation ¢* is said to be adjoint to the permutation ¢. As follows from (2.3),
the set of permutations adjoint to middle regular permutations forms a group, which we
denote by ®*, and in view of the equality (2.3), the group ®* is anti-isomorphic to the group
®. Consequently ®* is isomorphic to the group ® (see Remark 1).

Suppose that Q(+) is a loop with neutral element e. We put x = e in the equality (2.2):

o'y = pe - y.

Consequently,
pr -y = z(pe-y).
Now taking y = e, we have

YT =T - pe.
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Thus, (z - pe)y = z(pe - y). This equality shows that pe belongs to the middle nucleus N,,.
Therefore, ¢ = R,, where a = pe € N,,. The converse is obvious: if ¢ = R, for a € Ny,
then ¢ € ®. Indeed, pr -y =za-y =z -ay = x - p*y, so p* = L,. Just as for the groups
% and Z, we have the following.

Theorem 2.4. The group ® of middle reqular permutations of a loop Q(-) is isomorphic
to the middle nucleus N,,. Therefore, the group ®* of permutations adjoint to the middle
reqular permutations is also isomorphic to the middle nucleus N,,.

The proof of Theorem 2.4 is analogous to the proof of Theorem 2.1. Relatively to the
group ® one can also consider equivalence classes K = ®k, where k is some fixed element
from K, and two elements b and a are equivalent modulo @ if there exists a middle regular
permutation ¢ such that b = pa. The equivalence class modulo ® containing an element k
is called the middle nucleus relative to k.

The middle nuclei are equipollent, since the one-to-one correspondence @k <> ks can be
established between the elements of the relative nuclei K; = ®k; and Ky = $Pky. The one-
to-one correspondence comes from the following proposition: If for some a we have pa = a,
where @, 9 € ®, then ¢ = 1. Indeed, let pa-z = a-x for all z. Then a-p*z = a-1p*z, whence
prr = YPrx, de., p* = ¥*. But from here, by applying the definition of a middle regular
permutation, we conclude that ¢ = 1. Thus, we can formulate the following theorem:

Theorem 2.5. Let Q(-) be a finite quasigroup. Then the order of the group ® of middle
reqular permutations is a divisor of the order of the quasigroup !.

Incidentally, from Theorem 2.3 and Theorem 2.5 it follows that the orders of the nuclei
of a finite loop are divisors of the order of the loop [39]. 2

3°. Autotopies of quasigroups. Quasi-automorphisms

In quasigroup theory, the concept of autotopy also plays an important role.

Definition 3. An ordered triple T = (a, 8,7) of permutations of a set @ is called an
autotopy * of a quasigroup Q(-) if

vy N az-By) =xy

for all z,y € Q.

Consequently, autotopies are particular cases of isotopies (see page 13). It is enough to
put B=A. If T = (o, 3,7) is an autotopy of a quasigroup Q(A), then we can write

AT = A

In particular, an autotopy of the form (o, a, @) = a is an automorphism.
Using equations (1.13) and (1.14), it is clear that the autotopies of a quasigroup Q(A)
form a group under composition. We denote this group by 2A4.
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It is easy to see that the sets of all corresponding components of the autotopies of a
quasigroup Q(-) also form groups. For example, let v, and 7, be the principal components
of some autotopies Ty and Ty, i.e., Ty = (a1,51,7) and To = (ag, 82,72). Then TyTy =
(aq g, B152, 7172) € A4, and consequently, 717, is also a principal component of an autotopy.

We note here that if T is an autotopy, then any two components uniquely determine the
third. For example, let T' = (o, 8,7), T" = (o, f',7) and T, T" € A4. Then S = . Indeed,
T T'eAyand T, 7' = (1,881, 1), ie, Az, 337 'y) = A(x,y), whence /571 =1
and g’ = .

If a permutation ¢ is one of the components of an autotopy 7', then we call it autotopic.
All the regular permutations of a quasigroup Q(-) are autotopic since Uy = (X, 1,X), V,, =
(1,p,p), W, = (¢, 0* 1, 1) are autotopies for Q(-)". We now prove some lemmas.

Lemma 2.1. If quasigroups Q(B) and Q(A) are isotopic, then their autotopy groups are
1somorphic.

A more precise formulation of Lemma 2.1 is the following:
Aur = T ALT.

Indeed, let
B=A" (2.4)

and let S € Ag, so BS = B. Then (AT)S = AT whence AT5T"" = A, which means that
TAT ' < Ay, (2.5)

But (2.4) implies A = BT" and, applying the relation (2.5) to this equation, we obtain
T—A,T < Ap, whence
Ay TART . (2.6)

Comparing the inclusions (2.5) and (2.6), we obtain the equality 24 = TAgT .

Lemma 2.2. Let S; = (1,5,7), S = (\1,u), S3 = (m,p,1). Then:

a) If Ss is an autotopy of a quasigroup Q(-), then 7 is a middle regular permutation and
p~ L is adjoint to it.

b) If Q(-) is a loop and Sy, Sy are autotopies of the loop, then f = v and N\ = p.
Consequently, B is a right reqular permutation, and X\ is a left reqular permutation.

Indeed, let (-)%3 = (-), i.e., 7z - py = vy. Then mx -y = x - p~'y, whence, in view of the
definition of a middle regular permutation, the proposition a) is valid.

Now let Q(-) be a loop and let (-)** = () or v~ !(z - By) = vy. We put x = 1 (where 1 is
the neutral element of the loop). Then =!8y = y, i.e., v = 8. Consequently, S; = (1,3, 3),
whence it follows that § is a right regular permutation.

We introduce the following concept.

*Here A€ &, pe Z, g € ®.
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Definition 4. A principal component of an autotopy 7' of a quasigroup Q(-) is called a
quasi-automorphism of the quasigroup Q(-). In other words, a permutation « of a set Q is
called a quasi-automorphism of the quasigroup Q(-) if there exist two permutations a and
B of the set @ such that

V(zy) = az - By, (2.6")
ie., T = («a, 8,7) is an autotopy of the quasigroup Q(-).

Since the corresponding components of the autotopies form groups, then Definition 4
implies the following.

Lemma 2.3. The quasi-automorphisms of a quasigroup Q(-) form a group.
Obviously, the group of automorphisms is a subgroup of the group of quasi-
automorphisms.

Let T = (o, 8,7) be an autotopy of a loop Q(-). Then 7 is a quasi-automorphism of the
loop Q(). In other words,
Y(zy) = oz - By.
Set x = 1. Then
vy =al-pBy=1-py,
ie., v = L;3, whence

B =Lyl =al). (2.7)
Similarly, we have

a = Ry'y(k = pl), (2.8)
ie,

T— (B L) (2.9

Thus, any autotopy T of a loop Q(-) must have the form (2.9), where k and [ are certain
elements of the set (). We obtain the following.

Lemma 2.4. All the components of an autotopy T = (a, 5,7) of a loop Q(*) are quasi-
automorphisms, if Ry and L;, for k = B1 and | = al, are quasi-automorphisms of the
loop.

Lemma 2.4 follows from Lemma 2.3 and the equations (2.7) (2.,8).

Corollary. If Q(-) is a group, then the components of any autotopy are quasi-
automorphisms of the group.

Indeed, in this case Ry and L; are always quasi-automorphisms:
Ry(z-y) =2 Ryy, Li(x-y) = Liz -y,

i.e., (1, Rg, Ry), (Ly, 1, L;) are autotopies of the group Q(-). In other words, in this case Ry
and L, are respectively right and left regular permutations of the group Q(-).
When Q(-) is a group, quasi-automorphisms have a simple construction.
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Lemma 2.5. FEach quasi-automorphism v of a group Q(-) has the form

v = Ry, (2.10)

where 7o is an automorphism of the group Q(-) and s is some element from Q. Conversely,
the permutation v defined by (2.10) is a quasi-automorphism of the group Q(-).

Indeed, let v be a quasi-automorphism of the group Q(-). i.e., there exists an autotopy
of the form («, 3,7). By virtue of equations (2.7), (2.8), we have o = R, 'y and 3 = L; '.
But in a group, R,! = R,-1 and L;' = L,-1 hold for each element a. Consequently, the
equality (2.6") takes the form

v(xy) = (yo -k~ yy)

or
Yay) = ya(y1) "My, (2.11)
since
EH7 = (k)™ = (al - B1)7 = (y1) 7t
Let

yr(y1) ™ = Y. (2.12)
Multiplying both sides of the equality (2.11) by (y1)~* on the right, we obtain

Yo(zy) = v0(z) - 70(Y),

i.e., 7o is an automorphism of the group Q(-). The equality (2.12) implies the equality (2.10).
The converse assertion is obvious: an arbitrary translation and an arbitrary automorphism
in a group are quasi-automorphisms, so their product Rs7yy must be a quasi-automorphism.

Remark. A quasi-automorphism 7 can be represented in the form
v = Ly,
where 7, is some automorphism. Indeed, (2.10) implies
ye = Reyor = Yz - s = s(s "0z 5) = 5 0307 = 5+ Yr = Ly,
where 7(/] = 0,y and 6, is the inner automorphism

O,z = s 1as.

Corollary. A quasi-automorphism v of a group Q(-) is an automorphism if and only if
71 = 1. Indeed, 71 = Ryyl = Rs1 = s, i.e., s = 1, and, consequently, v = 7q.
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Theorem 2.6. An arbitrary autotopy T' of a group Q(-) has the form
T = (Lw Rd7 LcRd)97

where 0 is an automorphism of the group Q(-), while ¢ and d are fized elements from Q.

Indeed, we note that in a group @ the equality
RpL; = LRy, (2.13)

is true for all k and [ € Q, since the equality (2.13) is equivalent to the law of associativity.
Let T'= (o, 8,7) be an autotopy of a group Q(-). Then T has the form (2.9):

T= (R L )y,
whence by virtue of (2.13), we obtain
T = (Ll7 Rk, Lle)RlzlLfl’y

The permutations L;, Ry, are quasi-automorphisms of the group Q(-), so 6 = R,;lLflfy is
also a quasi-automorphism of the group Q(-).
But 01 = 1:
Ri'Li'yl = R ol - B1) = Ry (k) = 1,

so by virtue of the corollary to Lemma (2.5), 6 is an automorphism of the group Q(-).

4°. Type of a quasigroup

We give the following

Definition 5. The ordered triple (£, ®, %) of left, middle, and right regular permutation
groups of a quasigroup Q(:) (or isomorphic groups) is called the type of the quasigroup.
A type (F,G, H) is called a subtype of a type (F',G', H'), if F,G, H are (isomorphic to)
subgroups of F’, G, H' respectively [14].

On the basis of Theorem 2.1, Remark 1 and Theorem 2.4, it follows that for a loop Q(-),
the triple (N;, Ny, N;.) of nuclei is a type. In particular, if Q(-) is a group, then the type is
(@, Q, Q). The following natural question arises: how does the type of a quasigroup change
under isotopy? A partial answer to this question for quasigroups is given by the following.

Theorem 2.7. The type of a quasigroup Q(A) is a subtype of the type of any loop to which
it 1s 1sotopic.

Proof. Suppose that the quasigroup Q(A) is isotopic to a loop Q(:): A = ()T, where

T = (a,B,7)
1. Let us determine Z4. For this we find autotopies of the quasigroup Q(A) that have
the form U, = (A, 1, ). According to Lemma 2.1, Ay = TA4T, so TU\ T~ € A,y. Thus

TUT™ = (o, B,7)(\ 1, ) (e, B,7) 7 =
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= (@, 8, LA™, 5777 = (ada™ 1,97,
Applying Lemma 2.2, we find
ala =y 7t (2.14)
and
Ny te Z. (2.15)
Now (2.14) implies (v 'a)A = A(y'a), i.e., A belongs to the centralizer” 9% -1, of the
permutation v~ 'a in the symmetric group Gg. Besides, the relation (2.15) implies \ €
v 1. %. Thus,
LrSy ' Ly N . (2.16)
Conversely, let A € v 2.y nM,-1,. Then X\ = v !Ny, where N € £. We show that
A€ gAZ
M(z,y) = My Hax - By) = 7 Nyy™Haz - By) = v N(az - By)
=7 'Nax-By) =7 (WM ez By) =7 (A (v ez - By)
=" (yy ez By) = 77 (ada - By) = A(Az,y).

Consequently,

Y LY AN, € L (2.17)
Comparing the relationships (2.16) and (2.17), we obtain the equality

Ly =" Ly AR, (2.18)
Similarly we have

Ra=7""RBy Ry (2.19)

Thus, %y is a subgroup of the group v~ 1.%7, i.e., %4 is isomorphic to some subgroup of
the group £. Similarly, (2.19) implies that %4 is isomorphic to a subgroup of the group
X.

Remark. If Q(A) is principally isotopic to a loop, then the formulas (2.18) and (2.19) are
simplified: let A = (o) with T' = («, 3,1). Then

$A=.§/ﬂﬁ‘ﬂa, .%A=%ﬁmﬁ.

2. Now let us prove the following proposition: If quasigroups Q(A) and Q(B) are
1sotopic, then ® 4 and ®p are isomorphic.
Let A= BT = B(®#7 and ¢ € ®,. Then there exists a permutation ¢* € ®% such that

A(pa,b) = A(a, p*b).
Proceeding to the operation B, we obtain

v 'B(aya, Bb) =~ 'B(aa, fe*b),

“The set of all elements 2 commuting with a (so za = az) is called the centralizer 9, of the element «
of a group Q(-). The centralizer M, is a subgroup of the group Q(-).
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so replacing a by a~'a and b by 37'b gives
B(aypata, b) = B(a, Be*B7'D).
Consequently, apa~t € &5, whence p € a 1®pa, and therefore
Py S a ' dpa. (2.20)

But if A = B, then B = AT ', and applying the relationship (2.20) to this equality, we
obtain
dp a(I)AOé_l,

whence
a lPpac Dy. (2.21)

Comparing the relationships (2.20) and (2.21), we find

Py =a '®pa. (2.22)
In the case of our theorem, when B = (-), we have

O,y =a 'da.
Relationships (2.20), (2.21) and (2.22) prove the theorem. O

An immediate corollary of Theorem 2.7 is

Theorem 2.8. Isotopic loops have the same type.
Indeed, let Q(A) and Q(-) be loops, and let A = ()7 = (-)(®#7), Equation (2.22)
immediately gives ®4 = o '®a. From equation (2.16) we have

Ly L. (2.23)
Since (-) = A", substitution in (2.23) yields .Z < v~ '.Z47, whence 1%y € 4. Thus
Ly =71

Similarly, we obtain
Ky = 771%’)/.

Corollary. The respective nuclei of isotopic loops are isomorphic.

Albert’s Theorem is another corollary of Theorem 2.7. If a loop Q(A) is isotopic to
a group Q(-), then its type coincides with the type of the group Q(-), i.e., with (Q, @, Q).
Thus, for example, the left nucleus of the loop Q(A) coincides with @, i.e., A is an associative
operation.
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5°. Transitive quasigroups. Medial quasigroups

If the left nucleus relative to some element k coincides with the whole quasigroup Q(-),
then the group of left regular permutations is transitive on the set ). It is thus useful to
introduce the following concept:

Definition 6. A quasigroup Q(*) is called .Z-transitive if the group .Z of all left regular
permutations acts transitively on the set Q.

- and ®-transitivity are defined similarly. Immediate examples of transitive (i.e., .Z-,
- or -transitive) quasigroups are provided by groups. (Other examples exist). On the
other hand, if a loop Q(-) is Z-transitive (%-transitive, ®-transitive), then it is a group.

Indeed, in this case, for example, N; = Z1 = {\1 | A € £} = Q by virtue of the transitivity
of .Z. Transitive quasigroups are very closely related to groups.

Theorem 2.9. Any loop Q(-) isotopic to a transitive quasigroup Q(A) is a group.

Proof. For £- and Z-transitivity, the assertion follows from Theorem 2.2. Indeed, if a
quasigroup Q(A) is Z-transitive, then Q) = £k for some element k of Q. In this case Q is
a relative left nucleus. Then, by Theorem 2.2, Q(A) must be isotopic to the group £ of
all left regular permutations.

Now suppose Q(A) is -transitive, i.e., 4 acts transitively on @. Further, let Q()
be an arbitrary loop isotopic Q(A), say A = (-)T, where T = (a,3,7). In view of the
equation (2.22) we have ® 4 = o~ '®a, where ® is the group of middle regular permutations
for the loop Q(-). Consequently, ® = a® a~*
transitive on Q. Consequently, Q(-) is a ®-transitive loop. But then Q(-) is a group, since
in this case N, = Q. O

. Since ®4 is transitive on @, then ® is also

Conversely, if a quasigroup Q(A) is isotopic to a group Q(-), then it is ®-transitive.
This statement follows from equation (2.23). We note that for .Z- and Z-transitivity the
converse statement does not hold in general: a quasigroup isotopic to a group need not be
Z- or Z#-transitive (see Chapter VIII, 3°).

Thus, there exist transitive quasigroups which are not groups. The most important
transitive quasigroups are medial quasigroups.

Definition 7. A quasigroup Q(-) is called medial * if the identity

(zy)(ww) = (zu)(yv) (2.24)

is satisfied.

Example. Let @ be the field of all rational numbers. We define the operation A(z,y) =
ax + by + ¢ for constants a,b,c with a,b # 0 It is easily verified that Q(A) is a medial
quasigroup.
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Lemma 2.6. A medial quasigroup is ®-transitive.
Indeed, using translations, the identity (2.24) can be rewritten as
Ryx - Ly = Ryx - Lyv,
whence
R,R'x-v=ux-L,L;".

Thus, the permutation a = R, R, ' is a middle regular permutation for Q(-), with adjoint
L,L; . If a and b are given elements, then there exists a middle regular permutation 3 such
that Sa = b. As 8 we can put RCRgl, where d is some fixed element, and c is a solution of
the equation R;'a -z = b.

The previous lemma and Theorem 2.8 make it possible to derive the following, Toyoda’s
Theorem [79] ®:

Theorem 2.10. Let Q(A) be a medial quasigroup. Then there exists an abelian group
Q(+) such that the operation A has the form

Alz,y) = px + vy +c,
where @, ¥ are automorphisms of the group Q(+) with i = 1y, and c is some fized element
of Q.

Proof. Since the medial quasigroup Q(A) is ®-transitive, then by Theorem 2.10 an arbitrary
loop Q(+) isotopic to Q(A) is a group. Let us consider the principal isotope (+) = Aa,b),
S0

r+y=AR" 2, L,"y). (2.25)

Thus, Q(+) is a group with the neutral element A(b,a). We denote A(b,a) by 0. Then
(2.25) implies
A(z,y) = Rux + Lypy. (2.26)

Rewriting (2.24) with the operation (+) gives
R, (Rax + Lyy) + Ly(Rou + Lyv) = Ry(Rox + Lyu) + Ly(Ray + Lyv),

whence
Ru(z +y) + Ly(u + v) = Ro(z + LyR, 'u) + Ly(R. L, 'y + v).

Let u =0 and v = L, '0. Then
Ra(x +y) = ax + By,

where
ar = R,(v + LyR,'0) By = Ly(R,L, 'y + L, '0).

Consequently, R, is a quasi-automorphism of the group Q(+). Similarly, L is a quasi-
automorphism of the group Q(+). By virtue of Lemma 2.5, R, and L; have the form

Ry =ypr+k, Lyx=I1+1yz, (2.27)
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where ¢, ¢ are automorphisms of the group Q(+).
Consequently, from (2.26) and (2.27) we obtain

Az, y) = oz + c + 1y, (2.28)

where ¢ = k + 1. We again rewrite (2.24) with the operation (+), this time using equa-
tion (2.28):

o(ox + c+Py) + ¢+ Y(pu + ¢+ Pv) = p(pz + ¢+ Yu) + ¢

+ip(py + e+ Yu),
whence
©*x 4 pc + Yy + ¢ + You + e+ Pie = x4+ e + pYu
+c+ Yoy + e + P2,
or after simplification
Yy + ¢+ Ppou = phu + ¢ + Ypy. (2.29)
If w = 0, then from (2.29) we obtain

Py +c=c+ Yy, (2.30)
whence replacing y and v with ¢ 111y and o9~ lu respectively, we obtain
yt+u=u-+y,

i.e., Q(+) is an Abelian group. The equality (2.30) implies @ty = py. This completes the
proof of the theorem. O
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Notes

1Other properties of groups of regular permutations are considered in [12,14,18]. In the latter article,
types of loops are studied. It is shown that there exist loops with a predefined type, and, in particular,
loops with type (1,1,1). Regular permutations of quasigroups are also studied by Mattenet [50].

2Other properties of loop nuclei are considered in the works of Garrison [39], Bruck [31], etc.

3Along with the concept of autotopy, one may consider the concept of anti-autotopy. An ordered triple
T = (o, f8,7) is called an anti-autotopy of a quasigroup Q(-) if v(zy) = ay - Bz. Autotopies and anti-
autotopies were studied by various authors. We note here the later works of Sade [69, 73].

4In the quasigroup literature, there is no consensus on the name for quasigroups with the identity (2.24).
They are called Abelian by Bruck [24], Griffin [43], Murdoch [52]. Etherington [91] and Sade [64,67] call the
identity (2.24) entropy. In functional equation theory, the identity (2.24) is customarily called bisymmetry
(see Aczél [9], and also [11]). Following Stein [74], we adhere to the term “medial” quasigroup.

Bruck [24] and Murdoch [52] also give proofs of the theorem.
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Chapter III. Derivative operations.
F-quasigroups

1°. Postulates of Sushkevich and Murdoch

The identity of associativity should be considered, perhaps, the most important and fre-
quently used identity in algebra. An operation A on a set @ is associative if

AlA(z,y), 2] = Alz, Ay, 2)]

forall z, y, z € Q. An associative groupoid Q(A) is called a semigroup. Studying quasigroups
and loops, it is natural to ask the question: How close are they to groups, i. e., to what
extent does the law of associativity hold in them. This is how the concept of the nucleus
considered in Chapter I arose. Thus, in the theory of quasigroups, identities which are more
or less related to the law of associativity are often considered. Murdoch [51] suggested the
following approach to the study of quasigroups and loops.

Let Q(A) be a quasigroup. Consider the equation A [A (a,b),c] = Afa, A (b,x)]in Q(A).
The equation has a unique solution, depending on a, b, c. Therefore, we can write x = S c,
where S, is a permutation of the set (). It can be even expressed with translations as
Sap = L;nglLA(a,b), but currently this is not important for us. The closer S, is to the
unit permutation, the closer the quasigroup Q(A) is to being a group. The equality

AlA(a,b),c] = Ala, A (b, Sepc)], (3.1)

having the form of the law of associativity, holds in each quasigroup, but of course it is still
far from true associativity.

If S, depends on a and b, then indeed we get nothing new. However, we may consider
certain particular cases.

(1). Sup depends only on b: S, = Sp.

Here, we can write the expression A(b, Spc) as B(b, ¢), and (3.1) takes the form

Al[A(a,b),c] = Ala, B(b,c)]. (3.2)

That is nothing other than Sushkevich’s Postulate A [78]. Sushkevich’s First Theorem is
as follows.
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Theorem 3.1. If Postulate A holds in a quasigroup Q(A), then Q(B) is a group, and A
is an isotope of B of the form B(#1%),

Indeed, it is easy to see that the operation B is invertible, by equation (3.2). It is
necessary to prove that B is associative. Using Postulate A several times, we have:

Afa,B[B(b,c),d]} = A{AJa, B(b,c)],d} = A{A[A(a,b),c],d}

— A[A(a,b), B(c,d)] = A{a, B[b, B(c,d)]},

S0
B[B(b,c),d] = B[b, B(c,d)] .

Let ™' = L,. Then from (3.2) we obtain A(¢~'b,c) = ¢ 1B(b,c), whence A(b,c) =
© ' B(gpb,c), i.e., A = B Conversely, if Q(B) is a group and ¢ is an arbitrary permu-
tation of @, then Postulate A is satisfied in the quasigroup Q(A), with A = B®1) | Tt is
easy to check this fact by a simple verification of (3.2).

(2). S, depends only on a: Sqp = S,.

Here the equality (3.1) takes the form

AlA(a,b),c] = Ala, A(b, Syc)] . (3.3)

Unlike the first case, construction of a quasigroup satisfying the identity (3.3) is much more
complicated. For convenience, we call these quasigroups F-quasigroups'. We will see that
there are F-quasigroups which are not isotopic to groups. They were studied in [51, 15].
(3). Sy p does not depend on a and bi.e., Spp = S.
Here
A[A(a,b),c] = Ala, A(b, Sc)]. (3.4)

This is Postulate B of Sushkevich [78]. Consider an isotope B of the operation A:
B =A®SD, (3.5)

Equation (3.4) turns into (3.2), and according to Sushkevich’s First Theorem Q(B) is a
group. Moreover, we have

Theorem 3.2. If Sushkevich’s Postulate B holds in a quasigroup Q(A), then Q(A) is
isotopic to a group Q(B). Furthermore, A = BV where 0 is an automorphism of the
group Q(B).

Indeed, by Sushkevich’s First Theorem it follows that A has the form A = B®1%),
On the other hand, from (3.5) we have A = B0S™5D, Thus B9 = BULS™WD | whence
BeLoWsT)T _ B oor B@S®) = B. Therefore, T = (¢,S,¢) is an autotopy of the
group Q(B). Then, in virtue of Theorem 2.6 there exist two elements ¢,d € @ and an
automorphism 6 of the group Q(B) such that

T = (Le, Ry, LeRa)0 = (Lo, Ryf, L Ryb).
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Consequently, ¢ = L.6 = L.R;0, which implies that R; =1, d=1and S = R40 =0, i.e.,
S is an automorphism of the group Q(B). Note here that S is also an automorphism of the
quasigroup Q(A), since

AS = [B(1,S*1,1)]S _ B(1,5*1,1)S _ B(S,l,S) _ BS(1,5*1,1) _ B(1,5*1,1) — A

We have identified a new class of quasigroups. A quasigroup is called Q(A) special if S, is
an automorphism. Many well-known loops are special.

Thus, according to the equation A[A(a,b),c] = A(a.A(b, z)], we have arrived at two new
classes of quasigroups: F-quasigroups and special quasigroups. But the equation (3.1) that
holds in an arbitrary quasigroup can also be considered from the aspect presented in item
(1). The expression A(b, S, c) can be regarded as the result of applying an operation that
depends on a to the elements b and c. If we denote this operation by A,, then we have
A(b, Sapc) = Ag(b, ) and

A[A(a,b),c] = Ala, Au(b,c)]. (3.6)

We arrived at this equality by considering the equation A[A(a,b),c] = A(a, z). The solution
of the equation for a fixed element a depends on b and ¢, i.e., the equation defines a binary
operation that depends on a which we denote by A,. We call the operation A, a right
derivative operation® of the operation A evaluated at the element a. Similarly, the equation
Alb, A(c,a)] = A(y, a) defines a left derivative operation ,A

A[b, A(c,a)] = A[.A(b,¢),a].

More generally, we can associate right and left derivative operations with each invertible
operation.

2°. Elementary properties of derivative operations

Let us consider some simple properties of derivative operations. We combine them into one
general theorem. Derivatives of the form ,(A,), as appearing in part 4) of the theorem, will
be called mized.

Theorem 3.3.  Suppose that Q(A) is a quasigroup. Consider the right derivative opera-
tion A, evaluated at an element a. Then:

1) A, is an invertible operation, i.e., Q(A,) is a quasigroup. The quasigroup Q(A,) has
a left neutral element e,, which is also the right local neutral element for a;

2) Right derivatives of right derivatives are right derivatives:

(Aa)y = Ad(ap); (3.7)

3) If A, = A, then a is a left associative element;

4) For all elements a,b of Q, the mized derivative Q(,(As)) s a loop with neutral element
€as

5) The quasigroups Q(A,) and Q(,A) are isotopic to the quasigroup Q(A).

For left derivative operations, similar properties hold.
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Proof. 1. Let us prove that the equation A,(z,b) = ¢ has a unique solution for all b, c. For
this, we consider the equation A[A(a,z),b] = A(a,c). The solution of the equation exists.
Since A[A(a,xg),b] = Ala, Ay(zo,b)] = A(a,c), we find A,(xp,b) = c¢. Thus, the equation
Au(x,b) = ¢ has the solution xy. Uniqueness of the solution is obvious. The equation
Aq(b,y) = c is solved similarly.

Further, let e, be a right local neutral element for a, so A(a,e,) = a. Substituting e, for
b in (3.6), we have

AlA(a, e,),c] = Ala, Aq(eq, )],

A(CL, C) = A[a7 Aa(em C)],

and
c = A.(eq ),

i.e., e, is the left neutral element of the quasigroup Q(A,).
2. To determine (A,),, it is necessary to take the right derivative of the operation A, at
b, using the definition
Aa[Aa(b, c), d] = Au[b, (Aa)s(c, d)].

We have
A {a7 Aq [Aa(bv C)’ d]} =A {a’ Aa[bu (Aa)b(cv d)]} )
A {A[a> Aa(b’ C)]7 d} =A {A(a7 b): (Aa)b(cﬂ d)} s
A {A[A(av b)’ C]’ d} =A {A(av b)a (Aa)b(07 d)} )
and
A {A(a> b)’ AA(a,b)(C, d)} =A {A(a7 b)7 (Aa)b(cv d)} )
whence

(Aa)o = Aagap)-

Thus, a right derivative of a right derivative is again a right derivative.

3. Suppose A, = A. This means A[A(a,z),y] = Ala, Au(z,y)] = Ala, A(z,y)], ie.,
a € N;. The converse is obvious.

4. Let us prove the following statement:If Q(A) has a right neutral element, then Q(A,)
is a loop. Indeed, suppose A(a,e) = a. Then, substituting ¢ = e in (3.6), we find
A[A(a,b),e] = Ala, Au(b,e)], whence A(a,b) = Ala, Ay(b,e)] and b = A, (b, e), i.e., Q(A,)
has e as a right neutral element. But by part 1), Q(A,) has a left neutral element e,, so
e, = e and Q(A,) is a loop. Similarly, we can show that if Q(A) has a left neutral element,
then Q(,A) is a loop. These statements verify part 4) of the theorem.

5. Using translations, the equality (3.6) can be rewritten as

A(Lgb, ) = LyAq (b, ¢),

whence
A, = Alkalila), (3.8)
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Similarly, we find
pA = ALFnR) (3.9)

This completes the proof of Theorem 3.3. O

Two elements a and b will be called equivalent, written a ~ b, if A, = A,. Evidently, ~
is an equivalence relation. Thus, the set @) is partitioned into disjoint equivalence classes:
Q = K,uKu ... , where K, consists of all the elements which are equivalent to the element
a. If the entire set @ is itself an equivalence class, then A, = A, for arbitrary a and b. Thus,
A, does not depend on a, and we can set A, = B. Then, the equality (3.6) reduces to (3.2),
i.e., Sushkevich’s Postulate A holds in Q(A). This case was already considered above.

Note that if Q(A) has a left nucleus N;, then N, is an equivalence class.

Now let us formulate some statements about this equivalence in a quasigroup Q(A). We
combine them into the following theorem.

Theorem 3.4. Let Q(A) be a quasigroup. Suppose a =~ b, in the sense that A, = Ay.
Then:

1) The relation a ~ b implies A(a,z) ~ A(b,x) for all x € Q;

2) If a ~ b, then e, = ey;

3) The classes K, are equipollent. If Q is finite, then the size of each equivalence class
is a divisor of the order of Q;

4) If X is a left regular permutation of Q(A), then Aa ~ a for all a.

5) If a ~ b, then there is a left reqular permutation X of Q(A) such that a = b.

Proof. 1. Let a ~ b, i.e., Ay = Ap. Then Ayam) = (Aa)z = (Ap)s = Aapa), ie., Ala,z) ~
A(b, ).

2. In general, the quasigroups Q(A,) and Q(A,) have respective left neutral elements
e, and e,. If A, = A, then the left neutral elements of the equal quasigroups Q(A4,) and
Q(Ap) must coincide, i.e., e, = ep.

3. Let F" and H be two equivalence classes. Suppose a € F and b € H. Then there
exists an element p such that b = A(a,p). Let F' = {A(z,p) |+ =~ a}. Let us show that
F' < H. Suppose = ~ a, so A(x,p) € F'. Then Ayqp) = (As)p = (Aa)p = Adap) = A, L.,
A(x,p) ~ b, whence A(x,p) € H. Therefore, F is equipollent to some part of H. Similarly,
it is shown that H is equipollent to some part of F'. Hence it follows that the sets F' and H
have the same cardinality. The second part of statement 3 is immediate.

4. From the definition of a left regular permutation A we have

Lya = AL,

Now we use the equality (3.8):

A>\a — A(L)\avleAu) — A(ALG»L/\L@) — A(Avlv/\)(LayLLa).

Since A € .Z, we have AMAN = A s0 Ay, = Allebla) = A i e, \a ~ a.
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5. Suppose a ~ b. We apply the relationship 11(2.17) to A, = AFabka):
Y LY AN, a S

This relation was proved without the assumption that (-) is a loop, so we can apply it in

our case:
L;lgALa N (ﬁL;lLQ c .,%Aa,
whence
LJIXALG o= gAa
or

Ly S Loy, L (3.10)

As there exists a left neutral element in Q(A,), an arbitrary left regular permutation of
this quasigroup has the form A,z = A,(z,,x), where z, belongs to the left nucleus of
the quasigroup Q(A,)". Thus, according to (3.10), each left regular permutation A of the
quasigroup Q(A) has the form A\ = L,\,L,". Consequently,

At = Lo\ L 'w = Ala, Au(24, L 7)],
ie.,
v = A[A(a, z,), L, *x].

The element ¢ = A(a, z,) is equivalent to the element a, i.e., ¢ ~ a. Indeed, we have

Ac = AA(a,za) = (Aa) . Aaa

Z,

since z, is an element of the left nucleus of the quasigroup Q(A,). Therefore,
v = Ale, L 'x)

or
A=L.L;"

Let us find a left regular permutation A\ of the quasigroup Q(A) such that Aa = b. We
consider
Aa = LbLgla = Lye,,

since L,e, = A(a,e,) = a, i.e. ¢, = L7'a. But b ~ qa, i.e., ¢, = e, by part 2), so indeed
Aa = Lbea = Lbeb =b. |

As a corollary, we have the following result: An arbitrary left reqular permutation of a
quasigroup Q(A) has the form LyL_*, where b ~ a.

a 7

*See Chapter II, 1°.
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Remark 1. Consider a groupoid Q(-). An equivalence relation ~ on @ is a congruence
on Q(-) if a ~ b implies ac =~ be and ca ~ ¢b for arbitrary ¢ € Q.

By part 1) of the theorem, the relation a ~ b given by A, = A, is a congruence if the
additional condition A(z,a) ~ A(x,b) holds for all z in Q(A). But as the following example
shows, this condition is not necessarily satisfied in an arbitrary quasigroup. Let Q(-) be
the symmetric group of degree three, say Q = {1,a,a? b,ab,a’b}, a®> = 1, b*> = 1, ba = a?b.
Consider the quasigroup Q(A), where A(z,y) = bxby. Then a?b ~ a, but A(a,a?b) and
A(a, a) are not equivalent.

If Q(A) is commutative, then the equivalence relation defined by the equality A, = A,
is indeed a congruence, according to part 1) of the theorem.

Remark 2. The converse statement to part 2) of the theorem is not valid. Indeed, in a
loop Q(), the equality e, = e, holds for all elements a and b, but a ~ b does not follow if,
for example, NV; # Q.

Remark 3. Parts 4) and 5) of the theorem assert that the equivalence a ~ b defined
by the equality A, = A, coincides with the equivalence a ~ b (£) that was defined in
Chapter II, 1°. Each of the classes K|, is a relative left nucleus: K, = Za. Theorem 2.3 is
a corollary of Theorem 3.4 — see part 3) of Theorem 3.4.

An analogous theorem holds if instead of the right derivative operations we consider the
left derivative operations.

3°. Mixed derivatives

Let us establish a connection between the loops which are the principal isotopes of a quasi-
group and the mixed derivatives of the quasigroup.

Lemma 1.1 asserts that an arbitrary loop B which is principally isotopic to a quasigroup
A has the form A, ,, where according to (1.16), A,; denotes the isotope ARLID Tf e is
the neutral element of the loop Q(B), then the equality e = A(b,a) holds (see Chapter I,
3°).

The expression A,;(7,y) can also be rewritten = as:

Aap(@,y) = A[T A(w, ), A7 (b,y)]. (3.11)
According to the definition of the translations Ly, R,, it is easy to show that
R'v ="'A(x,a), L,'y=A"(by).
Let us prove the following relationship for the loops A, :

(Aa,b)c,d = AA*1 (b,c),"1A(d,a)-

*See the definition of left and right inverse operations ~*A and A~! in Chapter I, 1°.
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According to the definition we have

(Aap)ea(®,y) = Aapl  Aaplz, ) A, (d, y)].
Write ¢ = ~'A, (2, ¢). Then we have

Agp(t,c) =z, A[TTA(t,a), A7 (b, ¢)] = =,

with
LAt a) = TAfz, AT, 0)].

If we denote A;},(d, y) by w, then in analogous fashion we obtain
A7 b,w) = AT A(d, a),y].
Now it is easy to find (Agp)ca:
(Aap)ed(@,y) = Aap(t,w) = A[TTA(t, a), A7 (b, w)]

=A {’IA[JC7 A7, o)), AT A(d, a),y]} = Ap1(b.0), -1 A(da) (T, 1)

As we have seen before (see Theorem 3.3), a left derivative of a left derivative is also a
left derivative, and a right derivative of a right derivative is also a right derivative. That is
why further new quasigroups are only obtained by considering mixed derivatives. They can
be of two types: a right derivative of a left derivative (,A), and a left derivative of a right
derivative y(A,). For loops, these derivatives are isomorphic.

Theorem 3.5. If A is a loop, then the mized derivatives (,A), and ,(A,) are isomorphic.

Proof. 1. The following relationships hold:

A, = Ae{;;, A= Aﬁg, (3.12)

where e is the neutral element of the loop A. Indeed,

AEL,; _ (A(Rgl,Lgl,l))La _ A(l,Lgl,l)La — A(LalLa) _ A,

in view of the equality (3.8). The second equality (3.12) is proved similarly.

2. The mized derivative (,A), is isomorphic to the loop Ap,.

Let A, = B. Since A is a loop, then B is also a loop, indeed with the same neutral
element (this statement follows from e, = e and from part 1) of Theorem 3.3). Then

C = (A = B = B,
where R,z = A,(x,b). Furthermore,

C = (A = (ALa)f. (3.13)

e,a
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It is easy to see that for an arbitrary permutation 6 of a set () the equation
(A")u = Afugo (3.14)
is true. Indeed, by virtue of equation (3.11), we find
(A)u(,y) = A’[7H (A7) (2, u), (A7) 7 (v, ).
But (497! = (A71)? and ~1(A%) = (71A)Y, so
(A")uo(z,y) = A’[(THA) (2, u), (A7) (v, )]
=07 A[0O (TLA) (O, Ou), 00 (A7) (Ov, Oy)]
= 07 AT A0z, 0u), A7 (00, 0y)] = 07" Agupu (0, 0y) = (Agues)’ (2, y),

which implies the equality (3.14) (denoting the operation (A,,)" by Af ). We transform
the equality (3.13) using the relationship (3.14):

LuR, LuR, LuR,
C= (Aeya)Lab,iae = (Aeya)A(a,g),a = AAflfa,A(a,b)],*lA(a,e)'

Therefore,
LoRyx = LyAy(2,0) = Ala, Au(7,b)] = A[A(a,7),b] = RyL.x
and
A Ya, A(a,b)] = b, ' A(a, ) = a.

Thus

o(Aa) = Apte. (3.15)
Similarly, we prove that

(3A), = Ay, (3.16)
The validity of Theorem 3.5 follows from the equations (3.15) and (3.16). O

One can form derivatives of higher orders, for example, 4{[s(A4)]c}, but being loops,
they are all isotopic to the loop A. But an arbitrary loop B, isotopic to a quasigroup Q(C),
takes the form C7, with elements u,v € Q and 7 a permutation of @) (compare Lemma 1.2).
Thus, an arbitrary derivative of higher order has the form A} and, consequently, it is

isomorphic, for example, to the mixed derivative ,(A,).
In the process, we have proved the following assertion.

Theorem 3.6. Suppose that a loop B is isotopic to a loop A. Then it is isomorphic to a
mized derivative of A.

4°. Pseudo-automorphisms

Along with the left and right regular permutations that are closely related to the con-
cept of derived operations, the other important autotopic” permutations are the pseudo-
automorphisms of a quasigroup [31].

*See the definition of autotopic permutations in Chapter II, 3°.
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Definition 1. A permutation ¢ of a set @ is called a right pseudo-automorphism of a
quasigroup Q(A) if there exists an element ¢ € @ such that

Ao = A (3.17)
Here, the element c is called a companion of the right pseudo-automorphism .

A left pseudo-automorphism is defined similarly. If ¢ is simultaneously both a left and
a right pseudo-automorphism, then it is called a pseudo-automorphism.

According to the definition (3.17) of the right pseudo-automorphism ¢, the operations A
and A, are isomorphic. However, the right derivative A, has a left neutral element, by part
1) of Theorem 3.3. Consequently, A also has a left neutral element. Thus, the existence
of a right pseudo-automorphism of Q(A) implies an existence of a left neutral element.
Furthermore, the existence of a pseudo-automorphism of Q(A) implies the existence of a
neutral element, i. e., Q(A) is a loop.

From the previous remarks, it follows that an automorphism of a quasigroup Q(A) with
a left neutral element is a special case of a right pseudo-automorphism. Indeed, in this
instance we have A; = A = A? for an arbitrary automorphism 6.

Using the definition of a right derivative of an operation, we can rewrite the definition
of a right pseudo-automorphism as

AW_I — A(L0717Lc) ,

whence

AlbelLo)e — AlLeppled) — 4, (3.18)
ie.,
AlA(c, o), py] = Ale, pA(z,y)]. (3.19)
If ¢ is a left pseudo-automorphism, i.e.,

1
)

A= A%
then we have
Alpzx, A(py, c)] = AlpA(zx,y), c]. (3.20)

The previous equation is equivalent to the definition of a left pseudo-automorphism (see
Bruck [31, p.113]).

Remark 1. Equation (3.18) shows that a right pseudo-automorphism ¢ is an autotopic
permutation.

Remark 2. Equation (3.18) implies that if (L,¢, ¢, Lap) is an autotopy of the quasigroup

Q(A), then ¢ is a right pseudo-automorphism of Q(A) with companion a. Similarly, if
(p, Ry, Ryp) is an autotopy, then ¢ is a left pseudo-automorphism with companion b.
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Lemma 3.1. Let Q(A) be a quasigroup with a left neutral element f. If ¢ is a right
pseudo-automorphism with companion c, then

cp_lec = fa

where e, is a right local neutral element for c.
Indeed,

A~ ee, ) = o7 0A( T o, 07 0m) = 071 AP (e, o)
= wilAc(eca 90-7:) = @71(991,) =,
ie.
o te. = f.
The hypothesis of the following theorem implies that the quasigroup Q(A) has a left
unit element, say f.
Theorem 3.7. The right pseudo-automorphisms of a quasigroup Q(A) form a group T 4.

Proof. Consider ¢, € 114, with respective companions a and b. We will show that the
product ¥ also lies in T14. Using the relationship (3.7), we have

Aae) = (Ap)ga = (A" ya- (3.21)
Using the convention A% := (A,)?, we have
(A%)o = Ag,, (3.22)

where 6 is an arbitrary permutation of the set Q. Then equation (3.21) implies
—1 — - - — —
Aty = A sy = AV = (A7 = (A7) = AT (3.23)
so that ¥p e Il 4.

Let us consider the equation A(a,x) = f with the left unit element f of Q(A). Using
the equations (3.7) and (3.22) again, we obtain

1

A=A = Apawy = (Aa)e = (A7) = A7,

whence
Apiy = A% = Al

i.e., ot eIly. Thus, II4 is a group. O

As we noted before, the group I'4 of automorphisms of a loop Q(A) (a quasigroup having
a left and right neutral element) is a subgroup of the group II4.
The definition of a right pseudo-automorphism implies that several companions may
correspond to one right pseudo-automorphism. In fact, if a right pseudo-automorphism
1

¢ has an element ¢ as its companion, i.e., A?7" = A, then A¥' = A,,, where ) is an
arbitrary left regular permutation of the quasigroup Q(A). Indeed, by part 4) of Theorem
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3.4 and the following Remark 3, we have A\c ~ ¢ (&), i.e., Ay. = A, = A?~L. Thus, the
set of companions ¢ of a right pseudo-automorphism is a left nucleus (relative to ¢) of a
quasigroup Q(A).

On the other hand, one companion may accompany several right pseudo-automorphisms.
Indeed, let ¢ be a right pseudo-automorphism of a quasigroup Q(A) (with a left neutral
element f), and let # be an automorphism of the quasigroup. As we have seen above, 6 is
also a right pseudo-automorphism with a companion f. Thus, according to Theorem 3.7,
0 is also a pseudo-automorphism. Then

AT f07 et (AG’I)WI — (Af)wfl —A° = A,
i.e., pf also has the element ¢ as its companion.

Summarizing, we have the following assertion: There exists a correspondence between
the set of left cosets of the subgroup I'4 of the group 114 and a set of left nuclei of Q(A).

If @ is finite, we can conclude: the index of the subgroup I'4 in 114 is not greater than
the index of the group .Z of left regular permutations of a quasigroup Q(A)".

It is interesting to consider when the correspondence mentioned above extends to all the
left nuclei of the quasigroup Q(A). In other words, when an arbitrary element of @ is a
companion of a pseudo-automorphism. It can be true, for example, in a group Q(-), since
then (), = (-)? for x € Q and ¢ € T'(y. We are led to the following definition.

Definition 2. A quasigroup Q(A) is called a right G-quasigroup if each element is a
companion of a right pseudo-automorphism, or if. equivalently, all the right derivatives A,
are isomorphic to A. A left G-quasigroup is defined similarly.

Finally, we have the following.

Definition 3. A quasigroup Q(A) which is simultaneously both a right and a left G-
quasigroup, thus if all right and left derivatives of the operation A are isomorphic to A, is
called a G-quasigroup.

The respective definitions of a right or left G-quasigroup Q(A) imply that it always has
a left or right neutral element. Consequently, a G-quasigroup always has a neutral element,
and is therefore a loop. Thus, henceforth we speak of G-loops.

The following theorem gives one important characterization of G-loops.

Theorem 3.8. A loop is a G-loop if and only if each loop isotopic to it is actually
isomorphic to it.

Indeed, suppose a loop Q(B) is isotopic to a G-loop Q(A). Then, by virtue of Theo-
rem 3.6, the loop Q(B) is isomorphic to a mixed derivative of Q(A), say

B = [5(Al)]"-

“Here, the index of the group & of left regular permutations of a quasigroup Q(A) is understood as the
quotient |Q|/|-Z|.
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Thus A, = A* with a = (L,, 1, L) according to equation (3.8), so
B =[,(A")] = [(@A)*]* =A™
Here we use the equality
b(A%) = (apA)*,

which is similar to the equality (3.22) and as easily proved. But ,,A is also isomorphic to
A: WA = A7, therefore
B = (A7) = A%,

i.e., B is isomorphic to A.

Conversely, suppose that each loop isotopic to a loop A is isomorphic to it. In particular,
A, and ,A are also loops (with the same neutral element) which are isotopic to the loop A
(see (3.8) and (3.9)): A, = Aabla) and ,A = AFe)  Therefore, A is a G-loop.

We return to G-loops in Chapter X.

5°. F-quasigroups
The notion of an F-quasigroup was introduced in §1°. Now we refine the concept.
Definition 4. A quasigroup Q(A) is called a left F-quasigroup if for all z,y,z € Q, the

equality
A[A(x,y),z] = A[l‘,A(y,sz)], (324)

holds, where S, is an arbitrary permutation of a set ) depending on z.

A right F-quasigroup is defined similarly.

Example. A medial quasigroup Q(A) is a left F-quasigroup.
Indeed, according to Toyoda’s Theorem, Q(A) is isotopic to an abelian group Q(+),
where the isotopy has the form (2.30):

Az,y) = pz + vy +c.
It is easy to verify that Q(A) is a left F-quasigroup, with
Sey =V =)z + YTy + P70 — ¥

Subsequently, we will only consider left F-quasigroups, so we omit the word "left". In
this section, we consider some simple properties of F-quasigroups which we will need later.
We return to the study of F-quasigroups in Chapter IV.

Suppose that Q(A) is an F-quasigroup.
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Lemma 3.2. For arbitrary x,y € Q, the following relationship holds:
Apoy) = Al (3.25)
Proof. According to the definition of derivative operations, we have
AulAa(y, 2),t] = Aaly, (Az)y (2, 1)],
or, in virtue of the equality (3.7),
A A, 2ot = Aul, Ao ()] (3.26)

From the basic equality (3.24) for F-quasigroups, and the definition of a right derivative
operation, we obtain the relationship

A(y, 2) = Ay, S22). (3.27)
Thus, from (3.26) we find
A[A(ya SIZ)7 Srt] = A[yu STAA(w,y) (Za t)]a

Aly, Ay(S:2, Sit)] = Aly, SeAa@y (2,1)], and
Sy A (Syz, Sot) = Anay (2, 1),

ie.,
S'C
An@y) = Ay"

Lemma 3.3. A right derivative of an F-operation is also an F-operation.

Proof. Consider the equation

(Az)y(p, ) = Aulp, ). (3.28)

According to the equality (3.27), it is enough to show that the element ¢ does not depend
only on p. Using (3.27), turn the equation (3.28) into:

AA(z,y) (pu q) = A(p, Szt) or A(p7 SA(ac,y)q) = A(p, Szt)

Then
Sagy)d = Sat, or t = S Sa@ya.
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Remark. A, is an F-operation with a left neutral element. It is easy to show that if the
F-quasigroup Q(A) has a two-sided neutral element e, i.e., Q(A) is an F-loop, then it is a
group.

In fact, substituting y = e into (3.3), we get

AlA(z,e), z] = Alx, A(e, S:2)],

or
Az, z) = Az, Sp2),

whence
Spz = 2,

i.e., S, = 1. Consequently, the equality (3.24) becomes the associative law
AlA(z,y), 2] = Alz, A(y, 2)],

whence it follows that Q(A) is a group.

Theorem 3.9. Every F-quasigroup with a left neutral element f is also a right G-
quasigroup.

Proof. Consider the permutation R defined by the equality

Rz = Az, f).
Then it follows from (3.23) that
ARy = Apwp) = AF = A%, (3.29)
whence
A, = ASrte,
This equality shows that Q(A) is a G-quasigroup. O

Corollary. FEvery F-quasigroup is isotopic to a right G-quasigroup.
We now consider some properties of the permutations S,. We have seen that for arbitrary
x and y,
Sz
Aday) = A7

or, more explicitly,
Any (P, q) = S " Ay (Sep, S20), (3.30)

where x,y, p, ¢ are arbitrary elements of Q).
Transforming equation (3.30) using (3.27),

A(p7 SA(oc,y)Q) = S;lA(SI}L SySac(Dv

or
A(Sup, Sy Se S50 1) = Sz A(D, ).
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Thus, T} = (S., SySIS:‘(lw " S;) is an autotopy of an F-operation for arbitrary z,y € Q. In
particular, for y = e, it follows that Ty = (S,, S.,, S,) is also an autotopy of the operation
A. Consequently, ToyT7 " (see Chapter II, 3°) is also an autotopy of the quasigroup Q(A).
We find

Ty = (Si, Sers So)(Ser Sy SaS ity e o)
= (1, SemSA(I7y)S;IS;17 1).

By virtue of the remark made in Chapter II, 3°, we conclude that S, SA(Iyy)Syley’l =1,
whence
SA(z,y) = S;SySm. (3.31)
An explicit form for a permutation S, may be given. For this, we put y = e, in (3.24):
Az, z) = A[A(x, e,), 2] = Alz, A(es, Sz2)],
S0
= A(exa Sacz)v
and
S,z = A" (ey, 2). (3.32)
Lemma 3.4. In an F-quasigroup Q(A), the following relationships are equivalent:
v~y (2); (3.33)
€p = €y; (3.34)
Sy = Sy. (3.35)

Proof. The equvalence of the first two relationships follows generally from Theorem 3.4 and
the following Remark 3. Further, the equality (3.32) implies that the relationship (3.35)
follows from (3.34). Finally, we show that relation (3.35) implies (3.33). Indeed, we have

As(p, q) = Alp, S2q) = Alp, Syq) = Ay(p, 9),

le,z~y (Z). O
Corollaries. Consider a finite F-quasigroup Q(A).
1. The number of right neutral elements is a divisor of the order of Q.

2. The number of distinct permutations S, corresponding to elements from @ is also a
divisor of an order Q.
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Lemma 3.5. If Q(A) is an F-quasigroup with a left neutral element f, and if S, = 05,
where 0 is an automorphism of Q(A), then 6 =1 and x ~ y (£).

Proof. Set o = Rz and yg = Ry, where Rz = A(xz, f). Then by virtue of equation (3.29),
we have

Agy = Apy = A% and A, = A, = A%,
Let S, = 0S,, where 6 is an automorphism of the quasigroup Q(A), i. e., A’ = A. Then

Agy = A% = A%y = (A%)%v = A% = A

Yoo

whence xg ~ yo (£) or A(z, f) ~ A(y, f). By part 5 of Theorem 3.4, there exists a left
regular permutation A such that

Aly, f) = Mz, f),

whence A(y, f) = A(\x, f). Consequently, y = Az and y ~ z (Z). O
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Notes

1(Left) F-quasigroups were first considered by Murdoch in [51], where the identity (3.3) is called “the
law of associativity A;”. In this work a theory of normal subquasigroups of F-quasigroups was developed.

2The concept of derivative operations was introduced in [12, 14]. Here, one may find other results related
to derivative operations.
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Chapter IV. Homomorphism. Normal
subquasigroups

1°. Homomorphic mappings of quasigroups

Previously we considered quasigroups on the same fixed set . Of course, we can also
consider quasigroups on different sets. Let two quasigroups Q(-) and Q’'(c) be given. A
function ¢: Q — Q' is a homomorphic mapping or homomorphism from the quasigroup
Q(-) to the quasigroup Q’'(o) if the equation

o(ry) = e oy

holds for all z,y € Q.

The set pQ = {pz | z € @} is called the (homomorphic) image of the quasigroup Q(-)
under . If the homomorphic image of the quasigroup Q(-) coincides with @', then ¢ is a
homomorphism from the quasigroup Q(-) onto the quasigroup Q’(o).

If Q'(o) is not itself a quasigroup (in the sense of Chapter I, Definition 2), but only a
groupoid, then the homomorphic image of Q(-) need not be a quasigroup.! Nevertheless, in
this case, the homomorphic image pQ(o) of the quasigroup Q(o) has the following property:
for every o', b € @ there exist =’ and gy’ such that a o' 2’ = ¥ and ¢’ o a’ = ¥V, i.e., the
solvability of the equations holds, but the uniqueness does not.

A groupoid Q(*) in which solutions of the equations a * x = b, y * a = b exist, but are
not necessarily unique, may be called a groupoid with division. However, we are interested
in the case where pQ(0) is a quasigroup, i.e., we restrict to considering homomorphisms ¢
from a quasigroup Q(-) to a quasigroup Q’(o).

It is easy to prove the following properties of a homomorphic mapping from a quasigroup
Q(+) onto a quasigroup Q'(o):

1) If Q(-) is a loop with a neutral element e, then ()'(o) is a loop with a neutral element
e = pe;

2) Even if Q'(0) is a loop, then Q(-) need not be a loop, as the following example shows:

I R
W B = N
= W N N
N = s W W
N W o
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Here @ = {1,2,3,4}, Q(-) is a quasigroup, @' = {1',2'}, Q’(o) is a loop, and even a group.
It is easy to see that the mapping pl = 92 = 1', ¢3 = p4 = 2’ is a homomorphism from
the quasigroup Q(-) to the loop Q’(o).

The concept of congruence defined on a groupoid in Chapter III (Remark 1 to Theo-
rem 3.4) is closely connected with the concept of homomorphism. To clarify this connection,
let us consider a homomorphism Q(-) — Q’(o), where Q’(o) is a groupoid, but not neces-
sarily a quasigroup. Then we can define a congruence 6 on the groupoid Q(-), setting adb if
and only if pa = ¢b. Obviously, this relation is an equivalence. Furthermore, we have

plac) = pa o pe,  p(be) = pbo pc.

If afb, then wa = pb. Consequently,

p(ac) = pa o pc= pbopc = p(be),

i.e. acfbc. Similarly, we obtain cafcb.

Now suppose that ¢ is a homomorphism from a quasigroup Q(*) to a quasigroup @Q'(o).
Then the following properties for the congruence 6 hold:

RI) acbe implies abb [Invariance under right multiplication];

LI) cafcb implies afb [Invariance under left multiplication).

Indeed, suppose acfbc. Then p(ac) = ¢(be), whence @a o pc = pb o pe. But Q'(o) is
a quasigroup, so pa = @b or afb. We can prove 2) similarly. If the first and the second
conditions for a (groupoid) congruence 6 on Q(o) hold, it is called a normal congruence.
Thus, to every homomorphism from a quasigroup Q(-) to some quasigroup, there corresponds
a normal congruence on Q(-).

In a group, every congruence is normal. Indeed, let 6 be a congruence on a group Q(-).
If acfad, then a~(ac)fa='(ad) or cfd. In the same way, cafda implies cfd, so 6 is a normal
congruence.

For a second example, consider a totally symmetric (T'S)-quasigroup Q(-) [24], where an
equality ab = c implies the equalities xy = z, where z,y, z is an arbitrary permutation of
the elements a, b, c. In other words, ab = ¢ implies ba = ¢, bc = a etc. It is easy to see that
Q(") is a T'S-quasigroup if it satisfies the identities

ab = ba, a(ab) =0b (4.1)

(see chapter VII). As in the group case, use of the second equality in (4.1) yields that any
congruence is normal.

The concepts of homomorphism and congruence apply to any algebra Q(Q) [47]. Here
we recall these definitions, assuming that all the operations from ) are binary, as agreed
above.

1. An algebra Q(€) is mapped homomorphically on an algebra Q'(Q)) if between the
operations of the sets Q and €' there exists a 1-1 correspondence” A < A’ (with A €
Q and A’ € ') and a function ¢: @ — @’ such that

pA(z,y) = A'ez, py)
*In this case the algebras Q(2) and Q'(€') are said to have the same type.
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for all Ae Q and z,y € Q.

2. An equivalence relation 6 on the set @ is called a(n algebra) congruence on the algebra
Q(Q) if abb implies A(a,c)dA(b,c) and A(c,a)fA(c,b) for Ae Q and c € Q.

In Chapter I, Definition 2, we construed a quasigroup Q(A) as an algebra Q(A, A~!, 71 A),
where A, A~! ~1 A satisfy the identities (1.3)"". Consider a homomorphism from the algebra
Q(A, A7, 71 A) to an algebra '(A’, B',C") of the same type. It is easy to see that the
identities (1.3) also hold in a homomorphic image of the algebra ¢Q (A, B, C). Consequently,
©Q(A) is a quasigroup.

Let us show that any (groupoid) congruence 6 on a (primitive) quasigroup
Q(A, A7, 71 A) is a normal (or algebra) congruence on Q(A), and conversely.

Indeed, let 6 be a groupoid congruence on a primitive quasigroup Q(A, A~!, ~1A),
where the identities (1.3) hold, and let the relation A(a,c)0A(b,c) hold in Q)(A). Then
“1A[A(a,c),c] @ ~LA[A(b,c),c], as 0 is an algebra congruence on Q(A, A~', ~1A). Conse-
quently, in view of (1.4) afb. Similarly, one can deduce afb from A(c,a)fA(c,b).

Conversely, let § be a normal congruence in Q(A) and let afb. Let us show that
A7 (c,a)0A7 (¢,b). According to the identities (1.4) we have a = Alc, A™}(c,a)] and
b = Alc, A7*(c,b)]. Consequently, A[c, A (c,a)] 0 Alc, A~(c,b)], whence in view of the
normality of 6 we have A~'(c,a) & A7'(c,b). Similarly, the remaining requisites for the
normality of the congruence 6 in Q(A, A~', 1 A) are shown.

At the beginning of the current section we showed that to each homomorphic mapping
¢ from a quasigroup Q(-) to a quasigroup @’(o), there corresponds a normal congruence.
Now we prove the converse statement: FEach normal congruence 6 on a quasigroup Q(-)
determines a homomorphism ¢ from the quasigroup Q(-) to some quasigroup.

Let 6 be a normal congruence on a quasigroup Q(+). For an element a of Q, set K, =
{b € Q | abb}, the congruence class of a. An arbitrary element of K, will be called a
representative of the class K,. It is easy to verify the validity of the following propositions
which come from the definition of a congruence:

1) Ifbe K,, then K, = K}, and conversely;

2) Two congruence classes K, and K, either coincide, or do not have any element in
common. Furthermore, note the following property:

3) aK,', where Ky is a congruence class, is also a congruence class, namely aly = Kqp.

Indeed, if = € aK,, then x = aby, where b; € K;. Consequently b,0b. Therefore, x6ab,
whence = € aKp. Thus aK, < K.

Conversely, if y € Ky, then yfab. Let y = az. Then azfab, whence z6band y = az € a K.
Therefore K, € aKy. Thus, K, = aK,. Similarly it is proved that Kya = K, for arbitrary
a, be Q.

On the set Q of all the classes of the congruence K,, we introduce the following operation:

Ka e} Kb = Kab-

Let us show that the operation does not depend on the representatives of the classes K,

**Such an algebra is sometimes called a primitive quasigroup (see Note 2 to Chapter I).
*aM consists of all the elements az, where z € M € Q.
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and K, i.e., if K, = K. and K, = Ky, then K,, = K. Indeed, if K, = K., then c € K,
and cfa; in the same way we get dfb. From here, we conclude that cdfab or K4 = K,

We now show that (o) is a quasigroup. We consider the equation @ o = b, where
a = K, b= K, In the quasigroup Q(-) the equation axz = b has a solution, say .
Consequently azg = b, whence @ o 7y = K, o Ky = Kozy = Kp = b. Assume that there
exists another solution by for the equation @ o Z = b. Then @y o 7o = b should hold, i.e.,
Koy, = Kp. In view of the invariance of the congruence under right multiplication, we
conclude that b € Ky, i.e., bdayy. But b = ax,, whence azofay0. Consequently z¢0y0 and
xo = yo. Thus, in Q(o) the equation az = b is solvable (indeed, uniquely) for all @,b € Q.
In the same way it is proved that the equation § o @ = b has a unique solution.

Now, it is easy to confirm that the correspondence ¢: a — @ is a homomorphism from
Q) to Qo) ] ]

p(ab) = pao pb.
Indeed,
afab) =ab= Ky =K, o Ky=a o b=pao pb.

Such homomorphisms are called natural [47].

The quasigroup Q(o) is described as the quotient” of the quasigroup Q(-) by the congru-
ence 6, and is denoted by Q/6(c), i.e., Q@ = Q/6, and in Q the operation (o) is defined. We
summarize as follows, with the so-called Homomorphism Theorem.

Theorem 4.1. If ¢ is a homomorphism from a quasigroup Q(-) onto a quasigroup Q'(-),
then there exists a normal congruence 6 on Q(-) such that Q'(-) = (Q/0)(o). Conversely,
if 0 is a normal congruence on Q(-), then there is a homomorphism ¢: Q(-) — (Q/6)(0)
sending an element of Q to its congruence class.

2°. Normal subquasigroups

Consider a normal congruence ¢ on a quasigroup Q(-). If Q(-) is a group, then the set of
elements congruent to the neutral element is a normal subgroup of the group Q(:). In a
quasigroup, an analogue of the concept of a normal subgroup is a normal subquasigroup.

Definition 1. A subquasigroup H(-) of a quasigroup Q(-) is normal if it is one of the
congruence classes of a normal congruence 6 on Q(-) In other words, H must have the form
H = K}, where h is an element of H.

Lemma 4.1. A necessary and a sufficient condition for the congruence class K, of a
congruence 0 to be a subquasigroup is that h?0h.

First, suppose H = Kh is a subquasigroup, so a,b € H implies ab € H. Then since afh
and bOh, we have ab0h. But abdhh = h%, so h?0h.

*Translators’ note: In the original, a factor.
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Conversely, suppose h20h. Let us show that H = K}, is a subquasigroup. Closure in
H(-) is immediate. Now consider the equation ax = b, where a,b € H. We have b = axbhz,
but b0hOh?, whence h20hz. In view of the normality of 8, we conclude that z0h, i.e., x € H.
Similarly, the solution y of the equation ya = b belongs to H.

Corollary 1. Consider a congruence class Ky, of 0. Let ey, and fy be the respective right
and left local neutral elements of h. Then Ky, is a normal subquasigroup if and only if hfey,
and ho fj,.

Indeed, hfey, is equivalent to h20he, = h.

Corollary 2. If K}, contains an idempotent” element, then K, is a subquasigroup.
If > = a and a € K, then K, = K,. and we may apply Lemma 4.1.

Corollary 3. If K}, is a normal subquasigroup, then for arbitrary a € K, we have a®6a.

Corollary 4. IfQ(-) is a loop, then the congruence class K., where e is the neutral element
of the loop, is a normal subloop.

If H is a subquasigroup, the set aH is called a left coset of H. In view of Property 3) of
normal congruences, we have aH = K, where h is an element of H. In view of Property 2)
of normal congruences, two left cosets by a subquasigroup H either coincide or have no
common elements. One can also define right cosets Ha, but it is easy to show that every
right coset is a left coset, and conversely. Indeed, let h be a fixed element from H. The
equality ah = ha’ defines a one-to-one correspondence a <« o’ for all a € ). Then aH = Ha'.
Indeed,

aH = aKh = Kah = Kha’ = Kh(ll = Ha'.

Two normal subquasigroups are called adjacent if they are classes of the same nor-
mal congruence. There exist quasigroups in which all the congruence classes are normal
subquasigroups (e.g., distributive quasigroups — see Chapter VIII). In loops there are no
adjacent normal subquasigroups: if the class K} is a subquasigroup, then hfle. In fact, if
K}, is a subquasigroup, then, by the proof of Lemma 4.1, h%20h or h*0he. In view of the
normality of 8, we obtain hfle. Thus, K;, = K..

Remark. Let Q(-) be a loop, and let H(-) be a normal subloop of Q(-), defined by the
congruence 6. As we have just seen, H(-) is the unique normal subloop defined by the
congruence . In this case, the quotient Q/6 is usually written Q)/H, and H is called the
kernel of the natural homomorphism Q — Q/H.

Let 6 be a binary relation on a set ). A permutation o of () is said to be admissible
with respect to 6 if the relation afb between elements a, b of @ holds if and only if cafob.

*An element a of a quasigroup Q(-) is idempotent if a® = a.
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The set Py of all permutations of Q@ admissible with respect to a relation 6 on Q forms a
group.

Certainly, the unit permutation 1 of ) is admissible, so Py is nonempty.

Let a, 8 € Py and a,b e Q). Then afb < [alfb < afabapfb, so af € Fy.

Finally, a7 'afa='b < a = a(a™ a)fa(a™'b) = b, so a™' € B.

Let G be the group associated with a quasigroup structure Q(-) on Q. Then:

Fach permutation in G is admissible with respect to each normal congruence on Q(-).

This follows from the observation that, if 0 = L, or ¢ = R,, then the admissibility of o
follows from the congruence property of 6.

Thus, the normality of a congruence 0 is equivalent to the relationship G < Py.

If 6 is a normal congruence on Q(-), then an isotopy T = (a, 3,7) of Q(-) is said to be
admissible with respect to 0 if each of the permutations «, 3, is admissible with respect to

0.

Lemma 4.2. Let 0 be a normal congruence on a quasigroup Q(-). If Q(o) is isotopic to
Q("), and the isotopy is admissible with respect to 0, then 0 is also a normal congruence on

Qo).

Let the isotopy be T' = («, 8,7). If afb, then Safpb by the admissibility of 8. Further,
ac - Bafac - Bb by the admissibility of a, and v~ (ac - Sa)fy (ac - Bb) by the admissibility
of v. Thus coa = v *(ac- Ba)dy (ac- Bb) = cob. In similar fashion, the remaining
requirements from the definition of a normal congruence are verified.

Remark. Obviously, the lemma applies equally to groupoid congruences.

Corollary 1. If one of the normal congruence classes H is a subquasigroup (and, conse-
quently, a normal quasigroup) of Q(-), and if H is invariant under the admissible permuta-
tions «, 3,7, then H is also a normal subquasigroup of Q(o).

Corollary 2. Let a and b be elements of a normal subquasigroup H of Q(A). Then H is
a normal subloop of Q(Aap).

Indeed, by the definition, we have
Aa b= A(R(;l’Ll’_l71)7

where the isotopy T' = (R, Lgl, 1) is admissible with respect to any arbitrary congruence
6 on Q(A). By Lemma 4.2, 6 is also a congruence on Q(A.p). But Q(A,;) is a loop with
neutral element e = A(b,a) € H, so by Corollary 4 of Lemma 4.1, H is a normal subloop of

Q(Aa,b)'
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Theorem 4.2. Let h be an element of a normal subquasigroup H of a quasigroup Q(A).
Then H is a normal subquasigroup of the right derivative quasigroup Q(Ay).

We have A, = AEnLIn) where the isotopy Ly, 1, Ly is admissible with respect to an
arbitrary normal congruence 6 of Q(A). By Lemma 4.2, such a congruence 6 is also normal
on Q(Ay), and, consequently, H is also a congruence class in Q(Ay). Therefore, it suffices
to show that H is a subquasigroup of Q(A).

The right local neutral element e, for h is contained in H, since H is a normal subquasi-
group of Q(A). Thus, the congruence class H in Q(A;) contains an idempotent element ey,.
In fact, ey, is a left neutral element of the quasigroup Q(A;) (see part 1 of Theorem 3.3).
Corollary 2 of Lemma 4.1 applied to the congruence class H shows that H is a subquasigroup

of Q(An).

Theorem 4.3. Suppose that the hypotheses of Lemma 4.2 are satisfied by quasigroups (o)
and Q(+). Then the quotients Q/0(o) and Q/6(-) are isotopic.

Proof. According to Lemma 4.2, the 6-classes in Q(-) and (o) coincide. For an element a
of @, define the following potential self-maps of Q/6:

aa =aa, pPa=Pa, 7~a=7a. (4.2)

The definitions (4.2) do not depend on the choice of the representative a. Thus, if we take
be a, then ab = aa. Indeed, b € a implies bfa, and hence abfaa by the admissibility of a.
Consequently, ab = @a. Again, by the admissibility of «, we find that @ is a permutation
of the set Q = Q/0.

Now, the equations

aob=aob=a"1(Ba-yb) = a1(Ba-vb) = a1 (Ba-b) =

= a~1(Ba-7b).
establish the desired isotopy from Q/6(o) to Q/0(-). O

3°. Inner permutations of quasigroups

We have defined normal subquasigroups as classes of normal congruences. However, one
may also define a normal subquasigroups intrinsically. In this, we follow the ideas of Albert
and Bruck [2, 31], who considered the analogous question for loops. Thus, we introduce the
concept of an inner permutation.

Definition 2. A permutation a in the associated group G of a quasigroup Q(-) is said to
stabilize or be inner with respect to an element h of Q if ah = h.

The inner permutations of the element  form a group, written as I,".

“If h = 1 is the neutral element of a loop Q(:), then the permutation « in this case is said to be inner,
and the group I = I is called the group of inner permutations of the loop Q(-) [31].
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We identify certain permutations in the group [I,. We consider the right and left
derivative operations by h in the quasigroup Q(-). It is convenient to adopt the notation
()n = (*), n(:) = (o), so we have equations

(ha)b = h(a e b),
a(bh) = (ao b)h} (4:3)

which may be rewritten in terms of translations as
RyR.h = Rawph, LyL,h = Lyoph.
It follows that the permutations

aeb

Loy = L AL, Ly

aob

Rap = R2RyR,,
o b } (4.4)
are inner with respect to h.
Let us consider one more permutation from ;. The equation ha = xh has a unique
solution which, for a fixed element h, depends only on a, Therefore we can write

ha = oa - h. (4.5)

Hence o = R;*Lj,. On the other hand, (4.5) implies R,h = L,oh, whence L7 R,h = h: The
permutation
T, = L,,Ra, (4.6)

belongs to the group Iy,.
The permutations (4.4) and (4.6) play an important role in the theory of quasigroups
and loops. In particular, we have the following

Theorem 4.4. The group I, of inner permutations relative to an element h of the quasi-
group Q(+) is generated by the set {T,, Rap, Lap | a,b€ Q}.

Proof. Let F be the permutation group generated by the set {T,,, R, 4, Las | a,b € Q}. Since
the set is a subset of Ij,, we have that F < I,.

To establish the opposite conclusion, first note that each permutation « from I, as a
permutation from the associated group G, has the form

o= 8982 5 (4.7)

a1 ~ag”

where Sy, = R,, or L,, and ¢; = +1 (for 1 < i < n). We call the number n the length of
the permutation « in the representation (4.7). Without loss of generality, we may assume
Say = Ra, and g; = 1, ie., S5 = R,,, because otherwise we could add the product R, 'R,
to a in (4.7).

We now prove I, € F by induction on the length n of the permutation « in one of its
representations of the form (4.7).

First, suppose n = 1. We haveah = h. In this case, the permutation a € I, must
have the form R,, i.e., R,h = h or hx = h, whence x = ¢;,. But e, is the left neutral
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element of a right derivative of a quasigroup Q(e): e, e y = y or z ¢ y = y. Consequently,
Ry, = R;éRsz = Ry’lRsz =R, ie, Ry, =R, € F.

Now suppose that the theorem is true for arbitrary inner permutations ¢ € I, whose
length in a representation (4.7) is less than n. Let « € I), have length n. Let us show that
« can be represented in the form

a=a'T, (4.8)

where o’ is some inner permutation of length n—1, and the permutation 7 belongs to F'. By
the induction hypothesis, we may then conclude that o’ € F', whence o = o/7 € F. Thus,
to prove Theorem 4.4, we must prove the relationship (4.8).

There are four possible cases, according to the nature of the penultimate factor S;»~! in
(4.7).

Case 1: o =a"RyR,. The length of the permutation «” is n —2. From the equality (4.4),
it follows that RyR, = R R,,. Consequently,

" /
a=a RyyR;, =a'r,

where o = o”'R,., and 7 = R, ,. Thus « has the form (4.8).

Case 2: « = o'L,R,. Equation (4.6) implies R, = L,,T, and equation (4.4) implies
Ly Ly = LycyLyy. Thus, we obtain

a=a"LyLs, T, = o"Lyopr L, T,

= Oz’/RJ—l (yOUm)T !

— _ /
U_l(yoa'ac)L% UITI =QT,

where @' = " R,-1(y00z) € F has length n — 1 and 7 = T4 Ly, T,€F.

o=1(yoox)
Case 3: o =a"R,'R,. We have
a=a"R'R, =a"(R,'R,)” = a"R.(R,'R,R.)",
with z taken to be the solution of the equation x = z e y in the quasigroup Q(e). Then

a=a"R.(R;LR,R.) " = o"R.R;. = o'r.

zey

Here o/ = o”R. and 7 = R_ lie in F.

Case 4: « =a"L,'R,. We have

1 1

a=a"L, Ly, Ty = o"(L;1L,) ' T, = o"L.(L, L, L.) "' Ty,

with z taken to be the solution of the equation oz = y o z in the quasigroup (o). Then

a=a"L(L;LL,L.) Ty, = a"L.L;AT, = "Ry T7L LAT, = of'r.

yoz

Here o/ = o"R,-1, and 7 = T4 L71T, liein F.

o~z yx

Thus, the proof of the theorem is completed. O
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Remark 1. If () is a loop, then each subloop H contains the neutral element 1. If
we put I; = I, then I is generated by all the permutations of the forms 7, = L;'R,,
Ry = R;})RbRu, and L,p = L;éLaLb, since in this case (o) = (o) = (-).

If Q(-) is also a group, then [ is generated only by T,, since R,;, = L, = 1 according to
the equations R,R, = Ry, and L,L; = Ly which are equivalent to the law of associativity
in Q(-)). But T,z = a 'za, since in a group L, ' = L,-1. Consequently, if Q(-) is a group,
then [ is its group of inner automorphisms.

Remark 2. Let I, and I, be the groups of inner permutations with respect to the
elements h; and hy. Then I, and I, are isomorphic. Indeed, suppose hy = hih, so
he = Rphy. Take a € Ij,. Then R;laRh € I,. In fact, Rglathl = R,:lahg = R;lhg = hy.
Consequently, R;IIhQRh C I;,. The reverse inclusion is similar, so [, = R;lfthh, and in
particular, I, and [, are isomorphic.

Let h be an element of a subquasigroup H(-) of a quasigroup Q(-). Suppose thatH is
invariant under [j,:
IH<H, (4.9)

i.e., for arbitrary « € I, and arbitrary hy € H, we have ahy € H. The inclusion (4.9) is
equivalent to the equality I, H = H, since o € H implies H € o 'H, whence H < I, H.

Remark 3. If a subquasigroup H is invariant under I, for some h € H, then it is also
invariant under I, for each hy € H. Indeed, according to the previous remark, I, =
R;;Ithz, where hihy = h. Consequently, I, H € H, since H is invariant under Ry, and
1.

Lemma 4.3. Let H be a subquasigroup invariant under I, where h is a fized element
from H. Then for arbitrary a,b € Q the equalities

ocaH = Ha,
a(bH) = (a o b)H, (4.10)
(Ha)b = H(a e )

hold.
Indeed, using (4.6) we have Ha = R,H = L,,T,H = L,o(T,H) = L,,H, since T, € I,
and, consequently, T, H = H. Thus, the first of the equalities (4.10) is proved. Further,

a(bH) = LoLyH = LooyLapH = Loy H = (a0 b)H.

The third of the equalities (4.10) is proved in similar fashion.
The converse assertion is also true: If the equalities (4.10) hold, then the subquasigroup
H is invariant under T, L, 3, R, and, consequently, is invariant under Ij,.
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Corollary 1.
(zH)y = Rpx(HL, 'y). (4.11)
Indeed, using the equalities (4.10) we have
(zH)y = (Ho 'z)y = H(c™'v o y) = a(0  z e y)H.
We determine the isotope (¢)©™"197) Given (o) = (), and (0) =, (-), we have (o) =
(-)EnLEn) (see (3.8) and (3.9)). Thus,
(.)(0*1,1,0*1) _ (_)(Lh,LLh)(a*l,1,0*1) _ (_)(L,Lgfl,LL,La*l)
_ (_)(1,Rh,Rh)(Lha—1,R;{R;RLW—I) _ (O)(Rh,Rgl,l)_

This means that o(c~'z - y) = Rz o R}, 'y, whence

(xH)y = (Ryz o R, 'y)H = Ryx (R, 'yH)

= Ryx(Ho 'R, 'y) = Rpx(HL,'y).

Corollary 2.

aH =(aoH)H, Ha= H(Hea). (4.12)
In fact, (ao H)H consists of all the elements of the form (aohy)hs, where hy, ho € H. But the
equality a(bH) = (a o b)H implies (a o hq)hs € a(hyH). Thus, (a0 H)H < aH. Conversely,
let x € aH, say © = ahs with hy € H. Now hz can be represented in the form hg = hyh.
Thus, © = a(hsh) = (a o hy)h and therefore z € (a 0o hy)H < (a o H)H. The second of the
equalities (4.12) is proved similarly.

Corollary 3.
Rya-H = (aH)H, H-Lya= H(Ha). (4.13)

Derivation of the equalities (4.13) is based on equation (4.10), and is performed in similar
fashion to the proof of Corollary 2.

Lemma 4.4. If a subquasigroup H is invariant under a group of inner permutations Iy,
then
aH -bH = (a®b)H, (4.14)

where (®) = (-)%.
We use the equality (4.11):

aH -bH = Rya[H - L;"(bH)| = Rya[H - L;* (Ho™'b)].
But L, '(Ha) = H e a. Indeed,
Ly(Hea)S H(Hea)=Ha

(by Corollary 2). Conversely, if x € Ha, then x = hya = (hha)a = h(hy e a) € L,(H o a).
Therefore,Ha < L, (H o a), whence Ha = Lj,(H o a) and L,*(Ha) = H e a. We complete
the proof of the relationship (4.14) using Corollary 2:

aH -bH = Rya[H(H - 07'b)] = Rya(Ho™'b) = Rya(bH)
= (Rpaob)H = Ry (Rpa - Rpb) = (a ®b)H.
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Lemma 4.5. Suppose that a subquasigroup H is invariant under Iy, for some h € H.
Then two cosets aH and bH are either disjoint, or coincide.

Indeed, consider ¢ € aH n bH. Then there exist elements hy and hy in H such that
¢ = ahy and ¢ = bhy. We have

¢ =ahy = a(h}h) = (a o hi)h and

¢ = bhy = b(hyh) = (bo hy)h.

Therefore, aoh = bohl,. Hence (aohi)H = (bohb)H, so a(hiH) = b(hyH), and aH = bH.
The significance for quasigroups of the groups of inner permutations follows from the
following theorem.

Theorem 4.5. A subquasigroup H is normal if and only if it is invariant under the group
Iy, of inner permutations, for any element h of H.3

Proof. Sufficiency: Let H be invariant under I;,. We define an equivalence relation afb by
aH = bH, and show that 6 is a normal congruence on Q(-).

1. 6 is a groupoid congruence in Q(®).

Suppose afla; and b6b;. Then

(a®©bH =aH -bH =a1H - byH = (a1 © b1)H,

ie., (a®@b)b(a; @ by).
2. The permutation Ry, is admissible with respect to 6.
Suppose afb. Then by Corollary 3 of Lemma 4.3, we have

Rya-H = (aH)H = (bH)H = Ryb - H,

i.e., RhaQth.

Conversely, suppose RyafRpb. Now Rpa- H = Rya(H - Ly'h) = (aH)h. Similarly, we
obtain Ryb- H = (bH)h. From Rpa- H = Rpb- H we thus obtain (aH)h = (bH)h, whence
aH = bH or afb. Thus Rj, is admissible with respect to 6.

3. 6 is a groupoid congruence on Q(-).

This assertion follows from the fact that Ry is an admissible permutation for the con-
gruence 6, and from (the remark to) Lemma 4.2.

4. 6 is a normal congruence on Q(-).

Suppose yzfzz, with y = Lyy’ and z = L,z' . We may rewrite R, ' (yx) as R, ' (yz) =
Ry'LyLy' x (Lyy'z) = o(y' e ). Since yrOzx, we then have R;'(yz)0R;'(zx), whence
R, (yz)H = R;'(zx)H and o(y' ex)H = o(2'ex)H. Hence, by (4.10) we obtain H(y' ez) =
H(z' e x). Using (4.10) again, we find (Hy')xz = (Hz')x, whence Hy' = Hz'. Consequently,
oy'H = 02'H, i.e., oy'fcz’ or R, Lyy'0R, ' Ly2". Taking into consideration the values for
y' and z', we have R, 'y0R; "z, whence yfz.

If zyfxz, then yfz. This part is easier. Let y = Rpy’ and z = Ry,2’. Then x-R,y'0x- Ry, 7',
so R, '(z - Rpy')OR, " (x - Rpz') and x o y'fx o 2’. Consequently, (z oy')H = (z o z')H and
x(yH) = x(z'H), whence y'H = 2'H, i.e., y'0z', Rpy/'0R,z" and y0z.
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Thus, we have shown that ¢ is a normal congruence on Q(-). Since the subquasigroup
H is a O-class, it is a normal subquasigroup.

Necessity: Let H be a class of a normal congruence §. We show that if ¢ € I}, and
h' € H, then ph' € H. Tt is sufficient to prove our assertion for the case where ¢ is one of
the generators of the group I,.

1. Suppose that ¢ = T,, and let T,h' = x. Thus L;!R,h' = x, so oa-x = h' - a and
R;tha -z =Na. Let a = L,;thb. We obtain bx = h’Lgthb. But h’L,;ththL,;thb =
Lththb = Ryb, i.e., brORyb = bh. Since 6 is a normal congruence, we conclude that z6h,
ie,xe H.

2. Suppose that ¢ = R,p, and let R,,h' = x. Thus R;_lebRah' =1, 50 Ryt = RyR N
and (Wa)b = (za o b). Since (h'a)b(ha)b = h(a ¢ b), we have h(a e b)0x(a ¢ b), whence hbx
and z € H. Similarly, it is proved that L,,H = H. O

Normal subquasigroups may also be characterized as follows (compare [25, p.256]).

Theorem 4.6. A necessary and a sufficient condition for a subquasigroup H to be normal
is the following. Let a and b be two arbitrary fived elements from Q. Then, if in the equality

(ah1)(bha) = (a © b)hs, (4.15)
two of the three elements hq, ha, hy belong to H, then the third one also belongs to H.

Proof. The necessity of condition (4.15) for normality follows immediately from Lemma 4.4.
Thus, given the condition, it suffices to show that H satisfies the equations (4.10).

Let us prove the first of the equations (4.10). An arbitrary element from H, has the
form hia. We can write hy as frho, where fj, is the left local neutral element for h, and set
a = agh. Then

hia = (frha)(aoh) = (fn ® a)hs = R, (Rufn - Rnao)hs
=R, ' (ha) - hy = R;'Lya - hy = oa - hs.

Conversely, if hs is an arbitrary element from H, then going in the opposite direction we
obtain oa - hy = (fi, ® ag)hs. In view of the hypothesis of the theorem, for given h, hs
there exists an element hy from H such that (fi, © ag)hs = (fuh2)(aoh). Consequently,
oa-hz = hja. Thus, Ha = oa - H.

The second of the equations (4.10) is proved similarly. Consider

a(bhy) = (aph)(bh1) = (ap © b)hy
= R, "(Rpao - Rpb)hy = R, *(a - Rpb)hy = (a o b)hs.

Reading the equations in each direction (hy to hg, and back) yields the required equality of
sets.

Finally, we consider the last of the equations (4.10). We have

(h1a)b = (oah!)b = (cah})(boh) = (ca ® b)hy = hso™ (ca ® by).

But 0! (ca®@by) = 0 'R, (Ryoa - Ryb) = L, ' (Lpa-b) = aeb, so (hia)b = hz(a e b), and,
consequently, (Ha)b  H(a o b). Similarly, we obtain the reverse inclusion, and from there
we have the third of the equations (4.10). O
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Corollary. If Q(-) is a loop with neutral element 1 and h = 1, then ((-)) = (-), and
we have the following assertion: A subloop H is normal if and only if, in the equation
ahy - bhy = ab - hs, whenever two of the three elements hy, hy and hs belong to the subloop
H, then the third also belongs to H.

The theory of normal subquasigroups and homomorphisms of quasigroups can be devel-
oped further, but we will not do this here. We merely note the following proposition which
follows directly from Theorem 4.5: Any nonempty intersection of normal subquasigroups is
also a normal subquasigroup.*

4°. Homotopy

Isotopy is a natural generalization of isomorphism. The concept of a homotopy of two
quasigroups introduced by Albert [1] provides an analogous natural generalization of a
homomorphism.

First, we agree on some designations. A surjection o: @@ — @' means a mapping of the
set @ onto the set @'. In this case, one can write a(Q) = Q'. If S(Q’) = Q”, then the
surjections 3 and « can be multiplied, and the product Sa yields the equality Sa(Q) = Q7,
ie., Ba(Q) = Bla(Q)]. Not all surjections can be multiplied, as is clear from the definition.
Two surjections «, 3: P — @ are called equivalent if there exist permutations U of P and
V of () such that

a=VpU.

Definition 3. A quasigroup P(B) is homotopic to a quasigroup Q(A) if there exists a
triple T = («, 3, ) of mutually equivalent surjections from P to @ such that

vB(z,y) = Alaz, By)

for arbitrary z,y € P. In this case, the quasigroup Q(A) is called a homotopic image of the
quasigroup P(B).

As for isotopy, we will also write B = AT = A(@F) as a shorthand implying that B acts
on P and A acts on Q. In particular, if @ = 3 = 7, then we write" B = A0 = A7, The
triple T is called a homotopy, and the surjections «, 8, are the components of T.

The product of homotopies T" and S is defined in the same way as the product of
isotopies, if, of course, the product of components of T" and S makes sense. As for isotopies,
the equality (AT)S = A”S is true. Furthermore, B = AT follows from B = A” if the
components of T are invertible mappings from P to Q.

It is now easy to prove the following theorems.

Theorem 4.7. A quasigroup P(B) is homotopic to a quasigroup Q(A) if and only if there
are respective isotopes P(By) of P(B) and Q(Ag) of Q(A) such that By = A] for some =,
(i.e., if P(By) is homomorphic to Q(Ap)).

*In this case, the quasigroup P(B) is said to be homomorphic to the quasigroup Q(A).
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Proof. Let B = AT where T = («, 3,7). By the definition of a homotopy, o = V;yU; and
B = VayUs, where Uy, Uy are permutations of the set P, and Vi, V5 are permutations of the
set ). Therefore,

B = A@B8:7) — A(ViyUs, Vaylz,v) A(VhVQ,1)(’7-,%’Y)(Ul,U2,1)7

whence
BOLU, ™ 41, Vo, 1)y

The required quasigroups are
By = BU U0 gpd Ay = AVE V2 1),

The converse is also easy to see. O

Theorem 4.8. If a loop P(B) is homotopic to a quasigroup Q(A), then the loop P(B) is
homomorphic to a loop isotopic to the quasigroup Q(A).

Indeed, let B = A5 or yB(x, y) = A(ax, By). Let x = e be the neutral element
of the loop P(B). Then vy = A(ae, By) = L2 By, where L2 is a left translation in Q(A).
Consequently § = (L7,)"'y. Similarly, we obtain a = (Rj,)'y. Then

vB(x, y) = A[(R5,) "ya, (Li) " vy] = Age, ae(v2, YY),

ie.,
B=A]

Be, ae

(for the definition of A, ,, see Chapter I).

Corollary. If a group P(B) is homotopic to a loop Q(A), then P(B) is homomorphic to
Q(A). Consequently, Q(A) is a group.

Indeed, according to Theorem 4.8, the group P(B) is homomorphic to a loop @Q(C') which
isotopic to a loop Q(A). Thus, Q(C) must also be a group, and since Q(C') is isotopic to a
loop Q(A) according to Albert’s theorem, we conclude that Q(A) is also a group.

Remark. A non-associative loop P(B) can be homotopic, and even homomorphic, to a
group Q(A) (see the example from 1° in this chapter).
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Notes

"Examples can be found in the articles of Bates and Kiokemeister [38], Cowell [45], Evans [44]; but
they are rather challenging. On the other hand, it is very easy to construct an example of a groupoid with
division which is not a quasigroup. Let @ be the set of non-negative real numbers, and let x oy = |z — y|,
where |z| is the absolute value of the number z € Q. Then Q(o) is the desired example.

2Theorem 4.4 was proved for loops by Bruck [31], and in alternative fashion by Osborn. Here Osborn’s
proof is extended to quasigroups.

3From Theorem 4.5 and Lemma 4.5 it follows that if Q(-) is a finite quasigroup, then the order of a
normal subquasigroup H(-) is a divisor of the order of the quasigroup (as a weak analogue of the Lagrange
Theorem for groups). If H(-) is a subquasigroup which is not normal, then its order does not have to divide
the order of the quasigroup. A counterexample is furnished by the non-associative loop Q(-) of order 5,
presented with its Cayley table in Chapter I, 1°. Let H = {1, a}, where a is an arbitrary element of @ with
a # 1. Then H(-) is a subloop of order 2.

Following Bruck [31], we say that a finite loop Q(-) possesses Property (L) (weak Lagrange property)
if the order of an arbitrary subloop is a divisor of the order of the loop, and Q(-) has Property (L') if an
arbitrary subloop of the loop Q(-) exhibits Property (L). A necessary and a sufficient condition for a finite
loop Q(-) to have Property (L’) is: There exists a chain Q@ = Qo D Q1 D2 Q2 D ... D Q,, = 1 in Q(-), where
each subloop Q; is a normal subloop in Q;—; (for 1 < < n), and each Q;_1/Q; has Property (L').

4The theory of normal subquasigroups has been studied by many authors. In addition to Bates and
Kiokemeister, we note the works by Albert [1, 2], Baer [36], Garrison [40], Murdoch [53], and also Bruck
[31]. Albert studies normal subquasigroups with the help of the associated group G (see Chapter I, 2°). In
particular, he proved that a subquasigroup H of a quasigroup Q(-) is normal if and only if H = I'l, where
I'" is a normal subgroup of the associated group G.
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Chapter V. Quasigroups and loops with
the inverse property (/ P-quasigroups)

1°. Definitions and elementary properties

Up to this point, we have been analyzing quasigroups and loops in reference to the asso-
ciativity property that groups possess. However, groups have another important property,

the inverse property: Each element x is matched by its inverse 7!, such that the equations

xz~! = 27t = 1 hold. Using associativity, we then obtain

7 Hoy) =y and (yx)z~'=y. (5.1)

The equations (5.1) may be interpreted as a definition of a rather wide class of quasigroups
and loops.

Definition 1. A quasigroup Q(-) is said to possess the right inverse property if it is
equipped with a self-map I, of the set ) such that

(ya)l,x =y (5.2)

for elements x,y of Q. The left inverse property is defined similarly. In this case, we have
the equation

Lix(zy) =y (5.3)
involving a self-map I; of Q.

The conjunction of the right and left inverse properties is identified as the inverse prop-
erty. Quasigroups with the left (right) inverse property are called left (right) I P-quasigroups,
and a quasigroups with the inverse property are called an IP-quasigroups'. A loop with
the inverse property is called an I P-loop for brevity.

Let Q(-) be a loop with neutral element 1. The equations az = 1 and ya = 1 have unique
solutions. The element z is called the right inverse element for a, and is denoted by a™!,
while the element y is called the left inverse element for a and is denoted by ~ta. Thus,

aa =1 and “laa=1.

If Q(-) is an IP-loop, then
Lr=z"" and Lx=""uz. (5.4)
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For this purpose, it suffices to set y = 1 in (5.2) and (5.3). It is convenient to use the index
notations of (5.4) for I,z and [;x in any IP-quasigroup. In this notation, the equations
(5.2) and (5.3) are rewritten as

-1

(yr)r™t =y and ~‘a(zy) =y. (5.5)

Now, we will examine a series of simple properties which immediately follow from the
definition of an I P-quasigroup.

1. The mapping I, : * — x ' is a permutation of the set Q, with I? = 1. Indeed,
yz - 7! = y implies (yz - 271 (z7H) 7L = y(a7!) 7t or yz = y(27!)7}, whence (271)7 = 2.
Similarly, the mapping I;: * —~! 2 is a permutation of the set Q, with I? = 1.

2. The solution of the equation ax = b is ~*ab, while the solution of the equation ya = b
is ba~ 1. Indeed, a(~tab) =1 (“la)("tab) = b.

3. We have the equations

(zy) ' ="ty - lr and (ay)=y -2z (5.6)
Set zy = 2z, 80 y ="' xz, where “'z = yz~!. Then 27! ="y~ 'z, ie. (zy)' ="'y~ 'z. The
second of the equations (5.6) is proved similarly.
4. For each a in Q, the equations

Ly.=1L,

a

Y"and R;,= R;l

hold. They follow from the respective equations (5.2) and (5.3).
5. In an arbitrary I P-quasigroup the equations

LR, =LY, L, =R, (5.7)
LRI, = Ly,a, I, Loy = Ry (5.8)
hold. Indeed, we have
LRz = ("tza) = ("ta)- ' (') ="tar = L,z =L,"z.

The remaining equations from (5.7) and (5.8) are proved similarly.
6. The right and left inverses of an element x coincide in each I P-loop:

ly =27t (5.9)

For this, it suffices to set y = 7! in the second of the equations (5.5).
7. The following equalities hold in each IP-loop:

ac ' =ala=1,
(ba)a™! = a~(ab) = b, (5.10)
()t =a, (ab)™ =btat,

-1 = 1 -1 — -1
Lo = Loty By = R, } (5.11)

IR, = L', ILJ = R;",
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where Iz = 271

8. Equation (5.9) holds in commutative I P-quasigroups. Indeed, (ba)a™t = b, so by the
commutativity a~!(ab) = b. Comparison of this expression with (5.3) yields ~'a = a .

9. Let e, f. be the respective right and left local units of an element x of an IP-
quasigroup. Then:

vr = f,, law = e, (5.12)

8;1 = €y, _lfoc = fw (513)

For the translations L., R, we have
L;'=L 4, Rj' = R, (5.14)

The equations (5.12) and (5.14) follow directly from the definition of an I P-quasigroup. For
(5.13), we have
(vey)e,t = .

1 1

On the other hand, ze, = x, so xe, " = =, whence e ' = e,.

2°. Crossed product of quasigroups. An example of an
I P-quasigroup

So far, the only examples of I P-quasigroups that we have noted are groups. Here, we will
construct an example of an IP-quasigroup where I; # I.. By (5.9), such a quasigroup
cannot be an IP-loop, and certainly not a group. To construct the example, we will use
the so-called crossed product of quasigroups. It is suggested by the theory of quasigroup
extensions.

Let P(-) be a quasigroup defined on a set P = {u,v,w, ...}, Suppose that we have a
system X of quasigroup operations on a given set (). Consider a mapping P? — ¥ which
assigns the operation A, ,) to an ordered pair (u,v) from P2, Consider the set M = P x Q,
and an operation

(u,a) o (v,b) = (uv, Auw)(a,b)) (5.15)
on the set M. The groupoid M (o) is called the crossed product

(0) =<, X >

of the quasigroup P(-) and the system Q(X) of quasigroups.

A crossed product M (o) of quasigroups is also a quasigroup. Indeed, consider x = (u, a)
and y = (v,b) in M. We will show that there exists a unique element z = (w, ¢) in M such
that x o z = y. We have

(u7 a) © (U},C) = (U7 b)

or
(uw7 A (a, c)) = (v,b),
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whence
ww =v and Ay (a,c) = 0. (5.16)

The element w is uniquely defined by the first equation from (5.16), so we have a uniquely
defined operation A, € . The second equation from (5.16) then specifies ¢ uniquely.
The equation z o x = y for z is solved similarly.

The following statement can be proved in similar fashion.

The crossed product M (o) is a loop if and only if the following conditions hold:

1) P(+) is a loop with neutral element 1;

2) There exists an element e € Q) such that

Awpy(a,e) = Aqw(e,a) =a

for arbitrary a € Q and u,v € P.
In this case, the pair (1,€) is the neutral element of the loop M (o).
Further it is possible to prove the following statement.

Theorem 5.1. Let 6 be a congruence (a normal congruence) on a quasigroup P(-). Con-
sider the relation 6 on M with

(u,a)0(v,b) if and only if ubv.

Then 0 is a congruence (a normal congruence) on M (o).

For example, we show, that if 6 is a normal congruence on P(-), then x o 20y o z implies
2fy. Indeed, let x = (u,a),y = (v,b),z = (w,c). Then

(u,a) o (w,c)é(v, b) o (w, ¢),
(uw, Ay (a, ¢)0(uw, Ay (b, ¢)),

so uwhvw. Consequently, ufv, whence x6y.

Corollary 1. Ift*> =t in P(:), then N = {(t,a) | a € Q} is a normal subquasigroup of
M (o).

Indeed, it is easy to verify that N is a subquasigroup in M(o). Further, we take the
equality relation on P(-) as . Then @ is a normal congruence in M (o). In view of Lemma 4.1

, N is a normal subquasigroup, because (¢,a) o (¢,a)0(t, a).
Corollary 2. If P(-) is a loop with neutral element 1, then N = {1} x @Q is a normal
subquasigroup in M (o).

The crossed product may be used to construct various examples of quasigroups.
1) The direct product is a special case of the crossed product: if Aw.) = () for each
u,v € P, then M(o) is the direct product of the quasigroups P(-) and Q(e):

(u,a) o (v,b) = (uv,a e b).
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2) An example of an I P-quasigroup with I # I;. Consider the direct product of a group
P(-) and the quasigroup Q(A), where A(a,b) = fa-b and 6 is an automorphism of order 2 of
a group Q(-). We show that M (o), with M = Px @ and (o) =< -, A >, is an I P-quasigroup

with

I(u,a) = (u™, 0a7),
L(u,a) = (u,aY). } (5.17)

Indeed, we have
Ii(u,a) o ((u,a) o (v,b)) = (v -uv,0a™" - 0a-b = (v,b)
= [(v,b) o (u,a)] o I.(u,a) = (vu,0b-a)o (u*,0a")
= (vu-u',000b-a)-0a"") = (v,0°-0aba") = (v,0%b) = (v,b).

Therefore, M (o) is an I P-quasigroup, with I, # I;. The inequality follows from (5.17), since
0 #1.

3°. Isotopes of [ P-quasigroups. Moufang quasigroups

First of all, we note that the concept of an I P-quasigroup can be defined in terms of the
inverse operations from Chapter I, Definition 3: a quasigroup Q(A) is an I P-quasigroup if
and only if there exist two permutations I. and I, such that

A7t = ALY and 71A = A, (5.18)
Indeed, according to the definition of an I P-quasigroup Q(A) we have
A[A(b,a), I,a] = b,
whence A(b,a) = T'A(b, I,a) and A = (T*A)LID | Therefore,
14 = AGEDTY gL AL

The first of the equations (5.18) is proved similarly. The equations (5.18) imply the following.

Lemma 5.1. An IP-quasigroup A and its inverse quasigroups are all isotopic to each
other.

Indeed, let
P =(I,1,1) and P, = (1,1,,1). (5.19)
Then the equations (5.18) become
A7l = AP and A = AP,

Using Corollary 1 of Lemma 1.3, we obtain

(A = (4R) = (LA = an

,1(A)—1 — (APTl)fl — (A—l)PTT APzPrr’ | |
A = [HA D] = (APF) L = (AT) L = (AT = ART
We recall that 7" = («, 8,7)" = (o, 7, 8) and T" = («, 8,7)" = (7, 3, ).
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Corollary. If A is an I P-loop, then all the inverse loops of A coincide.
The inverse loops for the loop A are defined by the equalities (1.18):

AP = (AHP4 and AN = (TTA)%,
where Py = (I3',1,1), Sa = (1,14,1) and A(x,I,x) = 1. But by Properties 1 and 5 of
I P-loops, we have I, = I, =14 = I and
Py=(I""1,1)=(1,1,1).
By (5.19) we obtain P4 = P, and P} = 1. So,
AP = (AP = AP = A,

We find A* = A similarly, whence A”* = A, A» = A, etc. The converse is easy to see: If A
is a loop and AP = A = A, then A is an I P-loop.
Now, let B be an isotope of an I P-quasigroup A

B = A°.
Then by Corollary 1 of Lemma 1.3,
B! = (A%)7h = (A7) = AP = (BT = TR (5.20)
If B is also an IP-quasigroup, then we must have B~! = BULLY = BY | where I} is some
permutation. Consequently,

_ _ ’
BS M8 = pfr = (BS )5

)

i, e, AP = ASP whence
ARS @Sy (5.21)
Let S = (\, y,v) then

T = BST(P) ™ = (L, L, ) )AL vt =
= (LALIN Yot ).

Thus, 7; must be an autotopy of the quasigroup A. Considering ~'B, we similarly obtain
that T = (vA~Y, Lyl "'p~', Av~!) is also an autotopy of the quasigroup A. Thus, we have
obtained the following.

Theorem 5.2. The following property is necessary and sufficient for an isotope of an IP-
quasigroup A also to be an I P-quasigroup: There exist two involutions, permutations I; and
I, of order 2, such that Ty = (LAL A~ vp™ yw™Y) and T, = (WA, Lul, ' A1) are
autotopies of the quasigroup A.

We have already seen that the condition is necessary. The proof of sufficiency does not
present any difficulties: we proceed in the opposite direction from the equation (5.21) to the
equation (5.20), using the conditions of the theorem.
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Let us apply Theorem‘5,2 to the case when B is a loop. Thus, we will find conditions
under which an isotope B of an I P-quasigroup A is an I P-loop.

It suffices to consider the case where B is a principal isotope of A. Then by Lemma 1.1.
the isotopy must have the form:

B = AT A7),
By the equations (5.14), we obtain R;' = R, and L;' = L_;,. Thus, the loop B must
have the form:
B = A(R07Lb’1)7

where a = ¢! and b ==! d. If B is an IP-loop, then by Theorem 5.2 there exist two
permutations I, and I such that

Ti = (LR, R;Y, L; ', Ly) and T, = (R;', L.LyI.L; ", R,)
are autotopies of the quasigroup A. In other words,

Ly(xy) = ¢z - L'y
Ru(zy) = R 'z -b¢5y7 } (5:22)

where ¢ = R, I;R;* and ¢ = I, LI, L,*. Since L,'y = L1,y ="' and R, 'z = R,z =
ra~!, the equations (5.22) imply

b-ay =gx-" by,
2
Ty -a=mxa"t -y, (5.23)
Replacing the element y with by in the first of the equations (5.23),
b(z-by) = ¢z - y. (5.24)
Let y = b=!. Then
b(x-bb~') = ¢z - bt
Therefore,
¢x = [b(x -bb )b = (b-xf,)b,
whence, replacing ¢x with (b- zf,)b in (5.24), we obtain
b(x - by) = {[b(x - f»)]b} y- (5.25)
Similarly, the second of the equalities (5.23) gives
(za-y)a = z[a(eqwy - ba)]. (5.26)

If the equality (5.25) holds for each = and y, the element b is called a left Moufang element.
If the equality (5.26) holds, the element a is called a right Moufang element We obtain the
following,.
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Corollary. The isotope B = AFeloD) will be an IP-loop if and only if a and b are
respectively right and left Moufang elements of the quasigroup Q(A).

It may turn out that all the elements of an T P-quasigroup Q(-) are right and left Moufang
elements. Such a quasigroup is called a Moufang quasigroup. Thus, we arrive to the following
definition:

Definition 2. A quasigroup Q(-) is called a Moufang quasigroup if

(zy - 2)y = zlyleyz - y)], (5.27)
and
y(z-yz) = [(y -z f,)ylz, (5.28)

for z,y, 2 € Q, recalling (ye, = y and fyy =y) 2.

Theorem 5.3. Every Moufang quasigroup Q(-) is an I P-quasigroup.

Indeed, for every y € @ there exists a element ¢ such that eyy/ “y = ey. Let
zy-y =

If we show that = = x, it will follow that Q(-) is a right IP-quasigroup. Indeed, using
(5.27) we have

2y = (zy-y)y = 2lyle,(y - y)] = z(ye,) = zy,

whence 2" = . The fact that Q(-) is a right I P-quasigroup is proved similarly.
Each element of a Moufang quasigroup is simultaneously a left and a right Moufang
element. Thus, if we use the corollary to Theorem 5.2, we obtain the following statement:

Corollary. If a loop is an isotope of a Moufang quasigroup, then it is an I P-loop.
Suppose that a Moufang quasigroup Q(-) is a loop, with e, = fy = 1 as the neutral
element. Then, the identities (5.27) and (5.28) become

(zy - 2)y = x(y - 2y), (5.29)
and
y(z-yz) = (yz - y)z. (5.30)

Later (see Chapter VI, 91°), it will be proved that the identities (5.29) and (5.30) are
equivalent,.

Definition 3. A loop Q(-) is a Moufang loop if it satisfies one of the identities (5.29) or
(5.30). The identities (5.29) and (5.30) are known as Moufang identities.

From the definition of a Moufang loop, we immediately have the following.
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Theorem 5.4. If each loop isotopic to a loop Q() is an IP-loop, then Q(-) is a Moufang
loop.

Indeed, a Moufang loop is a Moufang quasigroup. We can now give a sharper charac-
terization of Moufang quasigroups.

Theorem 5.5. FEach loop isotopic to a Moufang quasigroup is a Moufang loop.

Now consider a Moufang quasigroup Q(-). Let x oy = R;'a- L, 'y. Then Q(o) is a loop
with neutral element e = ba. For brevity we will write R, = R and L, = L. Then

zy = Rz o Ly.
Rewriting (5.27) in terms of the operation (o) produces
R[R(Rx o Ly)o Lz] o Lz = Rx o LRy o L|[R(Re, o Lz) o Ly].
Replacing the respective elements x, vy, z here with R~'z, L1y, L'z gives
R[R(xoy)oz]loy=x0LRL yo L[R(Re; 1, 0 2) oyl (5.31)
Set © = e, Then (5.31) yields
R(Ryoz)oy=LRL 'yo L[R(Rep-1,02)oy].
Thus, equation (5.31) transforms into
R[R(zoy)oz]oy=xzo|R(Ryoz)oy]. (5.32)
Taking y = e in (5.32) gives
R(Rxoz) =x0R(Reoz).
Define 7z = R(Re o z). Clearly, 7 is a permutation of the set Q). Then
R(Rxoz)=zo7z

or
R(roz)= R 'zoTz. (5.33)

Using (5.33), we can simplify (5.32) as
[(zoy)orz]oy =xof(yoTz)oy]

Consequently,
[(woy)oz]loy=ao[(yoz)oy] (5.34)

represents a reformulation of the Moufang quasigroup identity (5.27) in terms of the loop
operation (o).
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If we use the operation (o) in (5.28), then we obtain
yolzxo(yoz)]=[yo(zxoy)]oz, (5.35)
in similar fashion, making use of the relation
L(zoy) =0xo L'y, (5.36)

where 6z = L(x o Le), the analogue of 72 = R(Reo z)..

A loop Q(o) with the identity (5.34) is called a right Bol loop, while a loop Q(o) with
the identity (5.35) is called a left Bol loop.

These right and left Bol identites differ slightly from the Moufang identities. It will be
shown below that every Moufang loop is both a left and a right Bol loop. However, neither
of the left or right Bol identities alone is sufficient to yield a Moufang loop. Nevertheless:

If the identities (5.34) and (5.35) are both satisfied in a loop Q(o), then it will be a
Moufang loop.

Indeed, according to Theorem 5.3, the loop Q(o) will be an IP-loop. Then, using the
equality (5.34), we have

-1

yo(zoy)=yolly oy ozloy=yoy o[(yoz)oyl,

where y~! oy = e. Thus,
yo(zoy)=(yoz)oy.

This latter equality (known as the flexible law) transforms the identity (5.34) into (5.29).
In the opposite direction, we have the following statement.
Let Q(-) be a Moufang loop, and let R be a permutation of Q such that

R(roy)=R 'vory and L(zoy)=0xoL 'y (5.37)

for certain permutations 7,0 of Q. Then Q(-) is a Moufang quasigroup. 3
The proof reduces to the verification of the equations (5.27) and (5.28). The two sides
of (5.27) appear as

(xy - 2)y = R[R(Rx o Ly) o Lz] o Ly

= [(Rx o Ly)oTLz]o Ly = Rx o [Ly(TLz o Ly)]

and
z[y(eyz - y)] = Rr o L{Ry o L[R(Re, o Lz) o Ly]}

= Rz o{0Ryo [R(Re,o Lz)o Lyl}.
Thus equation (5.27) holds if and only if

Lyo(rLzo Ly) = 0Ryo[(e, oTLz) o Ly],

or
yo(zoy)=0RL'yo [(ef-102) oy (5.38)
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In order to prove (5.38) we find e,, using
ue, = u, Ruo Le, = u,

Leu:(Ru)*lou=IRuou, euszl(IRuou).

But (5.36) implies
L™ (zoy) =60""z0 Ly, (5.39)

because if (6, L™, L) € g, then (07!, L, L") € Ap), where 2 is the autotopy group of
the loop Q(o). Therefore,
ey =0 'ITRu o Lu,

and consequently
er-1y = 0~ IRL 'y oy.

Now we will prove the equality
0~ = 101. (5.40)

Indeed, we set z = y~! and Le = 0y~' o L'y in the second equation of (5.37). Because a
Moufang loop is an I P-loop, we obtain

by~ = Leo (L7'y)™

and
(0y™) " = (Leo (L))" = Ly o (Le) ™ (5.41)

On the other hand, from (5.39) with y = e, we find
L7z =671z 0 Le,

whence
0 'z =L"zo(Le) . (5.42)

We conclude that (z')~! = 7'z, i.e., the equation (5.40) holds by comparison of (5.41)
and (5.42). Now we can complete the proof of equation (5.38):

ORL ™y o [(er1y 02) oy] = ORL "y o {[(0 TRL "y o y) 0 2] oy}
= ORL 'y o {I0T - IRL 'y o[yo (zoy)]}
— ORL 'y o {IORL "yo[yo (z0y)]} = yo (z o).
Consequently, (5.38) has been proved, along with the equation(5.27). The equation (5.28)

can be proved in similar fashion.
4°. Autotopies of [ P-quasigroups and [ P-loops

We begin with a general statement that applies to any quasigroup Q(A). For o € &g,
recall the notion of the corresponding quasigroup °A inverse to the quasigroup A (see Chap-
ter I, 4°).
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Lemma 5.2. If T is an autotopy of a quasigroup A, then °T is an autotopy of the quasi-
group °A.

Indeed, let T' be an autotopy of a quasigroup A, so
AT = A.

Then, using Lemma 1.3, we have

T

(A7) = (r ),
whence
(PA)"" =7 A. (5.43)

We apply Lemma 5.2 to an [P-quasigroup A. By Lemma 5.1, the quasigroup A is
isotopic to the quasigroup A,
A = A5, (5.44)

by an autotopy S. Let T be any autotopy of A. The equations (5.43) and (5.44) imply
(AS)O’T _ AS,

whence

/45(0'T)S’1 = A

In other words, S(oT)S™! is an autotopy of A.
If A= A~1 then S = P, = (I;,1,1) and o(c, 8,7) = (, 8,7). Consequently,

S(eT)S™t = Pl(oT)Pfl = (I, 1, 1)(a,ﬁ,’y)([l’1, 1,1) = (Ila]fl,’y,ﬁ).

But I} =1, so
S(eT)S™ = (Lal ™7, B).

Summarizing, we have the following.

Lemma 5.3. Let Q(A) be an IP-quasigroup. If T = («,8,7) € Aa, where Ay is the
autotopy group of the quasigroup Q(A), then:

(Ila[h’%ﬁ) € QlAy (77]T‘ﬁjraa> € Q[A-

Corollary 1. Let Q(A) be an IP-quasigroup. If T = (o, 8,7) € A4, then:
(B, Lyl Liady) € Aq - since (Lol 7y, B) € A

(LI, Laly, I.yI) e Ay since (B, Iyl [ad)) € Ay;
(I, o, IB1) € Ay since (v, LAIL, o) € Aq; and
(.81, I,ad,., IiyI) € Ay since (I, o, I, B1,) € Ay,
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Corollary 2. Let A be an IP-loop and (o,B,7) € Aa. Then (Ial,v,p), (v,181,q),
(B, IvI,Iad), (INI,a, IBI), and (IB1,Ial, IyI) are also autotopies of A.

Consider an IP-loop Q(+). f T = (a, ,7) € A4 and
al =1, Bl =k,

then, as shown in Chapter 2, 3°, we have
T= (R’ L)y

and

a=Rly, B=L"Yy. (5.45)
The equality (-)7 = (-) implies

(YD = (7

i.e. the isotope (-)B LD is an IP-loop which is isomorphic to (-). Thus, as shown in
the preceding section, a = k=1 = ($1)~! is a right, and b = [} = (a1)7! is a left Moufang

element of the loop Q(), respectively. In other words, the identities
(za-y)a = z(a-ya), (5.46)

and
b(z - by) = (bx - b)y. (5.47)

hold in the loop Q(-).
As previously noted, the identities (5.29) and (5.30) are equivalent in a loop Q(-). We
now confirm the validity of this assertion. To that end, we prove a more general result.

Theorem 5.6. The set M; of all left Moufang elements of an IP-loop Q(-) is a subloop
of Q(+). The subloop M,(-) coincides with the subloop M,(-) of right Moufang elements.

Let a be a right Moufang element. Then (5.46) implies that R,(Rx - y) = x - Ly Ry, S0
T, = (R;', LyR,, R,) is an autotopy of the loop Q(-). By Corollary 2 of Lemma 5.3, it is
seen that T, = (IR;'I, Ry, LyR,) is also an autotopy. Consequently, (R,1)~! = a~! is also
a right Moufang element.
Now consider ay,as € M,. We show that ajas € M,.. The product
Ta1Ta2 = (3;11R71 Lal Ral LazRa27 Rth Ra2)7

ag ?

is an autotopy of Q(-). Then by Corollary 2 of Lemma 5.3, we have T”
(IR4,RayI, R, 'R, I Ly, Ray Loy Ray I) € Ay, so (R 'R, )" € M,. But (R,'R )" =
(Ra;1Rd;1)’1 = (ay'a;")™! = ayay, s0 ajay € M,. In this way, we have shown that M, is a
subloop of the loop Q(-)*.

Now consider a € M,. Equation (5.46) implies
[(za-y)a] ™" = [z(a-ya)]
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whence

or
a’l(y-ale) = (ay-a .

This means that ¢~ € M,. Because a~! can be an arbitrary element from M,, we have

shown that M, € M,. Similarly, we can prove that M, € M,;, so M, = M,.
Remark. In view of Theorem 5.6, we may set M; = M, = M.

Corollary 1. In an IP-loop Q(-) the identities

(xy - 2)y = x(y - 2y) (5.48)

and
y(z-yz) = (yz-y)z (5.49)
are equivalent.

Indeed, M; = @ follows from the identity (5.48), from which the equality M, = @ follows,
i.e., the identity (5.49) holds. Similarly, it is proved that (5.48) implies (5.49).

Remark. Consider an IP-loop Q(-). Because the concepts of right and left Moufang
elements in I P-loops coincide, then an element a € ), which satisfies either of the equations
(5.46) or equality (5.47) for every z,y € Q, is called a Moufang element, and M is the said
to be the Moufang subloop of the I P-loop Q(-).

Corollary 2. If T = («a,f,7) is an autotopy of an IP-loop Q(-), then al,31,v1 are
Moufang elements.

Indeed, k' = (B1)~! is a Moufang element, i.e., k' € M. But then also k € M.
Similarly, we obtain [ € M. Further, we have y1 =~(1-1) =al- 81 =k, so vyl € M.
We note that if

T = (04577)

is an autotopy of an I P-loop Q(-), then all three components of the autotopy T are quasi-
automorphisms of Q(-). This statement directly follows from Lemma 5.3.
Autotopies of an I P-loop can be described using pseudo-automorphisms (see Chapter III,
4°). We note that
pl=1 and ol =TIy (5.50)

in the IP-loop Q(-), where ¢ is an arbitrary left (right) pseudo-automorphism. The first
of the equalities (5.50) follows from Lemma 3.1. To prove the second, recall the definition
(3.20) of a left pseudo-automorphism:

pr(py - ) = p(zy) - c.
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Let y = 271, Then

or(pz™c) =@zl -c=pl-c=c,

b= (px)™!, i.e., the second of the equalities

whence because Q(-) is an I P-loop we obtain @z~
(5.50).
There is no need to distinguish between left and right pseudo-automorphisms in IP-

loops. We have

Lemma 5.4. The respective groups of all right and all left pseudo-automorphisms coincide
in an IP-loop Q(-).

Proof. Let ¢ be a left pseudo-automorphism with companion a. Then by (3.20),
(p, Rup, Rap) is an autotopy of Q). By Corollary 2 of Lemma 5.3, S =
(IR.I, Ipl, IR, pl) is also an autotopy of the loop Q(-). Because ¢I = I and I% = 1, the
autotopy S takes the form S = (IR,¢I, v, IR.pI). Further, using the equation (5.11), we
find S = (La-10, ¢, La-10), 80 ¢ is a right pseudo-automorphism with companion a=*. [

Remark. Consider a pseudo-automorphism . The element a from (p, R,p, Rap) is called
a left companion, and the element a™* from (L,-1p, ¢, L,-1¢p) is called a right companion.

Lemma 5.5. IfT = («, 5,7) is an autotopy of an IP-loop Q(-), and al =1, then o is a
pseudo-automorphism of the loop Q(-) with left companion f1 = k.

Indeed, let () = (-), where T' = (a, 3,~) Then, as proved in Chapter II, 3°, the autotopy
T takes the form
T= (R L )y,

where 51 =k, al = [ and
8=Ly, a=Ri'y. (5.51)

But Ly = Loy = L1 =1, so 8 = . Consequently, in view of (5.51), we obtain

T = (a7577) = (a»%’Y) = (akaa7Rka)7

so « is a pseudo-automorphism with a companion k.

Corollary. The left and right companions of pseudo-automorphisms of I1P-loops are Mo-
ufang elements 5.

Indeed, suppose that ¢ is a pseudo-automorphism of an I P-loop Q(-) with a right com-
panion ¢, i.e., T = (Lep, ¢, L) is an autotopy of the loop Q(+). By Corollary 2 of Theo-
rem 5.6, the element L.pl = L.1 = ¢ must be a Moufang element.

Let us begin to identify the structure of I P-loop autotopies.
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Let T = (a,,7) be an autotopy of an IP-loop Q(-). Then from Corollary 2 of
Lemma 5.3 we have that Ty = (I,I,v, () belongs to the group of autotopies 2.). Con-
sequently, 17" € 2. But

NI = L,y B)(a ', 37077 = (a1, vB71 By ),
whence in view of equation(5.45) we have
NI = (Iada-r, Li, LTY).
Applying Corollary 2 of Lemma 5.3 to 117! yields
Ty = (L' IL, I, ) € 2,
which by virtue of (5.11) implies
Ty = (LflvalvfaIafl)y

and hence
T271 = (LZ7RZ,()[[CZ71]) = (Ll7Rl7S) € Ql()

Let us determine S. We have
Sy =8(zl) =Liz- Rl =lz-1=RILx,
ie., S = R;L;. Moreover, we have
S=RL = LR,
because RjLjx =1 -zl =11 -2l = L[11- Rix = S(1-x) = Sx. Thus,
Ty' = (L, R, LiRy) € Ayy.
Finally, we consider the autotopy 157"
LT = (L' By Ry L ) (o0 B,) = (L e RS R L),
The permutation L, ' leaves 1 invariant:
Li'al=L =1
By Lemma 5.5, the permutation 6 = Ll’la is a pseudo-automorphism with companion
R 'Bl =c,
a Moufang element. Therefore, the autotopy 757 must have the form
T = (0, R0, R.9).

We then have
T = T271(¢9, R0, R.0)
or
T = (Oé, /87 fY) = (Ll7 Rla RlLl)(ea Rce> Rce)
T = (L, RiR., LiR,R.9).

Thus, the following theorem has been proved.

(5.52)
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Theorem 5.7. FEach autotopy T of an IP-loop Q(-) takes the form
T = (L9, RiR.6, LiR R.9),

where 0 is a pseudo-automorphism, c is a companion of 0, and | is a Moufang element.

Applied to a group Q(-), we have
T = (L0, Raf, LiR0) = (L, Ry, LiRy)0,

in Theorem 5.7, where RjR. = R;. = Ry, and 0 is a automorphism.

5°. WIP-loops®

In an I P-loop the identities

ylay) ™ =2, } (5.53)

hold.
In connection with these identities, Baer introduced the following notion [35]:

Definition 4. A loop Q(-) is called a loop with the weak inverse property or WIP-loop if
it satisfies the identity
y - I(zy) = Iz, (5.54)

1

where I, = y~! is an inverse element for y: yy=* = 1.

By the equality (5.53), each IP-loop is a WIP-loop. Let us consider some simple
properties of W1 P-loops:

a) The permutation I? is an automorphism of a W1 P-loop.

Indeed, I(y - I(xy)) = I*z, so

I(xy) - I(y - 1(xy)) = I(xy) - Iz,
whence in view of (5.54) we obtain
I, = I(zy) - I*x. (5.55)
From this, the statement easily follows:
IPx-IPy = Po-I1(I(xy) - ’z) = [(I(zy)) = *(xy).

b)
I (ay) o =1""y. (5.56)
We obtain this equality by applying the automorphism 772 to (5.55). Similarly, it is
proved that (5.56) implies (5.54).
¢) A loop Q(-) is a WIP-loop if and only if zy - z = 1 implies = - yz = 1.
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Indeed, if zy-z = 1, then z = I(xy), and z-yz = 1 implies yz = Ix. Thus, y-I(zy) = Iz.
The converse statement is also easily proved.
d)
L' =IRI™, R =1"L,I (5.57)

Indeed, using translations, the equality (5.54) takes the form
Ly Ryx = I,

which implies the first of the equalities (5.57).
e) A WIP-loop Q(-) is characterized by the equality

O = OV = ()7, (5.57)

[ = (0.

Note that (5.54) implies y = (:)(Iz, I(zy)), whence we obtain

O Tz, y) = (),

i.e., the equality (5.58).
) If T = (a, 5,7) is an autotopy of a WIP-loop Q(-), then

Ty = "NI,a, I 'BI) and Ty = (B, Iy ' Ial ™)

are also autotopies.
Using Lemma 5.2 we have that 0T = («, 3,7) is an autotopy for [7*(-)] ! = ?(-), whence
by (5.58) we find
[T = ().
Thus,
Ty =ST"S™ = (I 1, T Y (y, 0, B)(I,1,1) = (I ', e, I BI)

is an autotopy of the WIP-loop Q(-). Applying the transformation T'— T} to T}, we obtain
the autotopy Ts.

g) The equations ax = b and ya = b have respective solutions z = I(I"'b - a) and
y=1"a-Ib).

This follows from the equalities (5.54) and (5.56).
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Notes

!The concepts of I P-quasigroup and IP-loop were introduced by Bruck [24, 25]. Elementary properties
of I P-quasigroups can be found in [24]. One special kind of IP-loop was studied by Ginzburg [41]

20ne can show that the identities (5.27) and (5.28) in a quasigroup Q (*) are equivalent. Thus, a
Moufang quasigroup can be defined as a quasigroup satisfying just one of the identities (5.27) or (5.28).

3This statement generalizes a result of Bruck [24, Theorem 3], where zy = Rx o Ly.

4The definition of a subloop requires verification that for given a, b, the equations ax = b and ya = b are
solvable. But because Q(-) is an I P-loop, closure under inversion suffices for this purpose.

5The converse statement, generally speaking, is not true, i.e., not every Moufang element is a companion
(left or right) of some pseudo-automorphism. Indeed, in a Moufang loop Q(-) (see Definition 3), every
element is a Moufang element. If they were all left companions of pseudo-automorphisms, then, by virtue of
Lemma 5.4., the loop Q(-) would be a G-loop (see Definition 4, Chapter III). In particular, non-associative
commutative Moufang loops would be G-loops, contradicting Theorem 10.1.

Loops with the weak inverse property (W I P-loops) were studied in detail by Osborne [57]. In particular,
an example of a WIP-loop which is a G-loop (see Chapter ITI, 4°) is constructed in [57]. This example is
reproduced in Chapter X, where other properties of W I P-loops are also proved.
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Chapter VI. Moufang Loops

1°. The main properties of Moufang loops

The most studied class of nonassociative loops is the class of Moufang loops'. As we saw
above (see Chapter V, 3°, (5.29) and (5.30) and Corollary 1 of Theorem 5.6), a loop Q(-) is
called a Moufang loop if it satisfies one of the (Moufang identities)

x(y-xz) = (xy - x)z, (6.1)

(zx - y)x = z(x - yx). (6.2)
By Theorem 5.3, every Moufang loop is an IP-loop. In addition, in a Moufang loop the
following identities hold:

x-zz=xx-2z (left alternativity), (6.3)
zx-x =z -zx (right alternativity), (6.4)
vy -z =1x yr (fexibility). (6.5)

Equations (6.3) and (6.4) follow from (6.2) and (6.1) with y = 1, while equation (6.5) follows
from (6.1) with z = 1.
From the Moufang identities (6.1) and (6.2) in a Moufang loop Q(-) we obtain the
equalities
Ry(Ryx-z)=x-LyRyz, and Ly(x-Lyz) = R,L,x -z,

whence it follows that
Sy = (R,", LyR,, R,) (6.6)

and
Ky = (RyLya L;17 Ly) (6~7)

are autotopies of Q(-). But if S, € 2., then Corollary 2 of Lemma 5.3 implies P, =
(IR?I, Ry, L,R,) € AUy).
In the third and fourth relations of (5.11),

R;'=1L,I, and L;'=1IR,I
hold. Therefore, the autotopy P, has the form
P, = (LyRvawRy)v (6'8)
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whence
Lyx- Ryz=L,R,(x - z).

Consequently,
yr - zy = y(zz - y). (6.9)
This is the third identity that characterizes a Moufang loop, since it is equivalent to the

identity (6.1). Indeed, flexibility follows from (6.9) with z = 1. Next, a loop Q(-) satisfying
the identity (6.9) is an I P-loop: If we set y = 'z in (6.9), where "'z - x = 1, we obtain

or, by flexibility,

2o o= (Twaz) Tl

)

whence z = ~'z - zz. Setting y = 27! in (6.9), we similarly obtain xz - 27! = z. Thus, Q(-)
is an I P-loop, and all the transitions from S, to P, are invertible. The identity (6.9) is also
called a Moufang identity. We have proved the following lemma [31].

Lemma 6.1. A Moufang loop if and only if (6.9) holds in Q(-).>
Thus, the Moufang identities (6.1), (6.2) and (6.9) are equivalent, and each of these

identities can be taken as the basis for a definition of a Moufang loop.
Now, let Q(-) be a Moufang loop, and let Q(o) be an arbitrary loop which is isotopic to
Q)
(0) ="
Since Q(+) is a Moufang loop (and consequently also a Moufang quasigroup), then every
loop isotopic to Q(+) is an I P-loop. Therefore, Q(o) is an I P-loop.
Let Q(x) be an arbitrary loop is isotopic to the loop Q(o):

Then () = (0)% = ((-)7)% = ()7, i.e. Q(») is also an I P-loop as an isotope of the Moufang
loop Q(-). But then Q(o) is a Moufang quasigroup, i.e. a Moufang loop. Thus, we have
proved the following theorem.

Theorem 6.1. Fach loop isotopic to a Moufang loop is itself a Moufang loop.
Theorem 6.1 can be made more specific.

Theorem 6.2. Let Q(-) be a Moufang loop. Then each of its loop isotopes is isomorphic
to a loop Q(o) with
zoy=ual 1"y,

where [ is a particular element of Q.
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Proof. By Chapter I, 3°, a loop Q(e) isotopic to the loop Q(-) has the form () = (-)Zyb,

whence
(7™ = (up = (U1,
Consider the loop (o) = (e)7” %, where e = ba. Then
(o) = (.)(REI,LEl’l)Re = (-)Bam Bl Res o)
or in expanded form
roy= RN Re1Rew - Ly-1 Rey).

Therefore,
zoy=[(ze a” )" -ye)le.
However, uv - et = [(ue - e })v]e™!, and by the Moufang identity (6.2)

wv-e ' =ue-etve
Applying the latter equality to (6.10),
voy = [(we-a el(e [ - ye)e ).
Now, using (6.2) and (6.9),

zoy=(z-ea”)[(e7b7)(ye e7)].

But
ea” ' = (ba-a')(ba) = b(ba) = b*a =1,
S0
et =(be) = (b-be) Tt =17
Thus,

roy=ual-1"y.

(6.10)

Since the loop () is isomorphic to the loop (o), namely () = (0)% 7, the proof of the

theorem is complete.

O

The question of the nuclei of a Moufang loop arises, and is answered by a more general

theorem.

Theorem 6.3. The nuclei of any I P-loop Q(-) coincide.

Indeed, suppose a € N;:
ar -y = a-xy.

Then by (5.6) we obtain
y et =y e g
i.e., a”' € N,, whence also a € N,. Thus,

N; € N,.
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The reverse inclusion is proved similarly, and then
N; = N,.
From (6.11), the equality

y = (02) H(az y)

y=(a o) (azx - y) (6.12)

is obtained. Suppose x = (pa)~! and y = pa - ¢, so xy = q. Substituting these expressions
of z and y into (6.12), we obtain

pa-q = (pa-a")(aq)

pa-q=p-aq. (6.13)

Since p and ¢, along with  and y, may simultaneously be arbitrary elements of @), we have
shown that N; € N,,. Since the transition from (6.11) to (6.13) is reversible, we have also
shown that N,, € N;, whence N; = N,,.

Thus, in any I P-loop, we may simply speak of the nucleus N = N, = N,, = N,..

2°. Inner permutations of a Moufang loop

Consider the inner permutations of a Moufang loop Q(+) with neutral element 1. We will
consider only I = I, the group of inner permutations relative to 1, so we have (see Chap-
ter IV, 3°):
R, = R;;RyRm,
Loy = LgyLaLy, (6.14)
T, =L,'R,.
The equalities (6.14) are obtained from (4.4) and (4.6), setting A = 1. In this case we have

aeb=aob=ab— compare (4.3).

Remark. In an arbitrary [P-loop (and in particular in any Moufang loop), the inner per-
mutations Ry, and Ly, are related by the relationship

Loy=1IR/ 1,11, (6.15)
using Iz = 27! Indeed, according to (5.11),
Ly =IR;'T = IR, 1,
whence
Lyy = IRyl - IR - IR = IRy R'RM = IRL Ry Ryt ] = IRy 1
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Theorem 6.4. FEach inner permutation of a Moufang loop Q(-) is a pseudo-automorphism
of Q) [31].

It suffices to prove the theorem for the inner permutations T, R, ,, and L, .

We consider the autotopies Sy, K, and P, of the loop Q(-) defined by the equalities (6.6)
~(6.8). Then P;'S; ! is also an autotopy of Q(-). But

PSSt = (LY RN R\L Y (R, R L R
“1p-2 7-1p-2
= (Ty,Ly R,% L, "R, ),
since L,R, = R,L, by the flexibility (6.5). Applying Lemma 5.5, we conclude that T}, is a
pseudo-automorphism.
Now

SeySy 'Syt = (Ryys LayRey, Ray) (Ry, L, R, RV (Re, L' R R,

Ty
Sl-ys:;lS;l = (R;;RyRI7 )‘7 M)7

for certain permutations A, o of Q. Consequently,
SI?JSJIS;I = (RI,yv )‘a :u)v (616)

Because S, S, S, " is an autotopy of the loop Q(-), and R, ,1 = 1, we can apply Lemma 5.5
again: R, , is a pseudo-automorphism of the loop ()(-). Similarly, we can prove that L, , is
also a pseudo-automorphism of the loop Q().

Corollary 1. Lemma 5.5 implies that L; ' R;?1 is a left companion for T, i.e., y~' (1y~?) =
y~3, and the right companion is the element y® (see the remark to Lemma 5.4).
Further, by virtue of Lemma 5.5, A = g in (6.16), and the pseudo-automorphism R,

has w = pl as its left companion. As it is evident from (6.16), u = R,,R,'R,", and

x

consequently,
w = RyyR,"R;'l = RyyRy-1 R, 1 = (z7 'y~ ") (xy).

The element w = (z~'y~!)(zy) is called the commutator of the elements x and y, denoted
by (x,y). Thus, R,, has the commutator (z,y) as its left companion.

Corollary 2. Since R,, is a pseudo-automorphism, IR, , = R, ,I. Then, using (6.15),
we have
Loy = Ry-1,-1. (6.17)

Corollary 3. In a commutative Moufang loop, each inner permutation is an automor-
phism.3

Indeed, by commutativity 7, = L;'R, = R;'R, = 1. The inner permutation R, is a
pseudo-automorphism with left companion (z,y) = (z 7'y ')(zy) = (yz) '(zy). But in a
commutative Moufang loop (z,y) = 1, so R, , is an automorphism. By (6.17), L, is also
an automorphism.
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Lemma 6.2. The nucleus N of a Moufang loop is a normal subloop.
According to Theorem 4.5, we must prove that N is invariant with respect to the group
I of inner permutations. Let ¢ € I. As was proved above (see Theorem 6.4), ¢ is a pseudo-
automorphism with a right companion ¢, i.e., (¢, Rep, R.p) is an autotopy of the loop Q(-).
Let a € N. Then
ar -y = a-xy.

Consequently,
plax - y) - c = plax) - (py - ¢) = palp(ry) - c] = pa-[pz - (py - )],

whence

plar) - (y - ¢) = pa-[pz - (py- )], (6.18)
If y = ¢ 'c!, then from (6.18) we obtain

plaz) = pa - px, (6.19)

so (6.18) takes the form

(pa - pr)(py - c) = wa-[pz - (py-c)].
Replacing ¢z and ¢y - ¢ with x and y respectively, we find

(ea-z)y = ¢a -y,

i.e., pa € N. This completes the proof of the lemma.
A pseudo-automorphism ¢ in a Moufang loop has the following property:

plryr) = oz -y - pu. (6.20)
Indeed, there exists an element ¢ such that
p(zy) - c =z (py-c),
i.e., ¢ is a right companion of the pseudo-automorphism . Then
plzyr) -c = or - (p(yz) - c) = gz (py - (pr - ) = (pr -y - p1) - C.
This equalities imply (6.19).

Following Bruck [31], we present the following.

Definition 1. A self-map ¢ of a Moufang loop satisfying (6.20) and @1 = 1 is called a
semi-endomorphism.

Thus, in a Moufang loop: Every pseudo-automorphism (and, hence, every inner permu-
tation) is a semi-automorphism.*

Note that each semi-endomorphism of a Moufang loop satisfies

pr™! = ()t (6.21)
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Indeed, if we set y = 7! in (6.20), then we obtain

or = p(za'z) = pr -z - o,

whence pztor =1, (pz) ! =zt
The autotopies of a Moufang loop are described by Theorem 5.7: Fach autotopy T of
the Moufang loop has the form

T = (L.0, RuR.9, L, R, R.0),

where x is an arbitrary element of Q, and 6 is an arbitrary pseudo-automorphism of the
loop Q(-) with a right companion c.

3°. Moufang’s Theorem

The purpose of this section is to prove the following (Moufang’s theorem).

Theorem 6.5. If three elements a, b, ¢ of a Moufang loop are connected by the law of
associativity,
ab-c=a-bc,

then the subloop H generated by the elements a, b, c is associative.
We will prove this theorem following Bruck [31]. For this, we need a series of lemmas.

Lemma 6.3. Let Q(-) be a Moufang loop, S a non-empty set of semi-endomorphisms, F
the set of all elements of @ which are invariant under each semi-endomorphism from S,
and M the set of all elements m such that mf € F for each element f of F. Then: 1)
leMcF;2)F=F"'={f"'|feF}and fFf=F for every f € F; and 3) M is a
subloop of the loop Q(-).

Proof. 1. By the definition of a semi-endomorphism ¢ we have ¢l = 1, that is, 1 € F
and, evidently, 1 € M. But then M1 < F,ie, M < F.
2. If f € F, then in view of (6.21) we have

pf =) =Y de, fTleF
Let f; be an arbitrary element of F. Then

o(ffif) =efefief =fhif, ie, ffifeF.

Conversely, suppose that fof = fi. Then z = f~ fif7!, i.e., z € F. The equality fFf = F
follows.
3. Suppose that m;,mg € M. Then m = my(ma(myf~1)")m, € F, since

mie Mc F, myf'eF, and my(m,f ') eF
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But
m = (mims)[(ma f71) " ] = (mame) (fmy ' - ma) = (mams) f,
that is, mymso € M. Further
fmf)y'feF
or f(f~'m 1) fe Fand m~'f e F, whence m~' € M. Consequently, M is a subloop of the
loop Q(+).

The concept of an associator (a,b,c) plays an important role in Moufang loop theory.
It is defined by
ab-c=(a-bc)-(a,b,c),

where a, b, ¢ are three elements arbitrary of the loop. The following two lemmas give some
properties of Moufang loop associators.

Lemma 6.4. If (a,b,¢) = 1, then (a',b,c¢) = 1, where a',b, ¢ are obtained from a,b,c
with some permutation, or replacement of some elements from a, b, c by their inverses.

Proof. 1. Let (a,b,¢) = 1. Then Ua = a, Vb = b, We = ¢, where U, V, W are certain
inner permutations. Indeed, ab-c = a - bc can be rewritten in the form R,.a = a, where
Ry. = R, R.Ry. Since Ry is a pseudo-automorphism, Ry.a~ = (Ry.a)~' = a™!, that is,
a”*b-c=a"t-bcor (a7, b,c) = 1. The equations

(a,b7',¢) = (a,b,c) = 1.

are proved similarly.
2. From ab - ¢ = a - be it follows that

ctbvtatt=cptat or (e b hat) =1
From 1 we get (c,b,a) = 1. Further, from ab- ¢ = a - bc we have
be-at =aYa-be)a™t =a " (ab-c)a™t =a " (ab-c)a”! = (a7t -ab) - (ca™') =b-ca”?,

that is, (b,c,a™!) = 1, whence (b,c,a) = 1. From (c,b,a) = (b,c,a) = 1 it follows that
(a',b,c) =1, ford, b, c an arbitrary permutation of the elements a, b, c. O

Lemma 6.5. Suppose that elements a, b, ¢, d satisfy the equation (x,y,z) = 1. Then the
following equations are equivalent:

1°) (ab, c,d) = 1;
2°) ((ab)?,¢,d) = 1;
3%) ((a,b),¢,d) = 1;
4°) (cd,a,b) = 1;
5°) (be,d,a) = 1.
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Proof. 1°) = 2°). The equality 1°) is equivalent to U(ab) = ab, where U = R.4 is an
inner permutation (see the proof of Lemma 6.4) and, consequently, as proved above, U is a
semi-automorphism. Thus,

U(ab)?> = U(ab-1-ab) = U(ab) - Ul -U(ab) = (U(ab))* = (ab)?,

whence 2°) follows.
2°) = 3°). Let p = (a,b) = (a='b7")(ab), that is,

ab = (ba)p, aba = (ba -p)a = b - apa.

We have
b-apa-b=aba-b= (aba)(a'-ab) =ab-aa""'-ab= (ab)’

whence
Ulab)? = Ub-Ul(apa) - Ub = Ub (UaUpUa) Ub.

But Ua = a, Ub = b, since (z,¢,d) = 1 for x = a,b. Consequently, (ab)> = b(aUp - a)b,
whence Up = p, that is, we obtain 3°).
3°) = 4°). In Corollary 1 to Theorem 6.4, it was proved that V = R,; is a pseudo-
automorphism with left companion p = (a,b). Therefore, V(cd)p = V- (Vd - p), whence
V(ed) -p = ¢+ (dp). Here again Ve = ¢, Vd = d, since (¢,a,b) = (d,a,b) = 1). But
(p,c,d) = 1 by 3°) and, applying Lemma 6.4, we obtain V' (cd) - p = cd - p, which implies
V(ed) = ed, that is, the equality 4°).
4°) = 1°). Tt is enough to replace a, b, ¢, d by ¢, d, a, b respectively.
1°),4°) = 5°). Note
(a-be)d = (ab-c)d =ab-cd
by 1°). Further, using the equality 4°) and (b,¢,d) = 1, we find
ab-cd = a(b-cd) = a(be - d).

In this way, (a - bc)d = a(be - d), that is, (a,be,d) = 1. Using Lemma 6.4, we obtain 5°).
5°) = 1°). Applying the transition 1°) = 5°) to (bc,d, a) = 1, we find the relationship
(ed,a,b) = 1 which is equivalent to the equality 1°). O

Further, we use the following notation. Let A, B,C < @. Then AB denotes the set of
all products of the form ab for a € A, b € B, and (A, B, C) is the set of all associators of the
form (a,b,c) forae A, be B, ce C.

Let A be a subset of ), and let P be a Moufang subloop of Q(-) containing a subset of
A. We denote the set of all elements = € P such that (4,2, P) = 1 by A". Then we have
the following

Lemma 6.6.  The sets A" and A* = (A")" are subloops of the loop Q(-). Also
(A,AP)=1 (6.22)

implies
(A*, A", P) = 1. (6.23)
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Proof. Let B=A', so
(A,B,P) =1, (6.24)

By Lemma 6.4, we obtain B~ = B. Suppose a € A, b,by € B, and z € P. By (6.24), we
have (a, by, be) = 1, and therefore
g = [(a-biba)z]by = [(aby - ba)x]by = (aby)(boxbs).
But bezby € P (since B < P), so (a, by, by, xbg) = 1 and
g = afby(baxby)] = a[(bibs - )bs].

Since by, by € P, we obtain (a,bs,b1by - ) = 1 by (6.24). Thus, by Lemma 6.4, we obtain
(a, b1b2 -, bg) = 1, i.e.,
g = [Cl(blbg . J?)]bg
Consequently,
(CL . b1b2)$ = a(blbg . x),

’

i.e., by, by € B. Thus, B is a subloop and A* = B" = (A")’ is also a subloop of the loop Q(-).
If (A,A,P) =1, then Ac A". But (A", (A),P)=1or

(A", A* P) = 1. (6.25)
In particular, (A, A*, P) = 1, that is A* < A". If now we place the subloop A* in (6.25)
instead of A', then we obtain (6.23). O

Corollary 1. If we place A* < P in (6.23) instead of P, we obtain (A*, A* A*) =1, so
A* is an associative subloop.

Corollary 2. If A satisfies the equality (6.22), then A < A*. Indeed, it follows from (6.24)
and Lemma 6.4 that (B, A, P) = 1. Thus, AC B',ie., AC (A) or Ac A*.

Proof of Moufang’s Theorem.> Let ab - ¢ = a - bc, and let D be the set of three elements
a, b, c. We define the following two subsets in Q:

F={x|(D,D,z) = (ab,c,z) = 1}, (6.26)

M ={m|mF < F}.

By Lemma 6.3, M < F, and M is a subloop of the loop Q(-). As the set S from
Lemma 6.3, we take {R, , | d, d € D}. Since (d,d,z) = 1 or (z,d,d) = 1, we have
R, yx = x. By Lemma 6.4, we can permute the elements a, b, ¢ in the definition of F.

1. By (6.26) and the alternative law, we have

(d,d,D) = (d,d,F)=(D,D,F) =1,
where d stands for any of a, d, c. Besides,
(d,d,DF) = 1.

97



We apply Lemma 6.5 to d,d, D, F'. Then
(&, D, F) = (dD,d, F) = (Dd,d, F) = 1. (6.27)
Combining (6.26) with (6.27), we obtain
(DD, D,F) = 1. (6.28)
2. From the hypothesis of the theorem and (6.26), we obtain
(D,D,D) = (D,D,F) = 1.
We apply Lemma 6.5 to D, D, D, F. Then (6.28) implies
(D,D,DF) = 1. (6.29)

3. The equalities
(d,d,DD) = (d,d,F) =1

are immediate, and from (6.28) we have
(DD, d, F) = 1.

Therefore, we can apply Lemma 6.5 to d,d, DD, F, and from the obvious equality (d, d, DD-
F) =1 we obtain
(DD,d,dF) = 1. (6.30)

4. In particular, the equalities (6.29) and (6.30) imply
(D,D,cF)=1 and (ab,c,cF)=1,

whence by the definition of F, we find that ¢/ < F, i.e., ¢ € M. Similarly, we obtain
a,d € M, i.e., D € M. Since M < F, (6.26) implies (D, D, M) = 1. The assertion of
Moufang’s Theorem now follows from Lemma 6.6, if we take P = M, A = D and apply
Corollaries 1 and 2 of this lemma.

Corollary. Any two elements a, b of a Moufang loop generate an associative subloop.
Indeed, it suffices to apply Moufang’s Theorem to the equality aa - b = a - ab.
A loop in which any two elements generate an associative subloop is said to be diasso-
ciative [31]. Thus, the preceding corollary can also be formulated as follows: Moufang loops
are diassociative.

4°, Commutative Moufang loops
In this section we consider commutative Moufang loops. They can be characterized by the
single identity

2% yz =y - xz. (6.31)
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for a loop Q(-). Indeed, let y = 1 in (6.31), so
2 z=x-2z (6.32)

If =1, then
iy =y - 7. (6.33)

Comparing (6.32) and (6.33), we obtain
xoxy =2y T,

whence, replacing xy with y, we deduce the commutativity of the loop @Q(-). By commuta-
tivity in (6.31) and (6.32), we find

2?yz =a(v-y2) = x(yz - x) = vy - 22,

i.e., Q(-) is a Moufang loop.

Definition 2. An endomorphism ¢ of a loop Q(-) with nucleus N = N; = N,, = N, is
called central if px € N and gz -y =y - px for every x and y € Q.

3 4s a central

Lemma 6.7. In a commutative Moufang loop Q(-), the mapping x — x
endomorphism.

In other words, we must prove that a3 lies in the nucleus N of the loop Q(+), and that
(zy)® = 239" (6.34)

By the corollary of Moufang’s Theorem, the subloop generated by the elements = and y is
associative and, naturally, commutative, so that (6.34) holds in it. Further, by Corollary 1
to Theorem 6.4, the inner permutation 7 is a pseudo-automorphism with left companion
273, that is, the equality

To(y-2) 273 = Toy(Tpz - 27°)

holds. But in a commutative loop T}, = 1, so
(y2)a™* = y(za™),
i.e., 772 € N. Consequently, z73 is central.
Every loop isotopic to a commutative Moufang loop has the property of the mapping
x — 23 formulated in Lemma 6.7. This assertion comes from the following theorem.

3

Theorem 6.6. If the mapping x — 3 is a central endomorphism in a Moufang loop Q(-),

then the property also holds in every loop isotopic to the loop Q(-).

Proof. Suppose that for every z,y € Q(-), we have 2° € N, (zy)? = 23¢*, and 23y = ya3.
Further, let Q(o) be a loop isotopic to the loop Q(+). By Theorem 6.2, we may assume that
the operation (o) has the form

roy=uzl-1""y.
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Then
2@ —pop =l 1"y = 22 (6.35)

and
23 = (m o 1) ox =22 1"te = a®. (6'36)

Here we make use of the corollary to Moufang’s Theorem: the elements z, [ generate an
associative subloop. We have

2P oy=adoy=2a3-1"Yy=231-1"Yy) = 2°y. (6.37)
Similarly, it is proved that z o y® = zy?. By (6.37) we conclude that

®3)

2@ oy =yoa®.

Further we have
(@@ oy)oz= (- '2) =2®(yl-17'2) = 2*(yoz) = 2P o (y o 2),

i.e., z® € N(o) for every r € Q.
Finally, we prove that z — 23 is an endomorphism of the loop Q(o):

(zoy)® = (zl-171y)? = 2315 - 173% = 23>,

Here we use the fact that 2® € N for every x € Q. Taking into account (6.37) and (6.36),
the proof of the equality (z o y)® = 26 0 y©) is complete. O

Now we establish a property of commutative Moufang loops that will be needed later.

Theorem 6.7. If two commutative Moufang loops Q(e) and Q(-) are isotopic, then they
are isomorphic.

By Theorem 6.2, the loop Q(e) is isomorphic to a commutative Moufang loop Q(o) with
xoy=uxl-1"Yy. Since xoy = youx, we have zl - "'y = yl - "2 = 2171 - ly, whence after
replacing x and y respectively with z/ and yl we obtain

ol oy =x-1%.

Consequently, /2 lies in the nucleus N of the loop Q(c). But by Lemma 6.7, [* € N, so also
le N. Thus, xoy = xl~' - ly = xy, and the loop (e) is isomorphic to the loop (o) = (-).
The following theorem provides a source of commutative Moufang loops.

3

Theorem 6.8. Suppose that the mapping v — x° is a central endomorphism of a Moufang

loop Q(-). Then the groupoid Q(o) with
roy = ‘yz® (6.38)

s a commutative Moufang loop.
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Proof. The groupoid Q(o) has the same neutral element 1 as Q(-). The equation aoy = b
has a unique solution. The unique solvability of the equation x oa = b will then follow from
the commutativity of the operation (o). So, let us prove that z oy = yox. By the corollary
of Moufang’s Theorem, brackets are not necessary in the proof.

The definition of Q(o) implies

roy = x’lyzfl a3

Then 1,.,-1. 3 1. -1 1,3 1,02,.—1 3
yox=y wy -y =y ay -z oy =y z)ry
= (y o)ty Yt =y -yt (y e)?
_ x_lyx_l(y B y_ll’)B _ l‘_lyl‘_l _1,3 —zouy.
Consequently, x oy = y o x.
We now prove the validity of the identity (6.31) in Q(o). Indeed,

(woy)o(zoz) =(zoy)(zoz)(woy)  (zoz)’

’1yx’1 . x3)71<xflz$71 -$3)(:r71yx71 .$3)71(x oy)g
= [(zy™ o) @™ 2™ 2y ) Je (@ 0 y)
= (wy w2z ey )y = ey (zy

=a(ytzy Nr-yP =y zy )

|
=

1 3

“x)y

Consequently,
(zoy)o (woz) = a(yo2)a.
On the other hand,

(xrox)o(yoz)=a?o(yoz)=a2(yoz)a' =x %(yoz)r-2°=a(yoz)r.

Thus, the identity (6.31) is satisfied in Q(o): The proof of the theorem is complete. O

Consider an isotope of a commutative Moufang loop Q(-). Theorem 6.2 provides an
isomorphic copy Q(o) of the isotope. By Theorem 6.6 applied to Q(-), the mapping z —
23 = goxouw is a central endomorphism of Q(o). Therefore, using (6.38) in (o), we obtain
a new commutative Moufang loop Q(x). The following theorem explains the connection

between Q(-) and Q(*).

Theorem 6.9. The commutative Moufang loops Q(-) and Q(+) are isomorphic.
By Theorem 6.2, Q(o) has the form

roy=al 1"y

for a certain element [ of @), and the neutral element 1 of Q(-) is also the neutral element of
the loop Q(o). We now find the inverse element (-1 of an element z in Q(o). Indeed,

zox ' =1 or zl- 172V =1

101



lead to
V=@t =1 e =2

As shown above (6.35), we have 2(2) = x oz = 22. Now we can determine z * y as

zey=aVo(yoa®)=ato(yor?) = @Iyl 171a?)]
= (@ DIyl 1Ta2?] = @Dy 2?) = (@ )Ty a2
=@ ")y -a 2t = (@ (- Ty 2 = 2y e = oy

Here, the Moufang identities and diassociativity are used several times.

5°. Examples of Moufang loops

We present some specific examples of Moufang loops.
1. Let Q(+, ) be an alternative ring, where the alternative identities (6.3) and (6.6) are

satisfied: ,

T-xy = x°Y,

ey } (6.39)
yr - T = yr-.

Flexibility follows from the second of the identities (6.39) on replacing x with y + = (the
process of polarization):

[y(y + 2)1(y + =) = yl(y + 2)(y + )]
= (P +a)y+) =y’ +ay+yx+a?)
= yYytyr-y+vrtyr-r=y- -y +y-ayty-yr=y- 2’ (6.40)
By (6.39), we have y? -y = y - y*. Cancelling in (6.40), we obtain
yr-y =y ay.

To simplify the subsequent calculations, we assume that 2 is invertible in Q(+,-).¢ Po-
larization of (6.39) implies the identity

xy-z+rz-y—x-yz—ax-zy=0. (6.41)
We denote the left side of (6.41) by f(x,y, z), and obtain the following expressions:

\

[z ya) = 2o yo + (2 - yr)e — 2(x - yr) — 2(yz - x),

(
fzzy)r = (22 y)z + (2y - 2) — (2 - 3Y)7 — (2 Y2)7,
fGr,zy) = (zz-2)y + (zz-y)xr — 20 - 2y = zx - Y, (6.42)
f(z,x,2y) = 2z - xy +(z- xy)x —z(x - xy) — z(xy x),
—f(z,2%y) = —zy-2? 4 22y + 2 -y,
—zf(z,x,y) = —z(a:ac y) —z(xy - x) + z(x - 2y) + 2(z - yx).
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We now sum the equalities (6.42), and cancel terms on the right hand side of the sum. By
(6.41), the left side of the sum is zero. We obtain

0=2(zz y)x — 2z(xy - x).
Since 2 is invertible, this implies
(zz-y)x —z(xzy-x) =0

or
(zx - y)x = z(zy - x),

the Moufang identity (6.1). Consequently, if Q(+,-) is an alternative field (here, assuming
2 is invertible), then the set @ ~\ {0} of non-zero elements is a Moufang loop. In particular,
the set of all non-zero elements of the octonion algebra (appearing as the “Cayley-Dickson
algebra” in the book of Kurosh [47]) forms a non-commutative Moufang loop under multi-
plication. Moreover, the 8 standard basis elements of the octonion algebra, along with their
negatives, also form a non-commutative Moufang loop of order 16.”

2. Commutative Moufang loops can be constructed using Theorem 6.8. Let Q(-) be a

3

group where x — 2” is a central endomorphism. Then Q(o) with

xoy=x’1-ym2

is a commutative Moufang loop. Consider the conditions under which the loop Q(o) is
associative:

(xoy)oz:xo(yoz),
or, by commutativity,
ro(zoy)=z20(zoy).

Thus,
v (2 y2?)a? = 2 o tya?) 2
whence
x_lz_lyz_lx_lz?’x?’ = z_lx_lyx_lz_1x3zs.
Consequently,

x_lz_lyz_lx_l = z_lx_lyx_lz_l.

We replace 271 and 2! with 2 and z respectively, obtaining
TZYZT = ZTYTZ. (6.43)

If the equality (6.43) does not hold in the group Q(-), then Q(o) is a non-associative com-
mutative Moufang loop.
The equality (6.43) can be represented in the form

x_lz_lxzy = ywzx_lz_l
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(z,2)y = y(a™", 27, (6.44)

where (z,z) = x7'27 2z is the commutator of the elements (z, z). In the given group Q(-),
the equality

holds. Indeed, 23z = z23 implies

But

z iz’ =zo0z=z0x = z_la:z2,

whence we obtain

1 1 2 1 -1

vtz ey =2 (2 e = (ter e = e e

Thus, the equality (6.44) takes the form

((z,2),y) = 1, (6.45)

i.e., Q(-) is metabelian”.

Now we give an example of a non-metabelian group Q(-) in which z — z?

is a central

endomorphism. As Levi and van der Waerden proved [48], there exists a group @Q(+) in which

x3 = 1 for every x € Q with n generators, and the orders of the group Q(-), the commutator

subgroup K (-) and the center Z(-) are respectively equal to (7) + (5) + (3), (5) + (5), and
3

(g) In such a group the mapping z — x° = 1 is a central endomorphism and, obviously,

the group is not metabelian.
6°. Bol loops

We have seen the definition of Bol loops in the proof of Theorem 5.5.

Definition 3. A loop Q(-) is a left Bol loop if
(x-yx)z = x(y - x2) (6.46)

for every z,y, z € Q.
A right Bol loop is defined by the identity

z(zy - x) = (za - y)z. (6.47)

*A group Q(-) is metabelian if its commutator subgroup K (the subgroup generated by all commuta-
tors of the elements of the group) is contained in the center Z (the subgroup consisting of all elements
commuting with every element from Q). It is easy to see that the condition K € Z is equivalent to the
condition (6.45) [46].
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If there is no special qualification, then by a Bol loop we default to a left Bol loop.?

We consider some elementary properties of Bol loops.

1. Every Moufang loop is a left or right Bol loop. This assertion follows from the fact
that in every Moufang loop, flexibility (6.5) holds: zy - = x - yx. Thus, the Moufang
identity (zy-x)z = z(y - xz) turns into (6.1). In other words, a Bol loop Q(-) is a Moufang
loop if and only if it is flexible.

2. A left Bol loop is a left IP-loop. We set y = ~'x in (6.46), where ~'zx = 1. Then

-1

(- 'zz)z =2("'z-22), and zz = z(T'w-22),

S0
z="lz 22 (6.48)

3. 7tz = 27! follows from (6.48) with z = 27L.

4. The left alternative law x - xy = zx -y in a Bol loop follows from (6.46) with y = 1.

5. A left Bol loop satisfies the right alternative law if and only if it is a Moufang loop.

Indeed, suppose the right alternative law holds in a Bol loop Q(-). Setting z = x in
(6.46), we have
Flexibility follows on replacing yx with y. Consequently, by Property 1 the loop Q(-) is a
Moufang loop.

6. A loop Q(-) that satisfies both the left and the right Bol identities is a Moufang loop.

In this case, both alternative laws are satisfied in Q(-), and in view of Property 5, Q()
is a Moufang loop. (See also the proof of Theorem 5.5).

7. If a (left) Bol loop Q(-) is an I P-loop, then it is a Moufang loop.

Indeed, in an I P-loop the equality

(zy) P =yt

holds. Consequently,

[(z-yz)z] ™ =27 @y 2T
and

[v(y-22)] = (z 't oy D2t
whence
Loy e,
respectively with z, y, z we obtain (6.47). It remains to apply

Zﬁl(l‘ilyil -5571) _ (271$7
Replacing 27!, y !, 271
Property 6.

8. In a (left) Bol loop, the solution of the equation ax = b is x = a~'b, while the solution
ofya=bisy=a"t(ab-a™t).

The first assertion holds by Property 2. Now, suppose ya = b. If the solution y exists,
then we have (a-ya)a™ = ab-a™', whence ay = ab-a™' by the left Bol law (6.46). Thus,
y=a '(ab-a™").

We may now verify that y = a=!(ab-a™1) is indeed a solution of the equation ya = b:

ya = (e (ab-a™))a =a"(ab-a"'a) = a"(ab) = b.
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Theorem 6.10. A loop isotopic to a Bol loop is also a Bol loop.
Let Q(-) be a Bol loop, and let Q(o) be a principal isotope of Q(-). Thus, there exist
permutations « and [ of the set () such that the equality

zy = az o fy

holds.
In the left Bol identity (6.46), we pass to the operation (o)

alaz o B(ay o fx) o fz) = ax o B(ay o Bay o fr)).
We replace az, ay, and [z respectively with z, y, and z:
a(roB(yoBatz))oz=1z0pB(yoph(xoz)).
Setting z = 1, we obtain
a(roB(yoBatz)) =z 0 B(yo Br).
Taking this equality into account, we may transform (6.46) into
(o fyopfr))oz=woflyophzoz)).

Now we set © = 1:
BlyoBl)oz=p(yopz),
ie.,
BlyoBz)=Ayoz,
where Ay = (y o 1). Consequently, (6.46) takes the form

(o (yon)) oz =0y (zo).
Since A is a permutation of the set (), we may replace \y with y:
(woyoa))oz=zolyo(ros),

so Q(o) is a (left) Bol loop.
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Notes

'Moufang loops were introduced by R. Moufang in [54], in connection with certain questions arising in
the theory of non-Desarguesian projective planes. She also proved the main theorem (Theorem 6.4) for
Moufang loops. A very detailed study of Moufang loops was carried out by Bruck. His main results are
included in the monograph [31]. Chapters VII and VIII of [31] are devoted entirely to Moufang loops,
and Chapter VIII is devoted to commutative Moufang loops, where the Bruck-Slaby theorem is proved: A
commutative Moufang loop generated by n > 1 elements is centrally nilpotent of class at most n — 1. The
results presented here are mainly contained in Chapter VII of Bruck’s book [31].

2The equivalence of the three basic identities (6.1), (6.2), (6.9) is proved by Bol and Bruck [31].

3 A loop in which every inner permutation is an automorphism is called an A-loop (see Bruck, Paige [30]).
If Q(-) is diassociative, i.e., any two elements of the loop generate an associative subloop (see the corollary
of Theorem 6.4), and Q(-) is an A-loop, then the conclusion of the Moufang theorem (Theorem 6.4) holds
in Q(-). Moreover [56], if Q(-) is also commutative, then Q(-) is a Moufang loop. Some diassociative loops
are considered by Ginzburg [42].

4The concept of a semi-automorphism can be introduced in any quasigroup: ¢ is a semi-automorphism
of a quasigroup Q(-) if p(zy - z) = (pxey)pxr. Semi-automorphisms in quasigroups were considered by
Sade |71].

5In the proof of Moufang’s Theorem (Theorem 6.5), we follow Bruck [31]. Moufang proved Theorem 6.5
by induction. For the commutative case, Bruck has a very simple proof [29]. The reader will find the
connection between Moufang loops and projective planes, for example, in Hall’s book [85].

6The fully general assertion is true: In every alternative ring, the identities (6.1) and (6.2) are satisfied
(Bruck, Kleinfeld [28]).

7An example of a Moufang loop having 81 elements is constructed by Bol. This loop is generated by
three elements.

8Examples of Bol loops that are not Moufang loops are given by Bol [23] and Bruck [31] (see also the
example from Chapter IX, 2°).
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Chapter VII. T'S-quasigroups.
Prolongation of quasigroups

1°. Definitions and examples

Totally symmetric (7'S-)quasigroups [24] constitute a class of I P-quasigroups which are not
loops.

Definition 1. A quasigroup Q(-) is called a T'S-quasigroup® if the equality xy = z implies
the equality z'y’ = 2’ for any arbitrary permutation z’, y’, 2’ of the elements z, y, z.

The definition of a T'S-quasigroup is equivalent to the following definition: a quasigroup
Q(") is called a T'S-quasigroup if the identities

xy =y (7.1)

and
z(zy) =y (7.2)

hold in Q(-).
Indeed, the first definition implies the second: If xy = z, then yx = 2. If zy = z, then
y = xz, so z(zz) = z. Conversely, suppose (7.1) and (7.2) hold in Q(:). If xy = z, then
zx =ay+x = x-xy =y, implementing the permutation + — z — y — x. On the other
hand, (7.1) alone implements © — y — x. Together, these two permutations generate S;.
If Q(A) is a T'S-quasigroup, then all six inverse operations for A coincide:

A=At ="t A= (A7) = (TTA)T = A (7.3)

Moreover, it is easy to see that equalities (7.3) give a new definition of total symmetry which
is equivalent to the previous definitions.

Indeed, the equality A = A* is just the equality (7.1), and A = A™! is just the equal-
ity (7.2). At the same time, the equalities A = A~! = A* imply the remaining equalities.
Indeed,

A=A = (A = (AT =1 AT,

ie.

A= 1A,
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Since A7! = A, the latter equality takes the form
A="1A

Finally,
(ATt =471 = A

We also have the following characterization of T'S-quasigroups.
A TS-quasigroup is an I P-quasigroup with I, = I; = 1.
Indeed, if I, = 1, then A[A(z, ), y] = x or 'A(z, y) = A(z, y), ie.

A=A (7.4)

Similarly, I; = 1 implies
A=A (7.5)

But then all the equalities (7.3) follow from (7.4) and (7.5).
We give two more definitions:

Definition 2. A T'S-loop is called a Steiner loop.

Definition 3. An idempotent T'S-quasigroup is called a Steiner quasigroup.

Note that a Steiner loop is not a Steiner quasigroup.

Thus, Steiner quasigroups are particular cases of T'S-quasigroups where the law of idem-
potency

.T2=.T

holds. Steiner quasigroups are closely related to the so-called Steiner triple systems? which
are defined as follows. Let Q be a set, and let Q) be the set of all unordered triples (a, b, ¢)
with a, b, ce Q. A subset S < Q® is called a Steiner triple system (STS) if: 1) (a, b, c) € S
implies that a, b, ¢ are not pairwise equal; 2) for any pair of distinct elements a, b € @, there
exists a unique triple (a, b, ¢) € S.

Example. Let @ be the set of integers from 1 to 7. Then
S = {(1’ 27 3)’ (17 4’ 5)7 (17 67 7)’ (2’ 47 6)7 (2’ 5? 7)7 (37 47 7)? (3? 57 6)}

is a Steiner triple system.

Let us prove the following proposition: On a non-empty set QQ, there exists a one-to-one
correspondence between Steiner quasigroups and Steiner triple systems.

Indeed, suppose we have an STS S on Q. Then we define the operation (-) on Q as
follows:

1. If @ # b, then there exists a unique triple (a, b, ¢) € S. We define ab = c.

2. a’> = a.

Obviously, (-) is a commutative operation and, moreover, ab = ¢ implies a'b’ = ¢/, where
a’, b, ¢ is an arbitrary permutation of the elements a, b, ¢, since by the definition of Steiner
triples (a', V', ) is considered to be equal to the triple (a, b, ¢).
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Conversely, if Q(+) is a Steiner quasigroup, then we define a system S of unordered triples
(a, b, ¢) in the following way: (a, b, ¢) € S if and only if ab = ¢ for a # b. The idempotency
of the quasigroup Q(-) implies the distinctions ¢ # a,c # b as well, i.e., the triples from S
consist of pairwise unequal elements, and each pair a, b of distinct elements belongs to one
and only one triple from S.

Example. For the STS given above, the Steiner quasigroup Q(-) has the following Cayley
table:

1 2 3 4 5 6 7
111 3 2 5 4 7 6
213 21 6 7 4 5
3121 3 7 6 5 4
415 6 7 4 1 2 3
514 7 6 1 5 3 2
6|7 4 5 2 3 6 1
716 5 4 3 2 1 7

A group G(+) of ezponent two (i.e., in which every non-identity element is of order two)
is an example of a Steiner loop. The group is commutative, and x - zy = 2%y = ¥, i.e., it is
a T'S-loop (Steiner loop).

2°. Autotopy of T'S-quasigroups

Let 2 be the group of autotopies of some T'S-quasigroup @Q(-). We have the following.

Lemma 7.1. IfT €%, then T° € A, where T° is one of T7, T, T™, T, T = Trlr = T*
(see Corollary 1 to Lemma 1.3).

Indeed, according to Lemma 5.2, 7" and T" are autotopies of the respective quasigroups
()"'and ~1(-). But in a T'S-quasigroup, (-) = (-)"! =71 (-), so T" and T" are autotopies of
the quasigroup (). Then (77)! is also an autotopy of the quasigroup (-), and so on.

Corollary. The sets of left, right, and principal components of all autotopies coincide.

If « is an arbitrary component of an autotopy 7', then it is a principal component of
an arbitrary autotopy of the T'S-quasigroup, i.e., it is a quasi-automorphism of the T'S-
quasigroup Q(-) (see Chapter II, 3°). We denote the group of all quasi-automorphisms
of the T'S-quasigroup Q(-) by K. Let us consider the groups .Z, %, and ® of regular
permutations. For T'S-quasigroups we have the following.

Lemma 7.2. The groups £, %, ®© of reqular permutations are related by
=X d=90" (7.6)
and px = for all p € ®.
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Indeed, by the definitions of .Z and &%, the equality Z = £ holds for arbitrary commu-
tative quasigroups. Further, consider A € .Z. Then (A, 1, A) € 2. According to Lemma 7.1,
we obtain (A, 1, A)" = (\, A, 1) € 2, i.e., A € &, whence ¥ < O.

Let o € @, i.e., oz -y = xp*y, where p* € ®**. If x =y, then px -z =z - p*r = p*zx,
whence ¢* = .

Corollary 1. If pe .2, then (¢, 1, 1) e 2.
Indeed, ¢ € ® is equivalent to (¢, (¢*)71, 1) € 2L But ¢* = ¢, so (p, 7%, 1) € .

Corollary 2. Let pe ®. Then p € £ if and only if ¢* = 1.

Indeed, let ¢ € Z, ie., (¢, 1, ¢) € A. But ¢ € ®, and according to Corollary 1,
(0,971, 1) € A However, (p, 1, p) € Aimplies (p, p, 1) € 2A. Now whenever two components
of two autotopies coincide, their third components also coincide.” Thus, (¢, ¢!, 1) € A
and (¢, ¢, 1) € A imply p=! = ¢ or p? = 1.

Corollary 3. The group ® is abelian.

Indeed, let ¢, ¥ € ®, so (p, o1, 1) € 2 and (¥, =L 1) € A Consequently,
(o, o 2p~t, 1) € . On the other hand, i € ®, so (o, (p)~t, 1) € ®. Using the
previous remark, we conclude that (o) ™! = o 19~ whence oy = .

Corollary 4. The group £ = X is abelian.
This follows from the relationships (7.6) and Corollary 3 of Lemma 7.2.

Lemma 7.3. If T = (o, 3,7) € A, then A\u~! € ®, where \ and y are arbitrary components
of the autotopy 7.
Indeed, T*T~! is an autotopy of the T'S-quasigroup Q(-). But

T*T_l = (ﬁ7 a, 7) (O(, 67 7)_1 = (ﬁa_la Oéﬁ_l, 1)7

so Ba~ !t e ®, and so on.

Lemma 7.4. If « is a quasi-automorphism of a T'S-quasigroup Q(+), then there exists a
unique quasi-automorphism o' such that (o, o, ') € 2L

Indeed, suppose « € K, i.e., there exists an autotopy T of the form («, 3,7). According to
Lemma 7.3, ¢ = Ba~! € @, and according to Corollary 1 of Lemma 7.2, S = (¢, ', 1) € 2.
Then by Lemma 1 for the penultimate equality, we have

T = (a,8,7) = (a, Ba ', ) = (a,pa,7) = (1, 0,0 ") (o, a,7)

= (o, L D(a, 0, 07) = S(a, a, ¢7),

whence
(o, a, fa™y) = S7'T e A

*For the proof of this statement, see Chapter II, 3°.
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Any component of an autotopy is uniquely defined by the remaining two components of the
autotopy, so o/ = Sa 'y is uniquely defined by the quasi-automorphism «. The proof of
the lemma is completed.

Corollary. The group ® is a normal subgroup of the group K of all quasi-automorphisms
of a T'S-quasigroup Q(-).

Indeed, suppose ¢ € ® and o € K. Then there are autotopies T,, = (o, «,a’) and
S = (g, 1). But

Tz;lsTa = (05717 aila 0/71)(% 80717 1)(@, Q, O/) = (a71¢a7 ailwilaa 1)

is also an autotopy, so a tpa € .

3°. Isotopes of T'S-quasigroups

In this section we study conditions under which an isotope of a T'S-quasigroup belongs to
one or another class of quasigroups. It suffices to consider principal isotopes. Let Q(-) be a
quasigroup, and Q(o) a principal isotope:

zoy=Uzx-Vy (7.7)
1. It was shown above that an arbitrary T'S-quasigroup is an I P-quasigroup. We
investigate conditions under which (o) is also an I P-quasigroup.
Theorem 7.1. The principal isotope (7.7) of a T'S-quasigroup Q(-) is an I P-quasigroup
if and only if U,V e K and U?,V? e ®.
We use Theorem 5.2 for the proof: There must exist involutions Il/, I of @ such that

T = ([l)\fl/_l)\_l,l/u_l,uy_l) e and } (7.8)

T = (WA Ll ) et

for the isotope is to be an I P-quasigroup. Inourcase A\ =U, u=V,v=1,and [, = I, = 1.
Since I,2 = I,> = 1, we obtain

T,=ULU, VL V) and T, = (UL, VIV~ U)

for (7.8). Lemmas 7.1 and 7.3 imply that U,V € K and U2, V? € .
By Lemma 7.4, there exists a quasi-automorphism V' such that S = (V',V,V) € 2L
Consequently, T;.5~! € 2. But

TS~ = (ULU= V=L v=2 1),
whence UL U~'V'~! = V2. Thus
I =U"'VWV'U. (7.9)
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In similar fashion we find
I =V UU'v.
Thus, I, and I, are quasi-automorphisms of the T'S-quasigroup Q(-).
Conversely, let U and V satisfy the conditions of the theorem, and let Il/ be defined by
the equality (7.9) Then

Lzo(zoy) =UU WV Uz) Uz -Uy) = VV'Uz - V(UzUy). (7.10)

Since (V',V,V) € A, we have V (xy) = V'z-Vy. Similarly, since U? € ®, then (V2 V"2 1) €
2, whence (V2,1,V=2) € 2, and so V2z -y = V=2(xy). Thus, from (7.10), we obtain

Lzo(zoy)=VV'Uzx)- (V'Uz- V)] =V 2V?%) =y.

The right inverse property in the quasigroup Q(o) is proved in similar fashion.

2. We investigate conditions under which the isotope Q(o) is also a T'S-quasigroup. As
we have seen, T'S-quasigroups are I P-quasigroups, and I, = I; = 1 must hold. Using the
previous result, we find that 7; and 7, have the form

7—‘1 = (]‘7‘/717‘/)7 TT = (U717 17U)7

whence we conclude that U,V € ®. It is easy to see that the condition U,V € ® is sufficient.
Thus, if U,V € &, then
U 'V ay) =Uz - Vy. (7.11)

Indeed, since U,V € ®, then (U,1,U ') € 2 and (1,V, V1) € A, whence (U, V, U1V 1) e 2.
Let us show that Q(o) is a T'S-quasigroup. Since the group @ is abelian (see Corollary 3
to Lemma 7.2), we have

vo(voy)=Uzx-V({Ux-Vy)=Ux-VU 'V (zy)

=Uxr-Ulay) =UU YNo-2y) =z -2y =y.

Further, we have x oy = y o x. Indeed,
voy=Ux-Vy=U 'V ay) =U 'V (yx) =Uy - Vo =you.

Thus, we have proved the following.

Theorem 7.2. The principal isotope (7.7) of a T'S-quasigroup Q(-) is an I P-quasigroup
if and only if U,V € ®.

3. We investigate conditions under which the isotope Q(o) is a Steiner quasigroup. By
Theorem 7.2, U and V must lie in ®. Then, by (7.11), we have

vox=Uz-Vo=U"V"ax)=U"V"122 (7.12)
But in a Steiner quasigroup z o x = x, so by (7.12), we have
VUz = 2°. (7.13)
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By (7.11), we have
woy=U"'V"'(zy),
whence
VU(x oy) = zy,
or by (7.13),
(xoy)? =my. (7.14)

Replacing y with x oy, we have

[0 (@oy)* =z(xoy) and y* = x(zoy),
whence
roy = xy? (7.15)
Combining (7.14) and (7.15), the identity

(xy2)2 = xy. (7.16)

is obtained.
Conversely, suppose the identity (7.16) holds in a T'S-quasigroup Q(-). Replacing z by
22, we obtain
(3:2y2)2 — ny.
Interchanging = and y,
(y2$2)2 — ny.
Consequently, 22y = y?z. Now set
rQy = 22y = v’z (7.17)
From (7.17) it follows that the operation (®) is commutative and
zO(xOY) =y
Indeed,

O (zOy) = 2%(xQy) = 2% (2%y) = v.

Thus Q(®) is a T'S-quasigroup. Moreover, Q(®) is a Steiner quasigroup, since * ® z =
2’z = x. If we now take an arbitrary principal isotope Q(o) of a T'S-quasigroup Q(-)
in which the identity (7.16) holds, and Q(o) is a Steiner quasigroup, then, repeating the
arguments from the first part of €3, we find that ()(o) is related to Q(-) by the equality (7.15).
Comparing (7.15) and (7.17), we conclude that (o) = (®). Thus, we have proved the

following theorem.

Theorem 7.3. The principal isotope (7.7) of a T'S-quasigroup Q(-) is a Steiner quasigroup
if and only if the identity (7.16) holds in Q(-). In this case, all the principal isotopes coincide.

To conclude this section, we prove the following.

114



Theorem 7.4. A Steiner quasigroup is isotopic to a commutative W IP-loop.

Indeed, fix an arbitrary element 1 of Q. Consider the isotope
oy =1(zy).

Note that Q(o) is a commutative loop with neutral element 1. In the loop Q(o), the inverse
element for x is Iz = 1z, since

zolr=1[z(lz)]=1-1=1.
Finally, we have

yol(zoy)=yo[l(1-zy)] =youxy =1Ly zy) = 1z = Iz,
so Q(o) is a WIP-loop.

4°. Admissible quasigroups

Steiner quasigroups and Steiner loops are very closely related, but the nature of this con-
nection is distinct from isotopy or transition to an inverse operation. Before we examine
this simple connection for Steiner quasigroups, we investigate a new method for obtaining
quasigroups related to a given one. First of all, it is necessary to study certain concepts
which are often encountered, in particular in Chapter IX.

Definition 4. Let Q(-) be a quasigroup. A permutation 6 of the set Q is called complete®
for Q(-) if the self-map
'z =x-0x (7.18)

on the set @ is also a permutation of (). A quasigroup is said to be admissible if it has at
least one complete permutation.

Examples. 1. Idempotent quasigroups Q(-) (i.e., satisfying the identity x -z = z) are
admissible, with 8 = 0 = 1.

2. Finite groups of odd order are admissible. Indeed, the identity permutation 6 = 1 is
complete for a group Q(-) of odd order m = 2n+ 1. Since @ is finite, it suffices to prove the
injectivity: 22 = y? implies z = y. We have

T = Im+1 — 1,2n+2 — ($2)n+1 — (y2>n+1 — y2n+2 — ym+1 =y.

3. Admissible groups of even order exist. The Klein Vierergruppe @ = {0, a, b, ¢} with
Cayley table

0 a b c
0|0 a b ¢
ala 0 ¢ b
blb ¢ 0 a
cle b a 0
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is admissible. Indeed, the permutation 6 = <O .

0 b
0 a b ¢
0 ¢c a b)

4. An example of an imadmissible group. The symmetric group &3 of degree 3 is not

Z) is complete for Q(-), with ' =

admissible. Indeed, &3 has a normal divisor H of order three, with coset H' giving the
disjoint union &3 = H w H'. Suppose 6 is a complete permutation of &3, so that §'S3,
being equal to &3, has 3 elements from H.

Now if x € H and 0z € H, then 8’z = x - 0z € H; let there be k such elements. Also, if
y € H and 6y € H', then #'y = y - 0y € H; there are again k such elements. Thus, §’S3 has
2k elements from H, a contradiction.

We examine some simple properties of admissible quasigroups.

1. If a quasigroup Q(-) is admissible, it may have multiple complete permutations.

In fact, the following assertion is true: Let 6 be a complete permutation and let T =

1

(a, B,7) be an autotopy of the quasigroup Q(-). Then BOa~" is also a complete permutation

for Q(-).
Indeed,
~0'z = y(z - 0z) = ax - BOx,

whence, replacing by o'z, the equation
voo e =z flatx

is obtained.

2. Suppose that a quasigroup Q(-) is adrmissible. Then its inverse quasigroups are also
admissible.

Indeed, x - x = @'z implies 2\0'x = Oz, where (\) = (-)7!; thus ¢ is a complete
permutation for Q(\).

The equality « - fx = 'z also implies the equality@’z/0x = x, whence x/00 'z = §'~'x,
i.e.,00' ! is a complete permutation for Q(/), where (/) = ~'(-). It follows that the remaining
quasigroups from 3,y are admissible.

3. The following theorem characterizes admissibility of a quasigroup Q().

Theorem 7.5. A quasigroup Q(-) is admissible if and only if is isotopic to an idempotent
quasigroup.*

Indeed, Q(-) is admissible if and only if there exist permutations # and 6" such that the
equality (7.18) holds. We define an isotope @)(o) by

zoy =607z 0y).

Then zox =60 Yz -0z) =00z = z, i.e., Q(o) is idempotent.

Conversely, let Q(-) be isotopic to an idempotent quasigroup Q(o) with zoy = y(a™tz -
S~ 1y), thus by isotopy T = (a, 3,7). Let = y. Then z = z o x = y(a 'z - 7 'x), whence
a~'z-B7'x = y~lz. Replacing x by az, we obtain z- 3 taz = v Loz, so B~ a is a complete
permutation for Q(-).
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Corollary. Isotopes of admissible quasigroups are admissible.

4. If Q(-) is an admissible group with complete permutation 6, and x -0x = 0'z, then the

groupoid Q(A), with
A(z,y) = 20 (27 'y). (7.19)
1S G qUasigroup.

Indeed, the equation A(a,y) = b is equivalent to the equation af’(a~'y) = b, which
has a unique solution y = a#'~'(a~'b). We show that the equation A(x,a) = b is also
uniquely solvable. In fact, this equation is equivalent to the equation z¢'(x~'a) = b or
z-r'a-0(x"'a) = b, whence af(x'a) = b. Solving the equation, we have consecutively

a'b=0(z""'a), 0 '(a'b)=2"a, and z=(0""(a'b)a )"

as the unique solution of the equation A(x,a) = b.
5. Consider the isotope

B(z,y) = A(z™",y) = 270 (zy)

of the quasigroup A from (7.19). Then: The system

Yy = a,
B(z,y) =b
of equations has a unique solution for arbitrary a,b € Q.
Indeed, B(z,y) = 27 '0'(zy) = x7'0'a = b, so the element z is uniquely specified. Then,

the element y is uniquely specified by the equation xy = a we find y.
We have arrived at the following important concept.

Definition 5. Two quasigroups Q(A) and Q(B) are orthogonal if the system

Az,y) = a,
B(‘Tay) = b}

of equations is uniquely solvable for arbitrary a,be Q.5

Thus, the previous result can be formulated in the following form: An admissible group
has a quastgroup which is orthogonal to it.

The converse statement is also true: If there exists a quasigroup Q(B) which is orthogonal
to a group Q(-), then Q(-) is admissible.

Indeed, for arbitrary c € @, the permutation 6z = B™'(z,¢) of @ is complete for Q(-).
We consider the self-map #'x = zfz, and show that #’z = d has a unique solution for an
arbitrary element d € Q.

The equation §'z = d is equivalent to the equation xtB~' - (z,¢c) = d. Let B~'(z,¢c) = y.
Then we obtain the system

ry = d,

Blo.y) - c} (7.20)
of equations which, by the orthogonality of Q(B) and Q(-), has a unique solution. In
particular, there exists a unique x which satisfies the system (7.20), and, consequently, the
equation &'z = d.
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5°. Prolongations of quasigroups®

Now let us move to the construction of quasigroups which was discussed at the beginning
of the previous section. Let @Q(-) be an admissible quasigroup with a complete permutation
0:

z0r = 0'x.

On the set @ = Q U {k}, where k ¢ Q, we define an operation (o) as follows:

xy, if x,y#k,y# botx,
k, if z,y+#k,y=_~0x,

roy= 0'z, if z#k y=Ek, (7.21)
0'0~ 1Ly, if =k y#k,
k, if x=y==k.

We show that Q(o) is a quasigroup. Consider the equation a o x = b.

If a = k, then x = k if b = k, while if b # k, the equation k o x = b is equivalent to the
equation 6~z = b, defining x uniquely as 06 ~'b.

Now, suppose a # k. For b = k, the definition of the operation (o) implies 2 = fa. If
b # k, but b = 0a, then a o x = #'a is solved uniquely by z = k. If b # k and b # 0'a, then
aox = b becomes axr = b, whence x is again defined uniquely.

The unique solution of x o @ = b is handled in similar fashion.

Definition 6. The quasigroup @'(o) constructed by (7.21) is called the prolongation (o) =
(+,0) of the quasigroup Q(-) by the permutation 6.

If @ is a finite quasigroup, then a prolongation @'(o) is obtained as follows. In the
Cayley table for Q(-), we replace products x - fx with k. We add a row and a column to
the resulting table, each labeled by k, which consist respectively of elements ’6~'x and
0’z (x # k). Finally, we assume k o k = k. For example,

ofklo 1 2 3 4
01 2 3 4 ETk]T1 2 4 3 0
oT0 1 2 3 1 03/0 1 2 k 4
113 2 0 4 1 1123 k 0 4 1
ol1 4 3 0 9 201k 4 3 0 2
sls 31920 310/4 3 1 2 k
alo 004 1 3 41412 0 k 1 3

01234 01234
Tn thi le § = = '
n this example 6 (3 10 4 2) and 6 <3 291 0 4)

Note the consecutive appearance of the elements 3 2 1 0 4 (from the bottom row
of #) in bolded form down the rows of the first square. These are the products z - fx. The
element k appears at the corresponding places in the second table.
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If Q(-) is an idempotent quasigroup, the prolongation (o) = (-,1) (with 1 as the identity
permutation of the set @) has the simple form

xy for x #k,y#k, x#vy,
k for z =y #k,
roy= x for v #k y==k, (7.22)
y for x =k, y+#k,
k for z=y=*F.

In this case @'(o) is a loop with neutral element k.

The converse statement is true: if a prolongation Q'(o) of a quasigroup Q(-) is a loop,
where (o) = (+,0), then Q(-) is an idempotent quasigroup and 6 = 1, i.e., the prolongation
@' (o) has the form (7.22).

Indeed, let e be a neutral element of a loop @Q'(0). If e # k, then e o k = k would imply
the result #'e = k which is impossible, since #’'e € ) and k € Q. Thus, e = k. By the
definition of (o) we have @z = x and ¢'0~'y = y for arbitrary z,y € @, i.e., ¢ = 1 and
0'0~! = 1, whence 6 = 1.

Theorem 7.6. A prolongation of a quasigroup is isotopic to a group Q(-) if and only if
the group Q(-) has exponent two.

Proof. Suppose that Q(-) is an admissible quasigroup with a full permutation 6, and let
() be a prolongation using 6. Suppose that () is isotopic to a group (o):
zey=7"(ax o fy),

where @, (3, and 7 are permutations of the set @' = @ U {k}. Then the definition of the
prolongation (e) = (-, 6) implies

rek=01=75"aropk),
kex=00"x=7"(akopBr), and
k=kek=75"(akofk),

whence we obtain

ax o Bz = k, (7.23)

az o Bk = A0z, (7.24)

ako fx =~0'0"'x, and (7.25)
ak o Bk = k.

We have x # k in all the equalities (7.23) — (7.25). We find az and Bz from (7.23) and
(7.24), and substitute into (7.25):

Yk = ax o fx = v0'z o (Bk) ™' o (ak)™' 0 0’07 (0z)
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=30z o (ak o Bk) ™ oq0x = 0w o (k) 0 H0'x,
whence
(0'x o (7k)™1)* =1, (7.26)

where 1 is a neutral element of the group Q'(o). Replace in (7.26) &'z with a:
(yz o (k) 1)* = 1.

This equality holds true for arbitrary x # k. But if = k, then ¥k o (7k)™! = 1, so the
restriction = # k can be removed. Since z — Jx o (Jk) ™! is a permutation of the set @', we
have shown that the group Q(-) has exponent two. O

The following lemma is needed for the proof of Theorem 7.7 below.

Lemma 7.5. Consider a group Q(-) of order n > 8. If at least n—3 non-identity elements
have order two, then all n — 1 non-identity elements have order two.

Consider p € Q with p*> # 1. Then (p~1)? # 1. Consequently, all the other non-identity
elements of ) should have order two. The element p? either does have order two, i.e., p* = 1,
or does not have order two: (p*)? 1. In the latter case, since p? = p or p = 1 is impossible,
we have p?> = p~! ie., p® = 1. So the group Q(-) contains a cyclic subgroup H = (p) of order
three or four. In each case, H is a normal subgroup of group Q(-). Indeed, (zpz—')% # 1 for
arbitrary z, since (zpr~!)? = zp?x~! # 1, and consequently zpz~—' € H. The index of the
normal subgroup H in @Q(-) is more than two, since the order of Q(-) is more than eight.

We further note that

apr~t = p7t (7.27)

for arbitrary x ¢ H, since then 2> =1 and ap¢ H = (a2p)’=1 = apr =p L

Since the index of H in @(-) is more than two, the order of the quotient group Q/H =
{Z | € Q} is more than two, so there exist two elements Z and 7 distinct from 1 such that
Ty # 1. In other words, in Q(-) there are two elements z and y not belonging to H whose
product does not belong to H. Thus 2? = y? = (zy)?> = 1, whence, in particular, it follows
that zy = yx.

On the other hand, (7.27) implies

(zy)p(zy) =p~ '

(zy)p(zy) = (zy)p(yz) = x(ypy)r = xp~ 'z = p.

Thus, p = p~! or p? = 1, contradicting the choice of p. It follows that all the non-identity
elements of the group Q(-) have an order two.

Remark. If the order of Q(-) is eight or less, the conclusion of the lemma does not hold.
The dihedral group D, of degree 4 and order 8 serves as a counterexample.
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Definition. Complete permutations ¢ and 6 of a quasigroup Q(-) are equivalent if
pa = 30,

where o and § are the respective left and right components of an autotopy 7" of Q(-).
If Q(-) is a group, then Theorem 2.5 implies that the components « and /5 of the autotopy
(a, 8,7) have the form
a =Ly and [ = Ry,

where a, b are elements of ), and v is an automorphism of the group Q(:). Thus the
equivalence of complete permutations ¢ and 6 means that

pLav = Ryv

or
© = Rybv 'L, (7.28)

In (7.28) we have replaced a~! by a.

Remark. As an example of non-equivalence of complete permutations, take Q(-) as a
non-trivial abelian group of odd order, with a complete non-trivial automorphism ¢. Now
0 =1 is complete. If ¢ and 6 are equivalent, then by (7.28), ¢ = RyL, = LyL, = L. But
0l =1,50 Lyl = 1. Hence b=a"!, i.e., o = L; = 1, contradicting the choice of ¢.

Theorem 7.7. Suppose that a group Q(-) contains at least one non-identity element of
order different from two. Suppose that 6 and ¢ are complete permutations. Then the
prolongations A = (-,6) and B = (-, ¢) are isotopic if and only if § and ¢ are equivalent.

Proof. 1°) Necessity. We have to establish the equivalence of § and ¢ in the presence of

an isotopy i
B=A" (7.29)

with T' = (@, 3,75). For the prolonging element k, set
ak = a, Bk =b, vk = c, (7.30)
aay = ]C, Bbo = k, ’760 = k.

By the definition of prolongation, we have the following;:

Yay) = A(ax, By), w # k, y #k, y # oz, (7.31)
c = A(ax, Bor), v # k, (7.32)

yo'r = A(ax,b), © # k, (7.33)
Ye'e e = Ala, Br), = # k, (7.34)

¢ = A(a,b). (7.35)
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From (7.35) it follows that if two elements from a, b, c are equal to k, then the third element
is also equal to k. An analogous statement follows for ag, by, co.
There are five cases to consider:

a=b=c=k.
Let ax = ax, fz = fz, & = vx for z # k, so «, 3, v are permutations of the set Q.
Then (7.33) implies
vo'r = A(az, k) = 0'ax,

whence

v¢' = 0a. (7.36)
From (7.32) we have
whence

Be = ba. (7.37)

Let 2,y € @ and y # px. Then from (7.31) we obtain

v(xy) = Aaz, By).

Since y(zy) # k, the definition of the prolongation A implies

Y(zy) = ax - By
or
vy oz - By) = a2y for y # px. (7.38)

In the case when y = px, we have
v oz - Bor) =y Hax - fazx) = v 0 ax,

since x - 0x = @'z, But by (7.36), v '0'a = ¢'. Thus

!

7w - Ber) = Pu
or
vy oz - Bor) =z - p. (7.39)
Now (7.38) and (7.39) imply v~*(ax - By) = xy for arbitrary = and y, i.e., T = (a, 3,7) is
an autotopy of the group Q(-). The equality (7.37) means that ¢ and 6 are equivalent.

N e=k,a#k bk
Let o = vz for « # k. The equalities (7.32), (7.33) and (7.34) respectively become

A(ax, Box) =k, (7.40)
A(az,b) = y¢'z, for = # k. (7.41)
A(a, Br) = ¢’y la (7.42)
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From (7.41) and (7.42), we have
Alaz,b) = A(a, Bpx) = v’z for x # k. (7.43)
Let ax # k. Then x # ay. Consequently, from (7.40) we have
barpypr = Qax, v # ap for x # k. (7.44)

In particular, (7.44) implies barfox # k for x # ag. Thus, (7.43) implies az - b = afpr =
v¢'x for x # k and & # ag, whence by (7.44) we have

ar-b=a-0ax for v #k and z # aq.

Take x = a~'y. Then a 'y # k and a 'y # ag, whence y # ak and y # aag or y # ag and
y # k — see (7.30). Thus

y-b=a-0y,
whence

Oy = a"'yb, (7.45)

forall y # k, y # a.

The formula (7.45) also holds for y = a. Indeed, for ¢ = k, (7.35) implies A(a,b) = k,
whence fa = b. The same result follows from (7.45) for z = a.

By (7.29), we have

A=BT" =pestah,

If we interchange the roles of A and B, then ¢ and 6, and also the respective elements «a, b,
c and ag, by,co, change their roles correspondingly, since ¢ = k < ¢y = k. Thus, we obtain
a relationship for ¢ which is analogous to the equality (7.45):

py = ag ybo. (7.46)

We now determine the relation between ¢ and 6. From (7.45) and (7.46), we have

O(ay) = yb and @(apy) = ybo.

Consequently,
0(ay)b™" = p(aoy)by ",
whence
p(avy) = 0(ay)b™"bo
or

oy = 0(aay'y)b~ by and ¢ = ROLT",
where d = apa™! and ¢ = b~1by. But (Lg, R., LqR.) is an autotopy of the group Q(-):

Ly - Rey = da - ye = d(zy)c = LyR.(zy).
Consequently, ¢ and 6 are equivalent.
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a=kb#k c#k.
Set ax = ax for x # k, and ag = k. The respective equalities (7.32)—(7.34) become

A(ax, Bor) = ¢, (7.47)
Alaz,b) = yy'z, for « # k. (7.48)
A(k, Ba) = y¢'p™la (7.49)

Suppose x # by. Then (7.49) implies
00'Br = 3o x for x #by and x # k. (7.50)
The equalities (7.47) and (7.48) imply
az - Bpr = ¢ and (7.51)

ar -b=~y'z. (7.52)
The equality (7.51) holds for fpx # k or gz # B 'k = by, whence x # ¢ 'by. The
equality (7.52) holds for 3¢’z # k or 'z # 7'k = ¢, whence = # ¢ ~'c;. But the condition
T # by from (7.49) is equivalent to the inequality J¢' o 'z # k, or @' o # v 'k = ¢y, or
o'z # ¢ ¢y, Thus, the inequality z # ¢ 'cy or ¢ '(px) # ¢ ¢ is equivalent to the
inequality ¢z # by or x # ¢~ thy. Consequently, the equalities (7.51) and (7.52) are true for
x # ¢ b (and x # k).

From the equality (7.50), after the substitution 2 = (y, we obtain

0'07" By = ¢y, (7.53)

which holds when ¢y # by and py # k, i.e., y # k and y # ¢~ 'by. Thus, from (7.51)—(7.53)
for x # k and o # ¢~ by, we have

0'0 Bpxr = v0'x = ax - b = c(Box) b

Replacing Byx with z yields
00 2 =c2'b. (7.54)

We check for which elements z the equality (7.54) holds. First of all, z # k, this condition
following from x # @ 'by. Further, x = ¢ 'fz implies z # b, since f7'b = k, and ¢ 'k
is undefined. Thus (7.54) holds for arbitrary z € Q). But the equality A(k,b) = ¢ implies
¢ =00"h. For 2 = bin (7.54) we get the same result. From the equality (7.54) and the
definition of the permutation 6" we have

0120007 2)=cz'b, 072 = cz bz

or
012 =cb (b )2 (7.55)

Arguing as in case 1, we obtain that
02 = coby H(boz )2 (7.56)
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From (7.55) we find
(bz )2 =bc 'O 2, 22 =be 'O (2D). (7.57)

Similarly, from (7.56) we have
22 = bocy o (2hy). (7.58)

Comparing (7.57) and (7.58), we conclude that
ol =l (2d ™),
where e = cyb, 'be™! and d = b~'by. Thus,
ol = L 'Ry = L9 'R,

and consequently,
Y = RdGLe’l

Hence it follows that ¢ and 6 are equivalent.

Hb=k a#k, c#k.

Here, we may argue as in the previous case.

5) a,b,c # k.

Here, we also have ag,by,co # k. We examine the possible respective forms of the
equalities (7.35) in a), (7.33) in b), (7.34) in ¢), and (7.32) in d) below, ultimately arriving
at the conclusion that this particular case cannot actually arise.

a) Aa,b) =c.

Since all the elements a, b, ¢ differ from k, this equation cannot hold, because the defini-
tion of the prolongation of A implies ab = ¢ and

Oa # b, (7.59)
since A(a,b) = A(a,ba) = k.
b) A(az,b) =o'z, x # k. (7.60)
Let = ag. Then A(k,b) = F¢'ag, so
06070 = 3¢ ag.

Suppose, further, that b = fax, i.e., x = a '0~'b. Then (7.60) implies yp 'a10"'b = k,
whence
a0 = . (7.61)

This latter equality makes sense, because @~ '07'b # k. Indeed, the inequality (7.59) implies
a# 07, ak # 07'b, and k # a~'07'b. Thus, from (7.60) we have

ar-b=vo'c when z#k, x#ay, v #a 0. (7.62)
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o) Ala,Br) =3¢'¢ " a, x # k.
If x = by, then
A(a, Bbo) = Ala, k) = 3¢' ¢ b,
whence
o™ B 0a = co.

(7.63)

(7.64)

The latter equality makes sense because fa # b and, consequently, 3 '0a # B~ 'b = k.

Therefore, from (7.63) we have
a-fr =3¢ w forx #k, x # by, v # B 0a.
We make the substitution z = @y in the equality (7.65):
apey = 7¢'y.
This equality makes sense when

oy #k, py #bo, py# B '0a,

or
y#k, y#o by, y# e B 0a.

Thus,
a- BZPUC =yp'r for z#k, x# %flbo’x £ 9071511%.

d) A(az,Bpr)=c, x#k.

If x = ag, then
A(k7ﬂ§0a0) =¢,
whence Bpag # k, pag # B~k or
wag # bo.
From (7.68) we obtain
Boag = 007 c.

If ox = by or = ¢ by, then
A(ap™ b, k) = ¢,

whence
O'ap by = c.
In view of (7.69), the equalities (7.70) and (7.71) make sense. Thus, (7.67) implies

ar-for=c for x#k, ©#ay, #¢@ ‘b.
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We note that the conditions z # a~'6~'b from (7.62) and = # ¢~'5~'0a from (7.66) coincide
with the condition z # ¢’ "¢y, since by (7.61) and (7.64) we have

a0 = ¢ ey and ¢ ' 0a = e,
Thus, we find the equalities

ar-b=yp'r, for x#ag, # ¢ ‘e,
a- Bpxr =o'z, for x# o thy, T # ¢ e, (7.72)
az - fox =c, for x # ag, x # by,

all subject to the additional condition = # k. We eliminate az and Spx from the equali-
ties (7.72):
(yp'z-b (@t 'r) =
Ye'w- Ty =,
o'z - )2 =1. (7.73)

The latter equality makes sense when x # ag, © # ¢ by, and x # ' 'cy. Let

y=7pz ct. (7.74)

1

Lo Also x # ¢ by implies y # F¢ o by - ¢!, and

Now = # qa¢ implies y # ¢ ag - ¢~
T # ¢ e implies y # ¢ (¢ cp) = Feo = k.

Moreover, we see that y # 1 by (7.74), because 1 = J¢'z - ¢! would imply J¢'z = ¢,
leading to the contradiction ¢’z = k. So, the equality (7.73) takes the form y? = 1, holding
when y # k, y # 1, y # 3¢ o by, and y # o' o 1y - ¢ L. If we move to the group Q(-),
then the first two limitations can be removed. Consequently, all the non-identity elements
of the group Q(-), with two possible exceptions, have order two. Applying Lemma 7.5, we
arrive at a contradiction to the hypothesis of the theorem: All the non-identity elements of
Q(*) have order two. Thus, case 5) cannot arise, and the necessity has been proved.

2°) Sufficiency. Let Q(-) be an admissible quasigroup. If complete permutations 6 and
 are equivalent, then the prolongations A = (-,6) and B = (-, ) are isotopic.

Indeed, let 8 and ¢ be equivalent, so there is an autotopy T = (a, 3,7) of the quasigroup
Q(*) such that

0 = Bpa™ (7.75)

and
0 =ypat. (7.76)
Then
Oz =x-0r =1 Bpa'r=ala'z) B (pa ')
=qy(a 'z patr) = yoa
for z in Q. We define three permutations @, /3, 7 on the disjoint union Q' = Q U {lﬁ}, using
ar = ax for r € Q and ak = k. We define 8 and 7 similarly. We show B = A’ where

T = (&, 3,7). For this, we consider various possible cases for pairs of elements of Q'
Dax#k y#k y#ox
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Here, B(z,y) = zy. If y # ox, then (7.75) implies y # B~ '0ax, whence Sy # faz.
Consequently,

AT(z,y) = 77 A(ax, By) = 7" A(azx, By) = v Yoz - By) = = - y.

2w #ky#ky=
Here, B(z,y) = k. On the other hand,

AT (z,0x) = 5" Alaw, Bpr) = 7 Alax, Bpz)
=3 Aoz, 0ax) =5 'k = k.

Ny=k z#k
Here B(k,z) = ¢’z and

AT (2, k) = 5 "Aax, Bk) = 7 " Alaz, k) =7 0oz = v 0oz = oz

by (7.76).
Hax=ky+#k _
Here, B(k,y) = ¢'¢ "'y, and for AT we find

AT(k,y) =7 1 A(ak, By) = 7 A(k, By) = 700 1By = 16071y,

However, v 100713 = v (v¢'a™) (ap 718 = ¢'¢~'. Thus, AT(k,y) = B(k,y).

5)x =k, y=k. i
Here, B(k,k) = k and AT(k, k) = v 'A(ak,fk) = v 'A(k, k) = v 'k = k. Thus,
AT = B in all possible cases. This completes the proof of the theorem. O

Remark. Note that the sufficiency part of the proof of Theorem 7.7 applies to a general
admissible quasigroup Q(-), and not just to the groups considered in the context of the
theorem.

Theorem 7.7 enables us to construct non-isotopic quasigroups, and, by Theorem 7.6,
these quasigroups are not isotopic to groups.

So far, we have studied properties of prolongations of groups. To conclude this section,
we return to Steiner quasigroups and prove the following proposition.

Theorem 7.8. Let Q(-) be a Steiner quasigroup. Then the prolongation (o) = (-,1) of
Q(*) is a Steiner loop on the disjoint union Q' = Q u {k}.

Being idempotent, the Steiner quasigroup Q(-) is admissible, and the identity permuta-
tion is complete for Q(-). The prolongation @'(o) is a loop with a neutral element k, and is
easily verified to be commutative. We show that

zo(zxoy)=uy. (7.77)

If = k and y is an arbitrary element from ', then (7.77) holds, because k is the neutral
element of a loop @’(c). Now, let x # k and y = k. Then

zo(rok)=xox =k
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Finally, if z, y, and k are all different, we have

ro(roy)=wo(ry)=x-zy=1y.

Thus, Q'(0) is a Steiner loop.
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Notes

!The concept of a T'S-quasigroup was introduced by Bruck in [24], and studied in detail in [25]. The
results of the sections 3° and 4° are taken mainly from these two works of Bruck.

2Steiner triples are studied in combinatorial analysis (see, for example, M. Hall [86], and also the literature
therein). The connection between Steiner triples and Steiner quasigroups was studied by Bruck [33] and
others.

3The concept of a complete permutation was introduced by Mann [49]in the course of a study of orthog-
onal quasigroups (see Definition 5).

4Necessary and sufficient conditions for the admissibility of groups were found by Paige [62] and by
M. Hall and Paige [87]. In particular, it was shown that all symmetric groups &,, are admissible for n > 3.
Bateman [37] showed that all infinite quasigroups are admissible.

STf we take the two Latin squares (see Note 1 of Chapter I) corresponding to finite orthogonal quasigroups
Q(A) and Q(B), and superimpose one on the other, then we obtain a square of the same dimension. In
each cell of this square, there is a pair (a,b) of elements a,b € Q. Orthogonality means that all these pairs
are different. For example:

All1 2 3 Bl1 2 3 |1 2 3
113 2 1 112 1 3 1]12 21 33
213 1 2 211 3 2 2131 13 22
302 3 1 313 2 1 3123 32 22

The square of pairs obtained in this way is called an Euler square. Thus, the orthogonality of two quasigroups
Q(A) and Q(B) of order n is equivalent to the existence of an Euler square of order n. Euler posed the first
problem in this direction: To construct Euler squares of various orders. In 1779, Euler conjectured that
Euler squares of order n = 4k + 2 do not exist (in particular, of order 6). It was not until 1901 that Tarry
was able to prove that Euler’s conjecture holds for n = 6 (the case n = 2 it is trivial). Since then, Euler’s
conjecture has been tackled by many researchers. In 1959, Parker [60] proved that there is an Euler square
of order 10. Other details on Euler squares are given by M. Hall [86], as well as in the literature he cites.
We also mention articles by Stein [74], Sade [68], and the author [19]. In particular, these articles consider
quasigroups Q(-) satisfying the identity = - zy = yx. It is easy to see that in this case, the quasigroup Q()
and its opposite Q(*) with = # y = yx are orthogonal. Such quasigroups are also considered in [59].

6Prolongations of quasigroups were first considered by Bruck in [24], but only for the case where Q(-)
is idempotent (see the definition of @’(o) in (7.22)). Theorem 7.8 is also proved there. Prolongation of
quasigroups was also applied by Osborn in [58].
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Chapter VIII. Distributive quasigroups

1°. Some elementary properties of distributive quasigroups

Definition 1. A quasigroup Q() is said to be distributive! if the following identities hold:
T-yz =xY - TZ, (8.1)
Yz T = YT - ZT. (8.2)
The identities (8.1) and (8.2) are respectively called the left and right distributive laws.
Ezample of a distributive quasigroup. Let (Q,+,-) be an associative division ring. Let
us consider the operation A(x,y) = (1 —a)z +ay, a#0,1.in Q(+,-). It is easy to verify
that Q(A) is a distributive quasigroup. Other examples are given below.

We consider some simple properties of distributive quasigroups.
a) A distributive quasigroup Q(-) is idempotent, i.e.
=z
for all x € Q. Indeed, setting y = x in (8.1), we obtain z-xz = rx -z, implying z = zz = 22

b) The group G associated with a distributive quasigroup Q, (+) is a subgroup of the group
of automorphisms of the quasigroup Q(-).?

It is sufficient to prove the statement for the translations R, and L,, where a is an arbi-
trary element from @, as R, and L, generate the group G. The identity of left distributivity
may be rewritten as

Ly(yz) = Loy - Ly,
showing that L, is an automorphism of the quasigroup Q(-).

c) For an arbitrary element x of a distributive quasigroup, the translations L, and R,
commute:

R.L, = L. Ry, (8.3)
Indeed,
RyLyy = (wy)z = (vx)(yr) = 2(yr) = L. Ryy.

d) Let Q() be a distributive quasigroup. Suppose that (-)~" = (\) is the right inverse

operation for (-), and that ~(-) = (/) is the left inverse operation for (-). Then the identities

2(y\z) = (zy)\(z2),
(y/2)z = (yz)/(z),
2\(yz) = (¢\y)(z\2),
(y2)/z = (y/x)(z/x)
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hold for all x,y,z € Q.
To prove the first equality (8.4), we consider

z(y\2) = (zy)\(z2). (8.5)

Such an element 2’ exists by the invertibility of (-). Using the definition of the operation
(\), we obtain

z(z\y)r =y
for all x,y € Q. Thus, from (8.5) we have

w2 = (wy) [2(y\2)] = = [y(y\2)] = =z,

which implies 2’ = z. Thus, the first of the equalities (8.4) is proved. The remainder of the
equalities (8.4) are proved in similar fashion.

e) Each coset of a subquasigroup H of a distributive quasigroup Q(+) is itself a subquasi-
group.?

Consider a coset aH, and elements a1, as € aH. Then there exist elements hq, ho of H
such that a; = ah; and ay = ahg, 80 a1as = ahy - ahy = a(hihy) € aH. Now we show that
the solution z of the equation ay;x = ay belongs to the same coset aH. Write the element
x as ax’ for some element 2’ of ). Then ahy = ay = a1x = ahjax’ = a(hyz'), whence
hy = hya'. Since H(-) is a subquasigroup, ' € H and = = ax’ € aH. Similarly, we may
prove that the solution y of the equation ya; = ay also belongs to aH.

2°. Connection with commutative Moufang loops
For an element % of (), consider the principal isotope

voy=A(R 'z, Li'y) (8.6)

of a distributive quasigroup Q(A). The loop Q(-) has a neutral element A(k, k) = k = 1. Let
us call it the loop Q(-) corresponding to the distributive quasigroup Q(A) at k, and denote
it by @ [A],, so () = [A], . We now fix the element k. Further, we set

R=Rk and L=Lk.

The following lemma holds.

Lemma 8.1. The equalities
R(z-y) = Rx- Ry, L(z-y)=Lx- Ly,

z(yz) = (Rz-y) (Lx - z), and (8.7)
(yz)z = (yRe) (L) (8.8)
hold for all z,y, z € Q.
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Proof. 1. Using (8.6) and the commutativity of R and L, we have
R(x-y) = RA (Rx’l, L’ly) =A (RR’lx, RL’ly) =A (R’le, L’lRy) = Rz - Ry.

Thus, R is an automorphism of the loop Q(-). Similarly, L is an automorphism of the loop
Q).
2. The equality (8.6) implies

A(z,y) = Rz - Ly. (8.9)
By (8.9) and the left distributive law for A, we obtain
Rz -L(Ry-Lz) = R(Rx- Ly) L(Rx - Lz)

and
Raz(LRy- L*z) = (R*z - RLy) (LRx - L*z).

Making the substitutions x — R 'z, y — L 'R™ly and z — L72z in the latter equality,
and taking into account that LR = RL, we conclude

2(yz) = (R -y) (Lx - 2).

The proof of the equality (8.8) is similar.
Distributive quasigroups are closely connected with Moufang loops. For distributive
quasigroups, we have the following result.

Theorem 8.1. FEwvery distributive quasigroup is isotopic to a commutative Moufang loop.
The proof of Theorem 8.1 is divided into the three parts.
1. A loop Q(-) corresponding to the distributive quasigroup Q(A) is an I P-loop.
Consider the left distributive law for the operation A. Transform it as follows:

A[A(K, ), A(k, y)] = Alk, Az, y)],

A {A [k’ A(kv y)] A [$7 A(k7 y)]} =A [kv A($7 y)] )
TA{AE, Az, y)], A[A(z, k), Az, )]} = Alk, Ak, y)]
Applying the second equality from (8.4) to the left side of the latter equality, we obtain

AL ALk Al )], Al y)} = ATk Ak, )]
The mapping 'A(k, z) is a permutation. Let us denote it by Ly :
Lox = 'A(k, 7). (8.10)
Then the equality (8.9) may be rewritten as

A[LyRz, A(z,y)] = L*y.
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Now we turn to the corresponding loop Q(-) using the formula (8.9). From the latter
equality, we obtain

RLoRz - L(Rx - Ly) = L%y, and RLoRx(LRz - L*y) = L%y.
Replacing = with L='R~'x and y with L2y, we have
RLoRL™'R™'x - (vy) = v,

or

RLyL 'z - (xy) = y. (8.11)

Write
RLy,L™' = I,

Then the equality (8.11) takes the form
Lz - (zy) = . (8.12)
Similarly, we prove that there exists a permutation
I, = LRyR ™,
where Rox = A™!(x, k), such that the equality
(yo)lz =y (8.13)

holds.
The equalities (8.12) and (8.13) imply that Q(-) is an IP-loop (see Chapter V, 1°), and,
according to Property 5) of I P-loops we have

where [z = 271 and 27 'z = 2271 (here, k = 1).
2. A loop Q(-) corresponding to the distributive quasigroup Q(A) is a Moufang loop.
To prove this, we use the equality (8.7):

a(zy)l,x = (Ra-x)(La - y). (8.14)

Let us denote the left translation z — az in the loop Q(-) by Ea, SO

azx = L.
The equality (8.14) implies
Lo(zy) = LrexLLay,
ie., (f)Ra, L., LJ) is an autotopy of the I P-loop Q(-). But then the element a’ = L,1, by

the corollary to Lemma 5.5, is a Moufang element of the I P-loop Q(-), i.e. the element o

gives the identity
d(y-ad'z)=(dy-d)z (8.15)
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for all y,z € @ (see the first Moufang identity (6.1) in Chapter V, 1°). But the element

a' = L,1 = al = a may be any element of the I P-loop Q(-), so the loop Q(-) is a Moufang
loop.

3. The loop Q(-) is commutative.

Putting y = 1 in equality (8.7), we obtain

xz = Rx(Lzz). (8.16)
But
r = RxLx,
by the idempotency of the distributive quasigroup Q(A) and the equality (8.9). Conse-
quently, the equality (8.16) takes the form
(RxLx)z = Rx(Lxz).

The latter equality shows that the triple of elements Rz, Lz, z of the Moufang loop Q(-)
is associative. Then, by Moufang’s Theorem (Theorem 6.5), the loop generated by the
elements Rz, Lz, z, for arbitrary elements x, z, is associative, i.e. is a group. Hence in
particular, we obtain

Rx(zLz) = (Rx - z) L.

Using the equalities (8.6) and (8.7), we transform both sides of the equality (8.16):
Rx(zLz) = (1 Rz)(zLz) = (1 2)x = zz,

(Rz-z)Lx = (Rx-2)(Lx - 1) = z(z- 1) = zz2.
Thus,

Tz = ZT

for all z, z € Q. The proof of the theorem is complete.

Corollary. Ewvery loop which is isotopic to a distributive quasigroup Q(A) is a Moufang

loop (Q, ), and the mapping x — x3 is a central endomorphism in it.

The validity of this statement follows from Theorem 6.1, Lemma 6.7 and Theorem 6.6.
Theorem 8.1 implies the following

Theorem 8.2. If Q(A) is a distributive quasigroup, the inverse operations A=, ~1A,
“HATY), (’1A)71, A* are all distributive. Further, the corresponding commutative Moufang
loops at the same element k =1 of Q coincide.

Proof. 1. We prove the statement for the operation A* first. It is easy to verify the left
distributive law

A [z, A(y, 2)] = A[A(z,y), 2] = A[A(z,2), Ay, )] = A" [A™(2,y), A"(z, 2)].
The right distributive law is verified in similar fashion.
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Now, we show that [A*], = [A],. According to the definition, we have
[A*],(z,y) = A* (R*glx, L*,Zly) , (8.17)

where R*px = A*(z,k) and L*jx = A*(k,x). Since A*(z,y) = A(y,x), we have R*yz =
A*(x, k) = A(k,xz) = Lyz, i.e., R*;, = Ly. Similarly, one can show that L*;, = Rj. Thus,
from the equality (8.17), we obtain

[A*] (2, y) = A" (Li'e, R''y) = A (Ry'y, L 'e) = [Al(y, ).

According to Theorem 8.1 [A], is a commutative Moufang loop; consequently,
[A*],(z,y) = [A*],(y, ), whence

[A*]k = [A]k

2. Now, we consider the operation A~!.

The left distributive law for A= is proved in the same way as the equalities (8.4). The
proof of the right distibutive law will use Theorem 8.1.

Let A™'(z,y) = 2. Then A(x,z) = y. By (8.9) we have Rz - Lz = y. Thus

Lz=(Rz) 'y and z= LY (Rz) 'L7'y.
But, since R is an automorphism of the loop Q(-), we have (Rz)' = Rz"!, so
A (2,y) =2 = L'Ra~' L7y,
Using this expression for A1, it is easy to prove that
AT Ay, 2), 2] = A[A7(y,2), A7 (z,2)] . (8.18)

Indeed,
A Ay, 2),2] = L'R(Ry - Lz) 'Lz

=L 'R(Lz"" Ry ") L7'a = (Re™" L 'R* )L '
= (L'R* ' Re)L 7'z = (L'R* - RL'z)(Rz"' - LL '2)
= R(L™'Ry™" - RL™'z)L(L™'Rz""- L™'z)
= RA M (y,z)LA (z,2) = A[A 7 (y,2), A (2,2)] .

Since Q (A™') is a quasigroup, there must exist an element 2’ such that

AT AT (y,2), A (= 2) | = AT ATy, 2), 2]
This implies

A{A My, 2), AT ANy, '), 2|} = A7} (2, 2).
By (8.18), we then have

AT Ay AT, 2} = AT ),
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and
i.e.

Thus, the operation A~! is distributive.
Now, we determine [A™'],. By the definition of the loop [A™'],, we have

(A7) = A7 (R e ) (8.19)
where
v =AYz, k), and Lix = A"'(k, ).

We find R, ™. The equality R,z = A~'(x,k) implies A (z, Riz) = k. Replacing = with
R; 'z, we have A (R, 'x,z) =k, or R} 'x = “'A(k,z). Thus, by (8.10), we obtain

R, = L.

From the equality Liz = A~'(k,z) we have A(k,L}) = x, or LL, = 1, ie., L,™" = L.
Substituting these expressions for Rfl and L;Jl into the equality (8.19), we obtain

(A7 (2, y) = AN (Low, Ly),

whence

A|Loz, [A7], (z,y)] = Ly
or

RLox - L[A™], (z,y) = Ly,
50

L7'RLyz - L[A7'] (z,y) = . (8.20)

But RLoL 'z = I;x = Iz = 27!, so we obtain the expression
L 'RLyx = L'RLL 'Lz = L 'ILx = [fl(ny1 =L 'Lyt =gt
for L7'RLg. The equality (8.20) then takes the form
v AT (2 y) =,

whence

and



3. For the remaining operations, we argue as follows. It is easy to verify that
— *\—17*
"A=[A)]

Since the operation A* is distributive, the operation (A*)71 is also distributive. Thus, the
operation [(A*)™"]" is also distributive. We also have

[a], = [[a T ]

Thus, the statement of the theorem is true for ~1A.

A, = = [,

4. Since the operation ~!'A is distributive, it follows that the operation ~ (A™1) is also
distributive, and

[_1A_1]k = [A_l]k = [l

The result for 1 (A7) is proved in similar fashion. a

Remark. In the previous statements, the element k was fixed, and we showed that [A],
is a commutative Moufang loop. If we fix another element, say [, then we obtain another
commutative Moufang loop [A];. But the loops [A], and [A], are isotopic (indeed, principal
isotopic) to the distributive quasigroup A. Thus [A], and [A], are isotopic. Since [A],
and [A], are commutative Moufang loops, then by Theorem 6.7 the loops [A], and [A], are
1somorphic.

3°. Middle nuclei of distributive quasigroups

The following question arises: What is the type of a distributive quasigroup? To answer
it, we prove a general statement: If a quasigroup Q(-) is idempotent, then # = & = {1},
where #Z and £ are the respective groups of right and left regular permutations of the
quasigroup Q(-).

Indeed, suppose A € .Z. Then by the idempotency A(aa) = Aa, so (Aa)a = Aa. But
since (Aa)(Aa) = Aa, we obtain Aa = a, i.e., A = 1. Similarly, we prove that #Z = {1}.

Thus, the type of a distributive quasigroup is (1, ®,1), where ® is the group of middle
regular permutations.* This section examines the group ® and the relative middle nuclei
N, (k) = @, of a distributive quasigroup Q(-), for an arbitrary element k of Q.

Earlier, in Chapter II, 5°, the definition of a ®-transitive quasigroup was given: A
quasigroup @ is ®-transitive if the group ® acts transitively on Q.

Definition 2. A distributive quasigroup is described as transitive if it is ®-transitive.

The following theorem characterizes transitivity of a distributive quasigroup.’
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Theorem 8.3. A distributive quasigroup Q(A) is transitive if and only if it is medial.

Proof. By Theorem 2.9, a transitive quasigroup is isotopic to a group. Therefore, the
commutative Moufang loop Q(+) corresponding to a distributive quasigroup is an abelian
group. Then, by (8.9), the equality

A(z,y) = Rz - Ly

holds, defining A as an idempotent operation. As shown in Section 1°, the translations R
and L of the quasigroup Q(A) are automorphisms for Q(-), and commute: RL = LR. Thus,

AlA(z,y), A(u,v)] = A(Rx - Ly, Ru- Lv) = R(Rz - Ly) - L (Ru - Lv)

= (RQx . RLy) : (LRu . LQU) = (RQJ? . LRu) . (RLy . LQU)
= RA(z,u) - LA(y,v) = A[A(z,u), A(y, v)],
i.e., Q(A) is medial.
Conversely, suppose A is medial and idempotent. Then A is left distributive:

Alz, Ay, 2)] = A[A(z, ), Ay, 2)] = A[A(z,y), Az, 2)] -

The right distributive law is verified in similar fashion. By Lemma 2.6, the quasigroup Q(A)
is transitive. U

Theorem 8.3 implies that the existence of non-transitive distributive quasigroups is equiv-
alent to the existence of non-medial distributive quasigroups.

Lemma 8.2. In a distributive quasigroup Q(A), the middle nucleus @y (relative to an
element k) is a normal subquasigroup.
Indeed, suppose

A(x,y) = Rz - Ly.
Then by (2.22), we have
b, = R'OR,

where ® 4 and ® are the respective groups of middle regular permutations of the quasigroup
Q(A) and the loop Q(+).
For the middle nucleus ®41 of the quasigroup Q(A) relative to the element k = 1, we
have
dal=RT'ORI. (8.21)

But, R1 = A(1,1) = 1, and ®1 = N is the nucleus of the commutative Moufang loop
Q(-)- According to Theorem 6.3, the middle nucleus N, coincides with the nucleus N of
the loop Q(+). Furthermore, the nucleus of the loop Q(-) is normal (see Lemma 6.2). Note
that the nuclei of a loop are characteristic subloops, i.e., they are invariant with respect to
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arbitrary automorphisms of the loop. In particular, N is invariant with the respect to R~
and therefore

dy1=N.

Applying Corollary 1 of Lemma 4.2, we conclude that ®41 is a normal subquasigroup of
QA).

We derive a series of properties of the nucleus of the commutative Moufang loop Q(-)
corresponding to a distributive quasigroup Q(A).

Lemma 8.3. The solution of the equation Ra = La -  belongs to the nucleus N of the
Moufang loop Q().

Indeed in the commutative Moufang loop Q(-), the identity

2*(yz) = vy - w2 (8.22)
holds for all z,y, z € Q. Applying (8.7) to the identity (8.22),
vty = (Rx2 -y) (Lx2 . z) ,
and, comparing the right sides of the two latter equalities, we obtain
vy -xz = (Ra®-y) (La* - 2). (8.23)
Making the substitutions y — z 'y and y — Lz 2z, equality (8.23) becomes
[Re*z™y| 2z =y [z (L™ 2)]. (8.24)
Set
Ra’x 'y = ¢y and z (Laf2 . z) =¢rz.

Then the equality (8.24) takes the form

oy -2 =Y 2,

i.e., ¢, is a middle regular permutation of the loop Q(-), and ¢% is adjoint to ¢,. Con-
sequently, the element ¢,1 belongs to the nucleus of the loop Q(-) (see Chapter II, 2°).
Set

T = ¢yl = Ra® (x_ll) .

Then
nr = Ro? -2 (8.25)

Since ¢;1 = mx - 1, we find one more expression for mz:

mx =x- La 2.
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Now, we show that the solution of the equation Ra = La -z is ma. Indeed, (8.25) implies

Ra* = a - ma, (8.26)
S0
Ra*- La = (a-7wa)La, (Ra-Ra)La = (a-La)-7a,
Ra(Ra - La) = (a- La)ra, Ra-a = a(La-ma).
Consequently,

Ra = La - ma. (8.27)

Corollary 1.  is an endomorphism of the loop Q(-).
Indeed,

m(2y) - L(zy) = R(z - y) = Rr - Ry,
whence

m(azy)(LxLy) = (Lamx)(Ly - my) = [(Lamz) Ly] Ty
= [(LaLy)rz)] my = (LaLy)(rz - 7y),

SO

m(zy) = 7z - Ty.

Corollary 2. For arbitrary x,y, the equation

Az, y) = Ay, )7 (zy )

holds.
Indeed,

A(z,y) = Rz - Ly = (Lz - 7x) [Ry - (ﬂ'y)*l] .
But by Corollary 1, 7 is an endomorphism of the loop Q(+), so (7ry)71 = 7y~%. Thus,
A(x,y) = (Lz - 7x) (Ry : wy’l) = (LzRy)rzmy* = (RyLx)w (:L"y’l) ,
whence

Az,y) = A(y, o) (zy™") .
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Corollary 3. The equality
Az, y) =2 "p (zy ),

holds, for some central endomorphism p of the commutative Moufang loop (Q, -).
Indeed, multiplying both sides of (8.26) by Rz, we obtain

Rz* - Rx =arm-x-Rx, Rx®=ax2 mr-Ru,

and
Rr =a7'- Ra® - ma™t. (8.28)

3

By Lemma 6.7, the mapping x — x° is a central endomorphism of the commutative Moufang

loop, with 23 € N, so the mapping p defined by the equality

px = Redra!

is also a central endomorphism:

1

plzy) = R(zy)’n(zy)™" = Re*Ry’ra‘my ™ = RePra™ - RyPry ™' = pa - py.

Thus, (8.28) takes the form

Rz = a2 px.
By (8.29), we find
Lr = Rera ™ = o 'pr -t (8.29)
and
A(z,y) = Re- Ly = 2~ px -y~ py - my™" = 27"y~ pwpymy ™. (8.30)

In particular, setting x = y gives
y=Ay.y) =y py’my ™",
which implies
Yoyt =my
Substituting this expression for 7y~! in (8.30) gives
A(z,y) = oty pr-py -y’ py ™

or
Az, y) =27 "yp (zy™),

as required to complete the proof of Corollary 3.
The set of all elements of a quasigroup Q(A) which commute with a given element & is
called the centralizer Zj, of the element k. Then Lemma 8.3 implies
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Corollary 4. A centralizer Zy, in a distributive quasigroup Q(A) is a commutative normal
subquasigroup.

Let Q(-) be the commutative Moufang loop corresponding to the element k in the quasi-
group Q(A). We show that Z,, = 7 {1}, the kernel of the endomorphism 7 of (Q,-). As
such, it will be a normal subloop of (@, -). Indeed, if a € Zj, then

Ala, k) = A(k, a).

Thus Ra = La, i.e. wa = 1. The converse statement is immediate.
We now show that Z, is invariant with respect to the automorphisms R, R~!, L, and
L~!. We show that the equalities

Rr=7R and Lw =n7L. (8.31)
are satisfied. Indeed, the equality Ra = waLa implies
R?a = R(rwa - La) = Rra - RLa. (8.32)
On the other hand,
R?a = R(Ra) = n(R-a) - R(La) = TRa - LRa. (8.33)

Comparing the right sides of (8.32) and (8.33) we obtain the first of the equalities (8.31).
The second equality is proved in the same way. Now, suppose wa = 1. Then 7nRa = Rra =
Rl = 1, i.e., Ra € Z;. Similarly, we deduce the invariance of 7, with respect to the
automorphisms R, L, and L~

Since Z; is a normal subloop invariant with respect to R, R~!, L, and L~!, then ac-
cording to Corollary 1 of Lemma 4.2 we conclude that Zj is a normal subquasigroup of the
distributive quasigroup Q(A).

The proof of the commutativity of Z;, based on (8.27), is simple. Let a,b € Z;. Then

Aa,b) = A(b,a)m (ab™").

But 7 (ab™!) = 7a (mb~1) = 1, and consequently, A(a,b) = A(b,a).
A quasigroup is called anticommutative if the equality A(x,y) = A(y, x) holds only when
T =1.

Theorem 8.4. A finite anticommutative distributive quasigroup is transitive.’

Indeed, let Q(A) be anticommutative. Then wa = 1 holds only for a = 1, because the
equality Ra = La or A(a, k) = A(k, a) holds only if 7a = 1 = k. Thus, the endomorphism 7
is an automorphism, i.e., for any b € @), there exists c € ) such that b = wc. But 7c belongs
to the nucleus of the loop Q(-), so each element of @ lies in the nucleus of the loop Q(-).
Thus Q(-) is a group, and Q(A) is a transitive quasigroup.

To conclude, we prove the following lemma, which will be needed later.
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Lemma 8.4. Suppose that Q(-) is a commutative Moufang loop. If there exist two auto-
morphisms R and L such that for each x € (), the equation Rz - Lz = x holds and Rx(Lx)71
lies in the nucleus of Q(-), then Q(-) corresponds to a distributive quasigroup.

Let Rz(Lz)™" = mz. Then Rz = Lamx, where mz belongs to the nucleus of the loop
Q(+). We verify (8.7) and (8.8). We have
(Re-y)(La - 2) = [(Le - mx)y] (L - 2) = [rz(La - y)] (Lo - 2)

=7z [(L zy)(Lx-z)] =7z [Lx2 . (yz)] = (WJJLJ?Q) (y2)
= [R:B(fol - Lz?] (yz) = (R - La)(y2) = x(yz).

The proof of the equality (8.8) is similar.

Now L and R commute. Indeed, the equality Rx - Lz = z implies R(Rz - Lz) = Rx or
R2x - RLx = Rx. On the other hand, substituting Rz for x in the equality Rz - Lx = z, we
obtain R’z - LRz = Rz. Thus, RLz = LRz.

Consider the operation A, defined by the formula

A(x,y) = Rx - Ly.
Using (8.7) we can prove the left distributive law:
Alz,A(y,2)] = Rz - L(Ry - Lz) = Rz (LRy - L*z2),
Alz, Ay, 2)] = (R*xz - LRy) (LRxz - L*z) . (8.34)
We then have
Alz,A(y,2)] = (R*xz- RLy) (LRx - L*z) = R(Rx - Ly) L (Rz - L2)

= RA(z,y) - LA(x, z) = A[A(z,y), A(z, 2.)]

The proof of the right distributive law is similar.

Since Rz = Rx - L1 = A(x,1) and Lz = R1- Lz = A(1,z), we conclude that the loop
(@, ) corresponds to the distributive quasigroup Q(A).

In the case of transitive distributive quasigroups, the second condition, that Rx(Lx)_1

belongs to the nucleus, always holds.

4°. Connection with Steiner quasigroups and medial quasi-
groups

Let us recall that a quasigroup is a T'S-quasigroup if the equality A(a,b) = ¢ implies the
remaining five equalities obtained from the first by permutation of the elements a,b and
c. For example, A(a,c) = b, A(b,¢) = a, and so on. As was shown in Chapter VII, 1°,
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this definition is equivalent to the following: A quasigroup Q(A) is a T'S-quasigroup if, for
arbitrary z,y € @, the identities

A(z,y) = A(y,z) and }

Alr, Al )] = y (8:35)

are satisfied. A Steiner quasigroup is an idempotent T'S-quasigroup.
We now study the connection between distributive quasigroups and Steiner quasigroups.
The crucial importance of Steiner quasigroups for the study of distributive quasigroups
results from Theorems 8.5 and 8.6 below, showing that every distributive quasigroup is an
extension of a transitive distributive quasigroup by a distributive Steiner quasigroup.
Distributive Steiner quasigroups were first studied by Bruck [25]. Lemma 8.5 below is
due to Bruck.

Theorem 8.5. The quotient Q(A)/P sk of a distributive quasigroup Q(A) by its middle
nucleus ®ak (relative to any given element k of Q) is a distributive Steiner quasigroup.

Since the middle nucleus ® 4% of the distributive quasigroup Q(A) is a normal subquasi-
group, we can consider its corresponding quotient Q(A) = {@ | a € Q}.
Let show that Q(A) is commutative. We use Corollary 2 to Lemma 8.3:

A, y) = Aly, o)m (zy ™)

for z,y € Q. Passing to the cosets, we obtain

A@g) = Az, y) = Aly, o) (wy~t) = Ay, 2) - 7 (2y ™),
S0
A y) = A@, )7 (xy ). (8.36)
But 7 (zy™') € P4k =1, so 7 (zy~!) = 1, whence, substituting in (8.36) we obtain

AT, y) = A, 7).

This commutativity, together with the observation that, by Lemma 6.7, 23 € N or @° = 1
for any = € @, enables application of the following simple lemma to complete the proof of
Theorem 8.5.

Lemma 8.5. Consider a commutative distributive quasigroup Q(A). Then Q(A) is a
Steiner quasigroup if and only if each non-identity element of the corresponding commutative
Moufang loop (Q,-) has order 3.

Indeed, suppose 2® = 1 for arbitrary z € Q(-). If Q(A) is a commutative, then (8.26)
implies 7 (zy~!) = 1 for all z,y € Q(-), i.e., 7z = 1 for all z € Q(-). By (8.26), this means
that R = L. Since 2° = 1, we have z(zz) = 1. Passing to the operation A, we obtain

A[R 'z, RA (R e, Rx)] = 1.
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But A(R™'z, R7'z) = R~'z, and
A (R’lx,R’Q:E) =1,
whence
A(Rr,2)=R*1=1=k, A(Rx,z)=k, and Alzx, Az, k)] = k.

Since = and k are arbitrary elements of @, the second equality from (8.35) is proved.
Conversely, suppose that Q(A) is a distributive Steiner quasigroup. Since Q(A) is com-
mutative, R = L (as proved earlier), and

A(a,b) = R(ab). (8.37)
Returning to the loop Q(-), from (8.35) we obtain
Rla- R(a,b)] =0,

which implies

R~ 'a-(ab) = R7b. (8.38)
But if @ = b in (8.37), we find that
Ra® = a,
or
R7'a =ad* (8.39)

Substituting (8.39) into (8.38) and setting b = 1 we obtain
a*(al) = 12,

or a® = 1, establishing the lemma.

A subquasigroup H(A) of a quasigroup Q(A) is generated by a subset or alphabet M =
{a,b,c,...} if H consists of all words, composed of all letters a,b,c,... from the alphabet
M, i.e., elements of the subset M.

The concept of a word is defined by a recursion on its length. For the recursion basis,
words of length 1 are just taken as the elements of the subset M, the letters of the alphabet.
If words of length < n — 1 are already defined, then by a word of length n we mean an
expression of the form A’(u,v), where A’ is one of the operations A, A~!, or ~*4, and the
arguments v and v are words of length < n — 1, one of which has length exactly n — 1.

Theorem 8.6. If elements a,b,c,d of a distributive quasigroup satisfy the medial law
equation

A[A(a,b), A(c,d)] = A[A(a,c), A(b, d)], (8.40)

then these elements generate a transitive distributive quasigroup. In other words, by Theo-
rem 8.3, these elements generate a medial and idempotent quasigroup.
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Without loss of generality, we consider ¢ = k = 1. Now we turn to the operation (-) :
vy = A(R 'z, L™ 'y). The equality (8.40) takes the form:

(R*a- LRb) (LR1 - L*d) = (R®a- LR1) (LRb- L*d)
or
(R*a- LRb) L*d = R®a (LRb- L*d) . (8.41)
Using (8.25), we obtain
LRb = L(Lb-mb) = L* - Lwb = L* - wLb

and
R%a = R(Ra) = R(La - 7a) = R(La - na)7(La - Ta)
= (L%a- Lma) - (nLa-7°a) = L*a -7 (La- La - 7a) = L*a - ma.
Substituting the values found for LRb and R?a into the equality (8.41), we obtain
[(LQa : 7ra) (Lzb : wLb)] L = (L2a . 7ra) [(LQb . wLb) de] .

Since, for an arbitrary element a, the element ma belongs to the nucleus, this equality may
be rewritten as

[(L?a- L?b) L?d| (ra - wLb) = [L*a (L*b- L*d)] (7a - wLb).
Dividing both sides by ma - 7Lb and the automorphism L?, we conclude
ab-d=a-bd.

By Moufang’s Theorem, the elements a, b, d generate an associative subloop H () of the loop
Q(+). Tt is easy to verify that the subloop H'(-) of the loop Q(-) generated jointly by the set
H(-) and the nucleus of the loop Q(-), is also a group.

Let us denote the subquasigroup of the distributive quasigroup Q(A) generated by the
elements a,b,c(= k = 1),d by Ho(A). We will show that

Hyc H'

The elements a, b,d, 1 belong to H'(-). Assume that the words of length < n — 1 from
Hy(A) already belong to H'(-). By Corollary 3 of Lemma 8.3, we have

Au,v) = u v (w ™), (8.42)

where for each x, the image px belongs to the nucleus of the loop Q(:). By Theorem 8.2,
the commutative Moufang loops corresponding to the distributive quasigroups ~'A4 and A~1
coincide with the same loop (-) that corresponds to the quasigroup A. Thus, for ~'A and
A~! we have analogous formulas:

A7 (u,v) = u P (uv_l)}

TA(u,v) = w0y (wo ) (8.43)
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where p; and py are central endomorphisms of the loop Q(-).
Let w be a word of length n from Hy(A). Then w has the form

w = A'(u,v),

where the arguments v and v are words of the length < n— 1. By the induction hypothesis,
u,v € H'(-). By equations (8.42), (8.43), we H'(), i.e., Hy < H'.

Since H'(-) is a group, Ho(:) is also a group. This means that Hy(A) is a transitive
subquasigroup of the distributive quasigroup Q(A).

Corollary 1. Any three elements of a distributive quasigroup generate a transitive dis-
tributive subquasigroup.

Indeed, the distributive and idempotent laws imply
A[A(a,b), A(c,c)] = A[A(a,b),c] = A[A(a,c), A(b, c)],
so the medial equation (8.34) holds for the quadruplea, b, ¢, c. Theorem 8.6 then yields the

desired result.

Corollary 2. A non-transitive distributive quasigroup requires at least four generators.

Note that for general distributive quasigroups, the medial law does not hold. (An ex-
ample is given below.) So far, we have seen that validity of the medial law in a distributive
quasigroup is equivalent to its transitivity. Thus, the equation

A[A(a,b), Ac,d)] = A[A(a, z), A(b, d)]

is of great interest. Writing the solution as [a, b, d],, the medial law takes the form [a, b, d], =
cforall a,b,c,de Q.

Fixing an element ¢ as ¢ = k = 1, we write Q. for the subquasigroup of Q(A) that is
generated by the set {[a,b,d], | a,b,d € Q}. The following theorem reveals the significance
of the subquasigroup Q(A).

Theorem 8.7. Let Q(A) be a distributive quasigroup. Then the subquasigroup Qx(A) is a
Steiner normal subquasigroup, and the quotient Q(A)/Qr(A) is transitive.

Indeed, let = = [a, b, d],, so the equation
AlA(a,b), A(1,d)] = A[A(a,x), A(b,d)]
holds. Turning to the loop Q(+), we obtain
(R*a- RLb)L*d = (R’a- RLz) (LRb- L*d) . (8.44)
Now, we transform (8.44) in the same way as was done in Theorem 8.6:
[(L%a - 7a) (L?b- wLb)| L*d = [(L*a - ma) - LRx| [(L*b- wLb) - L*d],
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[(L?a - L?b) L*d] (ra - wLb) = [(L*a- LRxz) (L*b- L*d)] (wa - wLb),
(L%a- L) [*d = (L%a- LRx) (L% - [*d),
ab-d = (a-RL™"z) (bd). (8.45)
At this point, we invoke the following result of Bruck [25].

Lemma 8.6. In a commutative Moufang loop Q(-), write the solution of the equation
ab - d = (azx)(bd). (8.46)

as [a,b,d]. Then the following statements hold:

1) wa,b,d] = [a,wd,d] = [a,b,wd] = [a,b,d], where a,b, and d are arbitrary elements
of Q, and w is an element of the nucleus of Q(-);

2) [a,b,d]’ = 1 for all a,b,d € Q.

Proof. 1. By the definition of [a, b, d], we have
(aw - b)d = (alaw, b, d])(bd). (8.47)

But (aw - b)d = (wa - b)d = w(ab - d). Transforming the right side of (8.47) and dividing it
by w, we obtain

(ala,b,d])(bd)d = (a[aw, b, d])(bd),

which implies [aw, b, d] = [a, b, d]. The remaining equalities of the statement may be obtained

in similar fashion.

3

2. By Lemma 6.7, the mapping  — 2 is a central endomorphism of the loop Q(-).

Applying the endomorphism to (8.46) yields
a®b* - &® = (a’a, b, d]*) (b*d*) .

Since this equation concerns elements of the group N(-), the nucleus of the loop Q(), it
immediately gives [a, b, d]* = 1. O

Returning to the proof of Theorem 8.7, the equality (8.45) yields RL™'z = [a, b, d] or
[a,b,d], = LR '[a,b,d]. (8.48)

By (8.46), we have
vla, b, d] = [pa, ¢b, ¢d] (8.49)

for an arbitrary automorphism ¢ of the loop Q(+). In particular,
Rla,b,d] = [Ra, Rb, Rd]. (8.50)

Applying Lemma 8.3 to the right hand side of (8.50), we obtain
Rla,b,d] = [La - ma, Lb - wb, Ld - 7d]. (8.51)
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By Lemma 8.6, 1), we may remove the nuclear elements ma, b, 7d from the right side
of (8.51), so
Rla,b,d] = [La, Lb, Ld] = La,b,d], (8.52)

whence

[a,b,d], = [a,b,d]

follows by (8.48).

Thus, Qx(A) is generated by all the solutions of the equation (8.46), where a,b, and d
are arbitrary elements of Q). The corresponding Moufang loop Qy(+) is generated by the all
expressions [a, b, d]. By (8.48), the subloop Qy(-) is characteristic.” Hence, Q(-) is invariant
under every inner permutation, since inner permutations of a commutative Moufang loop
are automorphisms, by Corollary 3 to Theorem 6.4. Thus, the subloop Q(-) is normal.
Furthermore, Qy(+) is invariant under the automortpisms R, R, L and L~!. Consequently,
Qr(A) is a normal subquasigroup. By (8.52), Qx(A4) is a commutative subquasigroup,
and by Lemma 8.5 and Lemma 8.6, 2), we conclude that Q(A) is a distributive Steiner
subquasigroup.

Now we consider the quotient Q(A) = Q(A)/Qr(A). By (8.46), we obtain

ab-c=(a-z)(b-d).
But 7 =1, s0 = [a,b,c] € Q) = 1, whence,
(a-b)c=a(b-c).

Thus, the corresponding loop Q(A) is associative, which implies that it is transitive. The
proof of the theorem is complete.
Theorem 8.7 offers an alternative perspective on one direction of Theorem 8.3.

Corollary 1. A medial distributive quasigroup is transitive.

Let Q(A) be the quasigroup in question. Then [a,b,d], = k for a,b,d,k € Q, so Qi
just consists of the neutral element k& = 1. Thus the quotient Q(A)/Qx(A) is isomorphic to
Q(A), which is then transitive by Theorem 8.7.

Corollary 2. Suppose that a distributive quasigroup Q(A) has no non-trivial Steiner sub-
quasigroups. Then it is transitive.

In fact, suppose that the only Steiner subquasigroups of the distributive quasigroup
Q(A) are trivial. Then, in particular, Q;, consists of just one element. Thus, the medial law
holds, and Q(A) is transitive by Theorem 8.3 or by Corollary 1.

*ILe., the subloop Q(-) is invariant under every automorphism of the loop Qg ().
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5°. Examples of non-transitive distributive quasigroups

In this section, we present examples of non-transitive distributive quasigroups, i. e., dis-
tributive quasigroups which are not medial. To prepare for the examples, we first consider
some properties of commutative distributive quasigroups. In a commutative distributive
quasigroup R = L, so Q(A) and Q(-) are connected by

Aa,b) = R(a - b). (8.53)

By (8.39),
R™'a = d? (8.54)

so squaring a — a? is a permutation of the corresponding commutative Moufang loop. It is
easy to see that the converse statement also holds.

2 is a permutation on a commutative Moufang loop, then the loop

If squaring a — a
corresponds to a commutative distributive quasigroup.
Indeed, according to the basic identity for commutative Moufang loops, the mapping

R~ 'a = a? is an automorphism:
a?b? = a®(bb) = (ab) - (ab) = (ab)”.

If Ra? = a, then the first hypothesis of Lemma 8.4 holds: Ra-Ra = a. The second condition
also holds: Ra(La) 'a = Ra(Ra)™' is the nuclear element 1. Thus (8.53) determines a
distributive and patently commutative quasigroup.

Theorem 8.8. FEvery commutative Moufang loop of odd finite order corresponds to a com-
mutative distributive quasigroup.

Suppose that Q(+) is a commutative Moufang loop of odd finite order. Then the mapping
a — a? is a permutation. Indeed, let x — 22 and y — 32, and suppose x2 = y2. Since the
elements = and y generate a commutative group, the equality 22 = y? implies (ary’l)2 =1.
Set z = xy~'. Then 22 = 1. But z® belongs to the nucleus, so z = 2% -z = 2? is also nuclear.
Since the nucleus of a commutative Moufang loop A(+) is a normal subloop of the loop, the
order of the nucleus, as a divisor of an odd number, is itself an odd number. Thus, since
2?2 =1, we have z = 1, so = y: the squaring a — a? is a permutation.

Note that a Moufang loop (not necessarily commutative) of even order cannot be isotopic
to any commutative distributive quasigroup, since no commutative distributive quasigroups
of even order exist [78].

Theorem 8.8 implies that a commutative quasigroup of odd order corresponds to a
transitive commutative distributive quasigroup.

Ezample of a non-transitive commutative distributive quasigroup. The required example
is furnished by a non-associative commutative Moufang loop in which the mapping x — 2
is a permutation. Such an example was presented in Chapter VI, 5°. There, we considered
a group Q(+) in which each element cubed to the identity, and defined the operation z oy =
x~yz? to obtain a commutative non-associative Moufang loop Q(o). Consider the operation

A(z,y) = R(z oy)

151



defined by the formula (8.53), where R~'a = aoca = a=! according to (8.54). Then Ra~' = a
or Ra = a™!. Hence

1 9,
=a"%b"la.

Afa,b) = R(aob) = (aob)™ = (a 'ba?)”

2 = g, and we obtain the formula

But ¢® = 1, whence a~
Alz,y) = xy e

for the operation A. It is easy to show that the quasigroup Q(A) is distributive but non-
transitive. Moreover, it is easy to show that Q(A) is a distributive Steiner quasigroup.
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Notes

!The concept of a distributive quasigroup was introduced by C. Burstin and W. Mayer [34]. Some results
of this paper were presented in the book of A.K. Sushkevich [78]. Here we mostly expound results from [16].

2Proposition b) implies that a distributive quasigroup has a transitive group of automorphisms: If a and
b are arbitrary elements from @, then there exists an automorphism « such that aa = b. We can choose L.,
where A(c,a) = b, as a. B.Fischer [80] studied the group R(A) generated by all the right translations of a
distributive quasigroup. He proved that if Q(A) is a finite distributive quasigroup, than R(A) is a decidable
group.

Also note that loops with a transitive group of automorphisms (their definition is the same as for
quasigroups, with the condition that neither a nor b is the neutral element of a loop) were studied by
Bruck [27]. He proved the following statement: If a loop Q(-) has a transitive group of automorphisms, and
the descending chain condition holds for the normal subloops of Q(-), then Q(-) is a simple loop (the only
normal subloops are @ and {1}.)

3Generally speaking, cosets of a subquasigroup H of a distributive quasigroup Q(-) need not posses the
weak Lagrange property: aH and bH may have common elements, but not coincide. An example is provided
in [20]).

4In [20] a non-trivial distributive quasigroup Q(-) of type (1,1,1) was exhibited. There exist transitive
distributive quasigroups of any order n # 4k + 2 (see the remarks in Chapter IX). Then, taking the cross-
product of a such quasigroup with the quasigroup Q(-), we obtain distributive quasigroups with a middle
nucleus of any order n # 4k + 2. A distributive quasigroup of type (1,1,1) must be a Steiner quasigroup.

STransitive medial distributive quasigroups were studied in [13]. Fulton and Stein [81] pointed out
the connection between these quasigroups and conic sections. In [58] Osborn considered the relationship
between Euclidean geometry and the medial quasigroup Q(o) with z oy = (1 — a)z + ay, where Q(+,) is
the field of complex numbers, and a # 0,1. In the same article the prolongation (-, €) of the loop Q(-) was
studied, where € is the identity map on C (see Definition 6 in Chapter VII, 5°). Finite medial distributive
quasigroups were also studied by Sade [65].

6Sorkin [77] showed that a finite distributive quasigroup is either commutative, or could be obtained
from a commutative quasigroup by a finite number of extensions by anticommutative quasigroups, i.e., by
medial distributive quasigroups.

153



Chapter IX. Left-distributive
quasigroups

1°. Left-distributive quasigroups which are isotopic to
groups

The definition of a distributive quasigroup raises a question: Is left distributivity (8.1)
independent of the right distributivity (8.2)? It transpires that this question has a positive
answer: There exists a quasigroup @ (A) in which the left distributive law

Alz, Ay, 2)] = AlA(z,y), Az, 2)]

is satisfied, but the right distributive law is not. Such quasigroups were constructed by Stein
[75] using a method of Hosszu [83].

1

Definition. A groupoid Q(A) is called left homogeneous' over a loop Q(-) if there exists

a permutation ¢ such that

Az, y) =z - p(z\y),
where (\) = (-)7%, i.e,, (\) is the right inverse operation for (-). Analogously, a right homo-
geneous operation over Q(-) is defined by

A(z,y) = o(z/y) -y

In particular, if Q(-) is a group, a Moufang loop, or more generally an I P-loop, then a
left homogeneous operation over Q(-) would take the form

Alz,y) =z - oz 'y),

since r\y = 2!y in an I P-loop.
Using the notion of homogeneity, we formulate the following.

Theorem 9.1. A distributive quasigroup is both right and left homogeneous over a com-
mutative Moufang loop.?

Indeed, in the previous chapter it was shown that a distributive quasigroup Q(A) is
isotopic to a commutative Moufang loop Q(-), with

A(z,y) = Rz - Ly
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for z,y € @, where R and L are automorphisms of the loop Q(-).

To prove the theorem, recall that Rz, Lx and y generate an associative subloop H(-) of
Q(-). The subloop H(-) contains the element = (as x = Rz - Lx). Consequently, the element
2! lies in H. Thus, we have

(z7'La)y = (L - y)

Interchanging x with = and y with Ly, we obtain
(vLx')Ly = x(La~ ' Ly),
Rx - Ly =xL(z'y), and
Alw,y) = zL(z""y)

successively.

The following theorems provide answers to the question raised at the beginning of the
section. Theorem 9.2 makes use of the concept of a full permutation of a quasigroup Q(-).
Thus, a permutation ¢ of Q is full if, when ¢’z - px = x holds for any x € Q, then the
self-map ¢’ of @) is a permutation.

Theorem 9.2. If a left-distributive quasigroup Q(A) is isotopic to a group Q(-), then it is
left homogeneous over the group:

Az, y) = 20(xy),

with 0 as a full automorphism of the group Q(-). Conversely, if a groupoid Q(A) is left
homogeneous over a group Q(-), namely A(x,y) = x0(z~1y), where 0 is a full automorphism
of the group, then Q(A) is a left-distributive quasigroup.®

Proof. First assume, without loss of generality, that a left distributive quasigroup Q(A) is
a principal isotope of a group Q(-), with

Alz,y) = px - y. (9.1)
Note (9.1) with z = ¢ 1 implies that
L(p’ll = wa

whence v, as a left multiplication in the left distributive quasigroup Q(A), is an automor-
phism of Q(A). Again, (9.1) with y = z yields

T = px - Px, (9.2)
so 1 is a full automorphism of Q(A). Then

V(o - py) = oY) - P(Yy),

SO

U(zy) = v~z Py,
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This means that ¢ is a quasiautomorphism of the group Q(-). By Lemma 2.5, the permu-
tation ¢ can be presented as
Yr = kbx,

where 6 is an automorphism of the group Q(-). Now ¢ may be recovered from the equality
(9.2) as
or = r(¢Yr) = o(kOr)! = 02k

Thus,
Az, y) = pr - px = oz 'k kOy = 20(xy).

Here 6 is a full automorphism of the group Q(-), because
x=px -Yr = (pr- k)br=\x 0z

for z € Q.
Conversely, suppose that a groupoid Q(A) is left homogeneous over a group Q(-):

A(z,y) = 20(xy),

with 6 as a full automorphism of Q(-). We first show that Q(A) is a quasigroup. Clearly
A(a,y) = bis uniquely solvable. It thus suffices to show that A(z, a) = b is uniquely solvable.
The equation A(z,a) = b is equivalent to 26(z'a) = b or z0x~' = bha~"'. Since 6 is a full
automorphism, the self-map x — zfx~! is a permutation of the set (). Thus, there exists a
unique element z such that zofzy* = bha=".

We now verify the left distributive law in Q(A):

AlA(z,y), Az, 2)] = A(ab(z"y), 260(2"2))
= 20(z""y) - O[(xf(z'y)) " ab(a T )] = 20(@” y)O[O(y " 2)2 " - 2b(a"2)]
= ab(z'y)0[0(y " 2)0(z " 2)]
= 20(z'y)0*(y~'2) = 2027 yh(y ' 2)] = Alz, Ay, 2)]-
This completes the proof of the theorem. O

Theorem 9.3. Under the equivalent conditions of Theorem 9.2, the quasigroup Q(A) is
distributive if and only if the group Q(-) is abelian.

Indeed, if Q(A) is distributive, then it is isotopic to a commutative Moufang loop Q(+).
On the other hand, Q(A) is isotopic to a group Q(-) according to Theorem 9.2. Thus, the
commutative Moufang loop Q(+) is isotopic to the group Q(-), whence Q(+) and Q(-) are
isomorphic. Therefore, Q(-) is an abelian group.

Conversely, let Q(-) be an abelian group. Then

May) = 2yf(xty ™) = aybz 0y = 20z yly ' = v - Ny,

so the permutation Az = 20z~ is also an automorphism. The right distributive law is now
easy to check.
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Theorems 9.2 and 9.3 imply the existence of left distributive quasigroups which are
not right distributive. It suffices to take a noncommutative group Q(-) which has a full
automorphism.

If a group Q(+) is finite, the concept of a full automorphism coincides with the concept of
a spectal automorphism, an automorphism 6 satisying the implication fc = ¢ = ¢ =1 for
c € Q. In other words, the only element of Q(-) left invariant by 6 is the identity element.

Indeed, consider a full automorphism 6, say with Ax-0x = x for all z € Q). Suppose fc = ¢
for some ¢ € Q). Then \c-f0c = ¢ implies A\c = 1. In particular, A1-601 = 1 implies A\1 = 1.
Thus, Ac = AL, so ¢ = 1. Conversely, let § be a special automorphism, and let Az = xfz 1,
Ay = y0y~'. Now A\x = \y implies 20z~ ! = yfy~! or y 'z = Oy '0x = O(y'x). Thus
y~lz =1 or y = x, by the definition of a special automorphism. Because @ is a finite set,
we conclude that A is a permutation, and thus € is a full automorphism.

B. Neumann [55] gives an example of a finite noncommutative group with a special auto-
morphism. So, the existence of a left distributive quasigroup which is not right distributive
group is established.*

2°. Moufang loop cores

It is natural to ask the question: Do other classes of left distributive quasigroups ezist,
not isotopic to groups? We will provide a positive answer, using a concept introduced by
Bruck [31] in the context of Moufang loops.

Definition 2. Let Q(-) be a loop, and let (-)~! = (\). The groupoid Q(+), with the
operation

x+y=2x(y\z), (9.3)
is called the core of the loop Q(-).

In the case where Q(-) is a Moufang loop, (9.3) becomes
r+y =1y 'z),

unambiguously written as
rT+y= :z:y’lx

using the diassociativity of Moufang loops.

Theorem 9.4. The core Q(+) of a Moufang loop Q(-) is a quasigroup if and only if the
squaring x — x is a permutation of Q.

If Q(+) is a quasigroup, the equation x + 1 = a with unknown 2z has a unique solution,

2

i.e., 7(17'z) = a or 2% = a has a unique solution for any a € Q. Write this unique solution

12, Conversely, suppose that 22 = a with unknown z is uniquely solvable for any a € Q.

The equation

as a

a+y=>
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is equivalent to the equation
ay ta=0b,

which is, obviously, uniquely solvable; its solution will be
y=ab a.
Consider the equation
r+a=0>

with unknown z Assume a solution exists:
ro+a=>b

or
-1
Toa xo = b.

1

Multiplying by a™ on the right-hand side, we obtain

zoa twoat = (zoat)? = ba !

)

whence
zoa~t = (ba™H)Y? or

zo = (ba™1)Ya.

Thus, the uniqueness of the solution to equation (9.4) is established.

We now show that zy from (9.5) definitely solves equation (9.4):
20+ a = xoa"wy = (ba™)a - a7 (ba™)a
= (ba™HYV2 (ba )2 a7t = ba"t - a = b.
The proof of the theorem is complete.
Theorem 9.5. The left distributive law
z+(y+z2)=(@+y) +(x+2)

(for any x,y, z € Q) holds in the core Q(+) of a Moufang loop.

(9.5)

(9.6)

Proof. In the proof, we use the defining identities (6.1), (6.2), (6.9) of a Moufang loop, the

identities (6.3)—(6.5), and also the fact that a Moufang loop is an I P-loop. We have

t=@+y)+@+2) =y v +az v =ay o (zz 2)"-

From this it follows that

1 1

t = ch_lx T A a:y_la: = (xy_lx -x

t={z[yH(x-z7 22} -2y e
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The expression in parentheses is
r-rl 27! = (v
Thus,
t=le(y™ 2z )] oy e = ({laly 22 )]aly e
={lzy™" - (a7t 2) ]y e [(xy 2y e = [y ey )]
=v-ylzytr=a-(y+2) ta=a+ (y+2).
)

The equality (9.6) is proved, and so Q(+) is left-distributive. O

Theorems 9.4 and 9.5 imply the following.

Theorem 9.6. Let Q(:) be a Moufang loop in which the square mapping * — x° is a
permutation. Then the core of Q(-) will be a left distributive quasigroup.

The question arises: Will the left distributive quasigroup that was constructed in The-
orem 9.6 also be right distributive? The answer is given by the following theorem.

Theorem 9.7. A necessary and sufficient condition for the core of a Moufang loop Q(-)
to be distributive is satisfaction of the equation

e = yxty (9.7)
for any z,y € Q.
Proof. The condition (9.7) is necessary. If x +y = zy 'z, is also right-distributive, then, in
particular, we should have
(y+z ™) +1=(@w+1)+ (@@ +1), (9.8)
whence yzy + 1 = y* + 272 or (yry)? = y*2%y>.
yay -yry = y'rty’. (9.9)

Dividing both sides of (9.9) by y from left and right, we obtain the condition (9.7).

The condition (9.7) is sufficient. Indeed, if we work backwards from the equality (9.9),
we obtain (9.8). Let z be an element of (). The permutation L} defined by Lfa = z + a,
is an automorphism of the left distributive quasigroup Q(+). Applying the automorphism
L} to each side of (9.8), we obtain

(Lry+ Lia Y+ Li1=(Liy+ LZ+1) + (Lfz '+ L71). (9.10)
But L1 =2+1=2% LVy =2y 'z, and LY2z™! = zxz. Replacing 22, zy 'z, and zzz
respectively with u, v, w, from (9.10) we get (v + w) +u = (v+u)+ (w+u). Because u,v,w
may by any elements of the loop Q(+), the theorem is proved. O

The next question arises: To which loops are left distributive quasigroups isotopic?
When a left distributive quasigroup is the core of a Moufang loop, the following theorem
gives the answer.
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Theorem 9.8. A left distributive quasigroup Q(A) which is the core of a Moufang loop
Q(+) is isotopic to a loop Q(o) with

[zo(yox)|oz=xo0[yo(zoz)], (9.11)
i.e., a left Bol loop (see Chapter VI, 6°).
Proof. Consider the principal isotope
roy=A(R 'z, L'y), (9.12)

of a left distributive quasigroup Q(A), where Rz = A(z,1) and Lz = A(1,z). Here, 1 is
the unit of the Moufang loop Q(+)). By definition of the core, the two preceding equalities

take the form

Rz =2 and Lz =z7".

So, from (9.9) we find
A(x,y) = ReoLy =20y,

whence
2oy = xyx. (9.13)

We compute (22 o y)? o z in the Moufang loop Q(-):
(o) oz = gz 2wy = oy (2~ aya) = (2 yo){(zx ) - 1]
= zlyz - (zz-y)|le = zly(z - zz)yle = aly(zzz)y]e
= lyle? o 2yl = aly? o (&% 0 ) = 2% o [y o (42 0 )]
(2 oy)?oz =100y’ o (2?0 2)]. (9.14)

The unit of the loop Q(-) is the unit of the loop Q(o), so setting z = 1 in (9.14) gives

2

(220y)? = 2% o (y* 0 1?) so, [z? o (y? 0 a?)] 0oz = 2 o [y? o (z® 0 2)]. Finally, replacing z? and

y?> with z and y (recalling from Theorem 9.4 that squaring is a permutation in the current
context), we obtain the desired identity (9.7). O

Corollary 1. The loop Q(o) of Theorem 9.8 is a Moufang loop if and only if the condition
(9.7) holds in the Moufang loop Q(-).

Note that the equality (9.13) could be rewritten as
zoy =z Py (9.15)
If Q(o) is a Moufang loop, it satisfies the right alternative law
yo(zxox)=(yox)ouw. (9.16)
Passing to the loop Q(-) using equality (9.15), this becomes

y1/2($1/2x$1/2)y1/2 _ (yl/Qxyl/Q)1/2$(y1/2xy1/2)1/2.
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Replacing y'/? with y yields
2 1/2 1/2
yay = (yry) Fa(yry)”. (9.17)

Denote yzy by 22, Then y'2%y~! = y~!(yzy)y~* = 2. Substituting this value for x into

(9.17), we obtain
T e o e T € KA
Py =y Py or ay =y Ry

Finally, replacing y~! with y and taking into account that y and z are arbitrary elements,

we obtain the identity (9.7).
Since all these transitions from (9.16) to (9.17) are reversible, condition (9.7) implies
(9.16). However, if the left Bol loop Q(o) is right alternative, it is a Moufang loop.
Combining Theorem 9.7 with Corollary 1 of Theorem 9.8, we obtain

Corollary 2. If condition (9.7) holds in a Moufang loop Q(-), its core is a distributive
quasigroup isotopic to the Moufang loop Q(o) constructed by formula (9.15).5

From Theorem 8.1, which stated that any distributive quasigroup is isotopic to a com-
mutative Moufang loop, it follows that the operation (o) is commutative.

From all that has been said, it follows that if we take the core Q(+) of a Moufang loop
Q(+) in which squaring  — z? is a permutation and condition (9.7) is not satisfied, we will
obtain a left distributive quasigroup which is not right distributive. The quasigroup Q(+)
cannot be isotopic to a group, because then, Q(o) would be a group, while in fact it is not
even a Moufang loop.

Example. Take the group Q(-) considered in [89, p.225]. It has order 3%¢3, where ¢ is a
prime number of the form 3k + 2. The group has a minimal set {a,b, ¢, d} of generators,
subject to the system

=1, W=c=4d1=1,
1 1.1

cbh=bed,, atba=c¢, atca=0b"

da =ad, db=bd, dc=-cd

)

Yimply a2ba? =

Multiplying from the left by b, we have ba=2ba® = ¢!

of defining relations. The relations a 'ba = ¢ and a tca = b lc”

a Ha tba)a = a7tca = btc7h
If condition (9.7) were satisfied in this group, we could interchange ba=2b with a'b*a~"! in

this latter equation:
ct=(aaa? = a vPa = (a'ba)? = &2,

whence ¢ = 1. This would contradict the minimality of the generating set {a, b, ¢, d}. Thus,
condition (9.7) is not satisfied in the group, so the core of the group Q(-) is left distributive,
but not right distributive, and is also not isotopic to a group.

As Bruck showed [31], the core of a Moufang loop is an isotopy invariant. In other words,
the following theorem holds.
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Theorem 9.9. Suppose that Moufang loops Q(o) and Q(-) are isotopic. Then their cores
are isomorphic.

Proof. A principal isotopy of the loops Q(o) and Q(-) should have the form
roy=R'z- L;ly,
or
T oy =xU- VY,

because R,;! = R,-1 = R, and L;l = Ly-1 = L,, due to the fact that every Moufang loop
is an I P-loop.
Let Q(®) and Q(+) be the respective cores of (o) and Q(-). Then

t@®y=xzoy Vo, (9.18)

where y o 4! = ¢ and e = ba. Writing the right-hand side of (9.18) in terms of the
operation (-), we obtain
@y = (zoyV)ox = [(zu-vyV)u](vz)

= [w(u- vy V)] - (v2) = a[(w- vy -,

or
Ty = 1Y 7T, (9.19)

where
h= (g

does not depend on z. Setting y = x in (9.19),

y=ydDY = yny,

whence
=y
or
T@y =1y =1y ‘T=0+7Y,
as required. O

3°. Certain results on F'-quasigroups

Left-distributive quasigroups are closely related to F-quasigroups (see Chapter III, 5°).
More precisely, a left distributive quasigroup is a (left) F-quasigroup. Indeed, let Q(-) be a
left distributive quasigroup:

xT-yz =y T2 (9.20)
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It is clear that the mapping S, : # — a\z" is a permutation. Replacing z in (9.20) with
Spz = 1\z,
we obtain
x(y - Szz) = xy - xS,z
By the definition of the operation (\), we have
xSz = x(z\z) = 2.
Thus, the left distributive law (9.20) takes the form
xy -z =1x- ySyz, (9.21)

i.e. a left distributive quasigroup is a (left) F-quasigroup.
Note that in this case the permutations S, are automorphisms of the quasigroup Q(-):

Se(yz) = Spy - Spz.

Indeed, it is easy to see that S, = L, and left translations of left distributive quasigroups
are automorphisms.

On the other hand, the equality (3.32) established for any F-quasigroup gives the possi-
bility to characterize F-quasigroups by an identity that is very close to the left distributive
law. More precisely, (3.32) implies that

Z =€y 5,2,
so substituting this value for z into (9.21), we obtain

(xy) - (€xSz2) = x(y - Sz2),
or
(zy)(exz) = z(y2). (9.22)
The equalities (9.21) and (9.22) are easily seen to be equivalent. Furthermore, (9.21)
also implies that an idempotent (left) F-quasigroup is a left distributive quasigroup, since in
this case e, = x.
In Chapter III, 5° it was shown that F-quasigroups are isotopic to F-quasigroups with

a left unit. Assume that Q(-) is an F-quasigroup with a left unit 1. Consider the isotope
Q(o) of the F-quasigroup Q(-), with

roy= Rz Ry), (9.23)
where Rx = x1. It is easy to see that Q(o) is a loop, with 1 as its unit element:
rol=RYz-Rl)=R 1) = R"Y(Rr) =2, and
loz=R*1-Rz)=R'(Rz) =g,

since R1=1-1=1.
We will need the following result.

*Recall the equivalence of zy = z and z\z = y, i.e., ()71 = (\).
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Lemma 9.1. There exists an automorphism 6,,, of the quasigroup Q(-), depending on the
elements x and y, such that

SISy = ez,ySyoz
holds for any x,y € Q.

Proof. We determine (-)S=% using the equality (3.23) and bearing in mind that in the our
case @, should be the permutation Sr-1, (see Chapter III, 4°):

(.)SR—leR—ly = ()

ySpLy o
or
(%5 = Oy
Then
Ry - S;'Re = (y1)(S; ' Rx) = y[1- S,(S, ' Rx)] = y - Ra.
Thus,
(550 = (Vyre = (VrR-1(9RE) = (VREY0r) = ()57,
ie.
(_)sty — (_)Syox7

or

()55 = ()

)

from which follows that the operation (-) has the permutation

Ory = SzSySyzlw
as an automorphism. O
Theorem 9.10. The equalities
(xoy)oz=xz0(yob,,z) and (9.24)
ry=zo(yoe;") (9.25)

hold for any x,y,z € Q.
Proof. 1. Transform the main equality (3.3) of a F-quasigroup using (9.23):
Ty z=1o ySyz,
R[R(xo R'y)o R™'2] = Rlz o R'R(y o R™S,2)],
R(roR'y)oR 'z =20 (yoR'S,2),

or

R(zoy)oz=x0(Ryo R 'S, Rz). (9.26)
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Substituting y = 1 in (9.26), we have
Rroz=uz0(RloR'S,Rz),
Rroz=z0R'S,Rz. (9.27)
Replacing = with z o y in the latter equality, we have
R(zoy)oz=(roy)o R 'Sy, Rz (9.28)
Equating the right hand sides of (9.26) and (9.28) yields
(xoy)o R 'SRz =z0(Ryo R 'S, Rz),

whence
(xoy)oz=zo(Ryo RS, Rz). (9.29)

xoy

Using (9.27), the parenthetical expression from the right-hand side of (9.29) can be simplified
as:
RyoR™1'S,S'Rz=yo0 R_lSyR “R7'S,S Rz =vyo R_lSnyS_l Rz,

oy oy zoy

or, using Lemma 9.1:

RyoR™'S,S,S; Rz =yo R0, ,Rz =yo00,,2,

oy
since R = Ry for any automorphism ¢ of the operation (-). Thus, from (9.29) we obtain
(zoy)oz=wo(yob,.2).
2. To prove (9.25), we use the second form
(yz) = (zy)(es2)
of the main equality for an F-quasigroup. Passing to the loop Q(o), we obtain
R[z o R'R(y o R™*2)] = R[(xy) o R™'R(e, o R™'2)],

whence
(zy)o(ez0z) =wo(yoz) (9.30)

In particular, setting z = 1 we have
(zy)oe, =z oy. (9.31)

Multiplying both sides of the equality (9.31) from the right by 6., -1 gives

€z, LY T

(ry)oey) 0l et =(voy)ob !t e

ez,xY"" T ez, xy-T

*Recall that «~! means the right inverse element for « in a loop Q(o).
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whence, using identity (9.24), we find

(l’y) © (eI © 6;1) =ZTo (y © ey,zeew{zye;1)7
Yy =T 0 (y © eyymee_ml,xyegl)'
However

Oco oy = Oya- (9.32)
Indeed, computing the left-hand side of (9.31) using Lemma 9.1, we have

O,y = Se. SuyS7.

(zy)oes”

whence, by (3.31) and (9.31), we have
Ocsay = Se, 5o SySe - Suoy = SySeSuoy = Oy

Thus, the equality (9.32) is proved, meaning that the equality (9.25) is established. O

Note that (9.30) in which xy is replaced with the corresponding expression from (9.25)
gives the following identity in the loop @Q(o):

2o (yoe ] o(es02) =wo(yoz).

Corollary. Any F-quasigroup with a left unit is isotopic to a special loop.

Recall (see Chapter III, 1°) that a loop Q(o) is special if the equality (9.24) holds there
for any z,y, z € @), with 0, , is an automorphism.

We show that the loop Q(o) treated in Theorem 9.10 is actually special. In other words,
we show that 6, , is also an automorphism of the loop Q(o). To do this, note that

0,,R = RO,,
Indeed, because 0, , is an automorphism of the quasigroup Q(-), we find that
OpyRz = 0, (21) = 0,,20,,1.

But 6,,1 = 1, so we have
O yRz = RO, 2.

Thus,
Opy(uov) =0,,R (uRv) = R (0, u- RO,,0) = 0,,u00,,0.

Remark. The corollary holds for all left F-quasigroups, since each is isotopic to a left
F-quasigroup with a left unit.
4°. Left distributive quasigroups and F'-quasigroups

Since each left distributive quasigroup is a left F-quasigroup, Corollary 1 of Theorem 9.10
implies the following.

166



Lemma 9.2. Fach left distributive quasigroup is isotopic to a special loop.

Let Q(A) be a left distributive quasigroup with a fixed element 1. Define Lz = A(1, z)
and Rx = A(z,1). Then the isotope

ry = Az, L™'y) (9.33)
will be a left F-quasigroup with left unit 1. Combining (9.33) and (9.23), we find that
roy=R"A(x,L 'Ry), (9.34)

where (o) is a special loop according to Theorem 9.10. The isotopy referred to in Lemma
9.2 has the form
Ae,y) = R( o R™Ly).

Note that L is an automorphism both of the quasigroup Q(A) and the loop Q(o). The
first statement follows from the left distributivity of the quasigroup Q(A). To prove the
second statement, we use the equality

LR = RL,
which means that
A[A(1,x),1] = A[1, A(z, 1)].
The latter equality comes from the left distributivity of the operation A. We have
L(roy)= LR 'A(z,L 'Ry) = R 'A(Lx, L 'RLy) = Lz o Ly.

The second part of Theorem 9.10, i.e. the equality (9.25), provides a representation of
the left distributive quasigroup Q(A) with the help of the loop Q(o). First we prove that
e;! = Lo~ where re, = x, whence A(z,L™'e,) = = by (9.33). From the idempotency of
the left distributive quasigroup we obtain L™'e, = z or e, = Lx, ie. e;' = (Lz)™' = Lo~
Then, from the equality (9.25), we have

Az, L'y) =z o(yo Lo '), A(z,y) =z o (Lyo La ™),
or
A(z,y) =xo L(yoa™).
Further, we need some properties of the automorphisms 6, ,, defined in Lemma 9.1 for an
F-quasigroup Q(-), related to the left distributive quasigroup Q(A) by the equation (9.33).

Lemma 9.3. The automorphisms 0., commute with the translations R and L.
Indeed, writing
Oy y(uv) = 0, u -0, v
in terms of the operation A, we obtain

00y Alu, L) = A0, yu, L710,,0). (9.35)

Note 6,,1 = 1, since 6, is an automorphism of the quasigroup ()(-) which has 1 as its left
unit 1. Thus, from (9.35) with v = 1, we find that 6, ,L~' = L~'6, ,,whence L0,, = 0,,L.
The commutativity of R and 8, , was noted earlier, in the course of the proof of the Corollary
to Theorem 9.10).
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Lemma 9.4. In the left distributive quasigroup Q(A), the equation
0y, = L, LL;" L, (9.36)
represents the automorphisms 0,, in terms of left translations.
Writing (9.24) in terms of the operation A using (9.34), we have
R'A(woy, L 'R2) = R ' Az, L 'RR "A(y, L 'R0, ,z)] or
Az oy, L 'R2) = Alx, A(L" 'y, 0, .L *Rz)],
because 0, , commutes with L and R. Simplifying, we obtain

Az oy, z) = Alz, A(L'y,0,.L'2)].

Thus
Lyoyz = LyLp-1,0,,L7 "2,
whence
Oya = Lt Ly Loy L. (9.37)
But
Lt =L7'L,) L. (9.38)

as follows from

L71

1,7 = A(L'y,2) = A(L 'y, L 'Lz) == L 'A(y, Lz) = L 'L, Lz.
The equality (9.37) thus takes the form
Oy = L'L; LL; Ly, L,

whence
L0y L7 = L, ' LL," Lyoy,
or
Opo = Ly ' LL, " Lyoy.

Corollary. The automorphisms 6., of the F-quasigroup Q(-) are also automorphisms of
the left distributive quasigroup Q(A).
This assertion also follows from Lemma 9.3.

Lemma 9.5. Forz,y€ @, we have Opy 1, = 0, ..

Proof. We use the equality (9.36)
OLyie = Loy LT Lisory = Ly LLTy Li(zoy)-

By (9.38), we have
Ly, = LL,L". (9.39)

Hence,
Ory e = LL;IL*1 +L-LL'L™ - LL,,L™"

= LL,'LL;'LyoyL ™" == LO,,L™" = 6,,.
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Lemma 9.6. In any special loop Q(o) the equality
zo(ztoy) =4,y (9.40)

holds, where x~! is the right inverse element for x, and J, is some automorphism dependent
on .

Setting y = x~! in (9.24), we have
(rox Hoz=ao0(z ' 0O, ,2%).

Replacing z by 6,7, 2 yields (9.40), with §, = 6,2, .

Corollary. If Q(A) is a left distributive quasigroup, then
6p = L L, L7 Ly, (9.41)

Indeed,
6,=0" =L NLL'Lyoy1) ' =L} \L,L7'L,.

"E*l,l‘ Trox
But z o 27! = 1, where 1 is the neutral element of the loop Q(c) and L; = L. So d, =
L 'L L 'L,
Lemma 9.2 shows that each left distributive quasigroup Q(A) is isotopic to a special
loop Q(o). In the loop Q(o), we have the identity

[zo(yoe,)]o(ez02) =20 (yoa2), (9.42)

in which e, is the right local neutral element for z in the quasigroup Q(-) defined by (9.33).
However, we showed that e, = Lz. Thus, the identity (9.42) takes the form

[z o (yoLx_l)] o(Lroz)=xzo0(yoz). (9.43)
Replacing z with Lz ™! o z in the equality (9.42) we obtain
[ro(yoLa™)]o[Leo(La™ oz)]=xolyo(La"o2z). (9.44)

But Lz~! = (Lz)™!, since L is an automorphism of the loop Q(o). Hence, by Lemma 9.6,
we have
Lro(Ly'oz)=Lro((Lz) " oz) =01,z

On the other hand, 67, = 9;; (La)-1 = 9;; Lo-l = 9;910,1 = 4, using Lemma 9.5. Thus, (9.44)

takes the form
[vo(yoLz )] odz=mx0[yo(Lz™'oz)] (9.45)

We investigate the special case where L? = 1, whence

A[L AL y)] =y
Applying the translation L, of the quasigroup Q(A) yields

L.A[1, A(1,y)] = L,y and
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A[L,1, A(L,1, Lyy)] = Ly, so
Alu, A(u,v)] =v (9.46)

for all u,v € Q. In other words,
L2 =1. (9.47)

Rewriting (9.46) in terms of the loop Q(o), we have
Rluo R'LR(uo R 'Lv)] =v, R[uo(LuoR 'v)] =,

uo (Luo R ) =R ', wo(Luov)=v.

If v =1, then u = Lu = 1, whence
Lu=u" (9.48)
Suppose that the identity (9.46) holds in the left distributive quasigroup Q(A). Then
in (9.43), which takes place in the special loop Q(o) that is isotopic to the left distribu-
tive quasigroup Q(A), we may replace Lz~ with z, since Lz~! = L(Lz) = L’z = z.
Consequently, in this case (9.45) takes the form

[to(yox)]odz=x0[yo(xo2)]. (9.49)
But (9.39), (9.41) and (9.48) imply
6, =L'L,L7'L,=L"'L,L7'L;, = L7'L,L7'LL, L7 = 1.

From this, it follows that (9.49) reduces to the Bol identity (9.12). Thus, we have the
following.

Theorem 9.11. If L% =1 in a left distributive quasigroup Q(A) for some fived element
f =1, then Q(A) is isotopic to a left Bol loop Q(o).

In particular, the condition (9.47) holds in any left distributive quasigroup Q(A) which
is the core of a Moufang loop Q(+). Indeed,

L2y = Az, Ale,y)] = olay "2) e = 2(a ya o = y.

Consequently, Q(A) is isotopic to a left Bol loop (compare with Theorem 9.8).

Thus, the condition L? = 1 is sufficient for a left distributive quasigroup to be isotopic
to a left Bol loop. Obviously, this condition is not necessary, since there are left distributive
quasigroups isotopic to groups (see 1° of this chapter), but nevertheless L2 # 1. This
inequality holds when in Theorem 9.2 we have 62 # 1. Below, we will give some necessary
and sufficient conditions for the loop Q(o) of (9.34) to be a left Bol loop. First, we prove
the following assertion.
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Lemma 9.7. A special loop Q)" is a left Bol loop if and only if

ew,yeyox,x =1 (950)
for arbitrary z,y € Q.
Indeed,
[zo(yox)oz=1o(yox)oblyraz],
whence

[zo(yor)loz=xzolyo(wobyyblyera?)] (9.51)

Comparing this equation with the (left) Bol identity, we obtain the assertion of the
lemma.
For a left distributive quasigroup, the condition (9.50) takes the form

Proyor) = PPy Py, (9.52)
where P, = L,L~'. In fact, by Lemma 9.4,

ez,yeyoz,z = LglLLglLyozLil LL;leo(yoaz) = ]-7

yox

whence

LyooryL ™ = L,L™'L,L "L, L™

We have obtained the equality (9.52).

Thus, a necessary and sufficient condition for a left distributive quasigroup Q(A) to
be isotopic to a Bol loop Q(o) is given by (9.52). In this case, the isotopy is determined
by (9.34).

It is possible to find other necessary and sufficient conditions for a loop Q(o) defined by
(9.34) to be a Bol loop, and these conditions are expressed intrinsically in terms of the loop
Q(o) itself. As we have already seen above in the loop (o), the identities (9.33) and (9.51)
hold:

o(yos) = [ro(yoLe) o (Lro2) (9.53)
o (oa)] oz =rofyo(roin,2)]. (9.54)
where ¢, , = 0;,0y0s . From (9.53) we have
w0 (yoa)] oz = {[o(yo LYo (Luox)} oz,
v olyo(zotye)] = [ro(yo Lo o [Lro (zo wx,yzﬂ} (9:55)

We introduce the notations

t=zo(yoLx™t),
Az = Lz ox. (9.56)
Then, (9.54) and (9.55) imply
(todx)oz=to[Lro(xoty,,z)] (9.57)

“Here, the loop Q(o) is not necessarily isotopic to a left distributive quasigroup.
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Ift=1,ie.,zo0(yoLz™t) =1, then

Axoz=Lzxo(rop,z), (9.58)
since ¢, = ¢, will depend only on z. From (9.58) we find

Lro(roz)=\rop, 'z,
and, consequently, the equality (9.57) takes the form

(todx)oz=to(A\xop, P,,2).
Since the loop Q(o) is special, we finally obtain
Onet = 07 Vuy- (9.59)

We recall that ¢, y and z are connected by the relationship (9.56). By Lemma 9.7, the
necessary and sufficient condition for the loop Q(o) to be a Bol loop is

Yoy =1, (9.60)
as can be seen from (9.59). This condition is equivalent to the condition
Onet = ¢o g
where ¢, x are any elements of ). In particular, if ¢ = 1 we have
Pz =1 (9.61)

From here it follows that
g = 1. (9.62)

It is clear that (9.61) and (9.62) are equivalent to (9.60). On the other hand, (9.62)
shows that Az should belong to the middle nucleus N, of the loop Q(o):

Lxox e Ny, (9.63)
Then (9.61) and (9.56) imply
(Lxox)oz= Lxo(xoz). (9.64).

Summarizing, we have the following.

Theorem 9.12. The isotope (9.34) of a left-distributive quasigroup Q(A) is a Bol loop if
and only if the relationships (9.63) and (9.64) hold.

Remark. Theorem 9.12 is also true for any group Q(-) isotopic to a left distributive
quasigroup Q(A), since the loop Q(+), being isotopic to a left Bol loop Q(o), is itself a left
Bol loop.
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Notes

!The concept of a homogeneous groupoid was introduced by Hosszii [84] for groups.

2In a further paper, Stein [76] proves the following theorem. Let T'(-) be a group, and let S be a subset
that satisfies the following conditions for any a and b # ¢: 1) b and c lie in distinct cosets of the centralizer
of the element a; 2) aba~! € S. Then S(o), where x oy = zyz ™!, is a left distributive quasigroup.

3Theorem 9.2 could also be proved on the basis of Proposition 4 of Chapter VII, 4°. As was shown there
(Proposition 5), the quasigroup B(wz,y) = A(z!,y) and the group (-) are orthogonal. In Stein’s paper [76]
mentioned above (Note 2), it is shown that a left distributive quasigroup (-) and its isotope (o) defined by
the equality = oy = x(ay) for an arbitrary element a of ), are also orthogonal.

“We note here the following result of Stein [74]: Finite left distributive quasigroups of order 4k+2 do not
exist. The same assertion follows from a more general statement of Stein [74]: An idempotent quasigroup
of order 4k + 2 cannot have a transitive group of automorphisms. In this connection, it can be shown that
there exist distributive (and, consequently, left distributive) quasigroups of any finite order n # 4k + 2 (see,
for example, [13]).

SMoreover, it is easy to show that Q(+) is in fact a distributive Steiner quasigroup.
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Chapter X. The question of G-loops

One of the unsolved problems in the theory of quasigroups and loops is the following: Deter-
mine those loops Q(-) which are isomorphic to each of their loop isotopes. In Chapter ITI, 4°,
we called such loops G-loops.”

This problem has great significance in geometry, especially in the theory of nets. Here,
we just consider some of its algebraic aspects.
Groups are G-loops, but there are other classes of G-loops as well. We do note that

non-associative G-loops must be non-commutative loops, in view of the following theorem:

Theorem 10.1. If a G-loop is commutative, then it is an abelian group.
Indeed, let Q(-) be a commutative G-loop. Then, for any a,b € @, the isotope Q(-)qp
must also be a commutative loop:
R'z- L;ly =R 'y- L;lm,
whence
Rl'z-Lyi'y=L,"z Ry, R,'Lyx-y=uz-R,'Ly.

Arguing further, as in the proof of Lemma 2.6, we conclude that Q(-) is a transitive loop
and, consequently, Q(-) is a group.

1°. Moufang G-loops.

We start with Moufang loops. The purpose of this section is to prove the following theorem
of Bruck [32]:

Theorem 10.2. Let Q(-) be a Moufang loop, and let K(-) be the subloop generated by all
the nuclear elements and all the cubes x3 (where x is an arbitrary element of Q). Then K(-)
is a G-loop. 2

Proof. Denote by (z123 ...z, 175) a product of the elements 1, zs, ..., 2 in Q(-), taken in
this order, with some distribution of brackets. Thus, (z12ez32475) might be, for example,

*Formally, G-loops were defined as the loops that are isomorphic to all their right and left derivatives.
However, as shown by Theorem 3.8 in Chapter I1I, 4°, such loops are precisely those possessing the property
of being isomorphic to all their loop isotopes.
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(@1 - max3)(z4xs). In this notation, there always exists 1 < s < k such that

(122 ... 21) = (1122 . .. T4) (Tsg1 - - - Th).

By the definition of K(-), any element of K has the form (y1ys ... yx), where y; = nzin’ and

n,n’ € N. The expression (y1yz...yx) is called a word of length k.

We now recall the following properties of pseudo-automorphisms of a Moufang loop Q(+):

a) The sets of right and left pseudo-automorphisms of the loop Q(-) coincide (see
Lemma 5.4);

b) Any inner permutation of the loop Q(-) is a pseudo-automorphism (Theorem 6.4);

¢) The element 22 is a right companion of the pseudo-automorphism 7, = L' Rx (Corol-
lary of Theorem 6.4);

d) The nucleus N(-) of the loop Q(+) is invariant relatively to any pseudo-automorphism
(Lemma 6.2);

e) If X is a pseudo-automorphism with right companion &, then

Mry) = k1 (kX - \y).

This equality follows from the definition (3.19) of a right pseudo-automorphism.

After these preliminary remarks, we can proceed to the proof of the theorem. Let us
prove the following assertion: Each element of the subloop K (-) is a left companion of some
pseudo-automorphism. This assertion follows from the following more general assertion (A):
Each element Ou, where 0 is a pseudo-automorphism, and u is an element of K, is a left
companion of a certain pseudo-automorphism.

The proof of (A) will be carried out by induction on the length of the word w.
Let n = 1. Then u = 6,, = 6(nz®n’). In view of (6.20), we have

u = Onbz>6n.

Then by Property d), On,0n’ € N. Further, any pseudo-automorphism 6 of a Moufang loop
is a semi-automorphism (see Chapter VI, 2°), i.e.,

0(zyx) = Oz0ybzx.

In particular, for y = = we obtain
02 = (0z)?,

and consequently
3.7/ 3.7 /
u = ny(0x)’n] = nmain] =y,

i.e., u is a word of length one. In other words, the set of words of length one is invariant

under any pseudo-automorphism. Thus, when n = 1, it suffices to prove that y; = na®n’ is
a left companion of some pseudo-automorphism.

We have

1 () = s () = a3 (D)) = w3 () = al (V) = g, () (10.1)



Here we use (3.7) and (3.22):
b(a(4) = ba();
a(()7) = (ea(-))” = gal()?-
Since T;'n € N, then by (10.1) we find that ,,(-) = ()7, i.e., yy is a left companion of the
pseudo-automorphism 7', ', This completes the induction basis.

Now suppose that the assertion (A) holds for any u of length less than n. Let u =
(y192 - - - Yn). Then, there exists s such that

u=(11Y2- Ys) Wsi1---Yn) = VW.

The lengths of the words v and w are s and n—s respectively. Since 6 is simultaneously a right
and left pseudo-automorphism, then let & be a right companion of the pseudo-automorphism
0:

(e = ()"

By Property e) of pseudo-automorphisms, we obtain
O(vw) =k~ (kfv - Ow).

Consequently,

6.(1) = 0, () = k=1(00000) (*) = k=1 (ko0 (6w (+)))-
The length of the word w is less than n. Therefore, by the induction hypothesis, there is a
pseudo-automorphism « whose left companion is 0w : (-) = (-)*~1. Thus,

ou() = k1 (oo (()"7)) = et (o oo (°77) =

—1 1

= a k-1 (oﬁl(kHU)('))a = oﬁlkfl-[l’l(loﬁlkr-a’19v)](')a ;

where [ is a right companion of the pseudo-automorphism a~*.

Here we use (3.7) and Property e) of pseudo-automorphisms. Further, we note that
a kT[T ek o 0] = (o R T (la k- o)) =

-1 -1 -1 -1 -1
=L ", L Lig—a” 0v = Lm,lka v = Po,

_7-1 —1p : :
where § = Llya,lk’la 0 is a pseudo-automorphism. So,

Gu(') = ﬁv(')a

Again, using the induction hypothesis for v, we conclude that g,(-) = ()7, and, conse-

-1

quently,

1

ou(r) = ()%
Assertion (A) is proved, and the validity of the theorem follows from the validity of this
assertion. O

Corollary. The subloop K(-) is normal.?
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2°. Loops with nuclei of index two.*

In this section, we exhibit G-loops which are not Moufang loops. We show that certain
W IP-loops (see Definition 4 in Chapter V) are also G-loops.
Consider a loop Q(-) which has a nucleus N of index two, so @ = {N,pN} with pe Q~N.

Lemma 10.1. N is a normal subloop of the loop Q(-).
By the corollary of Theorem 4.6, we must show that the equality
aN -yN = (zy)N (10.2)
holds for any z,y € N. For this we note that if a € N, then aN = N. If a ¢ N, then
aN = pN.

Indeed, if x = an with n € N, we have x ¢ N, and therefore x € pN, i.e., aN < pN. To
prove the reverse inclusion, we note that aN = Na. In fact, consider yp = pn with n € N.
If y ¢ N, then y = pny € pN, whence (pni)p = pn, or in view of the fact that n; is an
element of the nucleus, we obtain p(n1p) = pn and n1p = n, i.e., p € N, which is impossible
in view of the choice of the element p.

Now we consider the equation ax = pn. We have a ¢ N, so a = pny. Consequently, we
have (pna)x = pn or p(nax) = pn, nax = n, whence x € N. Thus, we have proved pn € aN,
i.e., pN S alN.

The equality (10.2) is obvious if at least one of the elements x or y belongs to the nucleus
N: Tt follows from the properties of the nucleus N. Consequently, it suffices to prove that

pN -pN = p°N. (10.3)

But p? € N. Indeed, let p? € pN, whence p? = pn, that is p = n € N, which is impossible.
So instead of (10.3) we must prove the equality:

pN -pN = N. (10.4)
Let x € pN - pN, ie., x = pny - pny. We have
x = p(n1 - pna) = p(nip - na).
There exists an element ng € N such that nyp = png, so
x = p(pnz - n2) = p(p - n3ng) = p*-ngny € N,

i.e., pN -pN < N. Conversely, let n € N, and suppose n = p?z. Obviously, 2 € N. Then
n = p*xr = p(pr) € pN - pN, i.e., N < pN - pN. Thus, the equality (10.4) is proved.

We saw above that aN = Na, and in particular pN = Np. This latter equality deter-
mines the following involutive self-map ¢ on the nucles N:

pn = en - p.
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Lemma 10.2. The self-map ¢ is an automorphism of the nucles N.

Indeed, let z,y € N. Then

o(xy) -p=p-zy=pr-y=(px-ply=pr-(py) = vx(oyp) = (proy)p,

whence
p(zy) = prey.
We need the following properties of derivative operations (see Chapter III, 2°). We
formulate them for the right derivative operations (-), defined by the equality

az-y = a(z - y)a.

1) If Q(-) is a loop with neutral element 1, then Q(-), and Q,(-) are loops with the same
neutral element (Assertion 1 of Theorem 3.3);

2) (()a)s = ()ap (Assertion 2 of Theorem 3.3);

3) (-)e = (*) if and only if x belongs to the left nucleus.

Now we prove the main property of loops with a nucleus of index two.

Theorem 10.3. A loop Q(-) with a nucleus of index two is a G-loop with the weak inverse
property.

Proof. Let N be the nucleus of Q(-). If x € N, then (-), = (-). Below we will prove that
(), = (-)*, where X is some permutation of the set ). Consider y € pN, say y = pn. We
have

()y = (')pn = (')wn-p = (()wn)p = ()p = ()/\
Consequently, each right derivative Q(-), of Q(-), with z € @, is isomorphic to the loop
Q(+). Tt is similarly shown that each left derivative is isomorphic to the loop Q(-). Thus,
the theorem will be proved if we show that (-), and ,(-) are isomorphic to (-).
We define the following permutation A of the set Q:
An =on, A(pn) = pen

for all n e N. Clearly,
A n=¢n, A (pn) = pp 'n.

We show that (-), = (-)*, or more specifically
(z-y)p, = A (2 )y). (10.5)

The following four cases are possible:
1) z,y € N.
Then (z - y), = zy and

Az Ay) = A ez py) = ¢ ez py) = 2y,
since @z, py € N.
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2) x € N,y € pN, say y = pn.
We have

-1

pr -y =px-pn=p(x-pn)=plxp-n)=plpe  -n),

whence
(@ -y)y =pp~ 'z -n.
On the other hand, we have

ATz - Ay) = A (g - A(pn)) = X (g - ppn) = X (pzp - on) =

= A" (pa - pn) = A7 (p-apn) = pp~ (xen) = ply~'a - n).
Consequently, in this case (z - y), = A*(A\z - \y).
3) z€pN,y€e N, say x = pn. Then
pr -y =p(pn) -y =plpn-y) =p(@ - y)p,
whence
(@-y)p=pn-y.
AT - Ay) = AN (pn) - y) = A pen - py) = pe~ (en - wy) = p(ny).

Thus, in this case, the equality (10.5) is also satisfied.
4) x € pN,y € pN, say « = pny and y = pns.

We have
pr -y = plpm) - png = p*ny - png = (P*ny - p)na.
But p? € N, so
pr-y = [pp ' (p°n)Ine = ple ' (pPna)na).
Consequently,

(x-y)p = ¢~ (P°m) - na.
On the other hand, we have

ATz Ay) = ATHA(p) - Apnz)] = A7 (pens - pns)

= A" [p(pny - ppna)] = A [p((¢n1 - p)enz)] = A [p(pna - ona)]
= A p(p - nigna)] = A7 (P% - nigns) = o (pPragns) = ¢ (pPna)ns.

Thus, the equality (10.5) is established. We can prove the equality ,(-) = (-)*~! similarly.
Now let us prove that Q(-) is a WIP-loop. By Property 2) of W1P-loops, it must be
shown that uv - w = 1 implies u - vw = 1. Clearly, this assertion is satisfied if at least one
of the elements u, v, w belongs to N. If none of the elements u, v, w belongs to N, then the
equality uv - w = 1 is impossible: wv - w belongs to pN, and cannot be equal to the neutral
element that belongs to the nucleus. The proof of Theorem 10.3 is complete. O

To prove one of the corollaries of this theorem, we need the following.
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Lemma 10.3. Let F be a group with an automorphism ¢ whose square is an inner auto-
morphism:
orr = kak™ (10.6)

for all v € F and some k € F. Then k=@ 'k belongs to the center of the group F.
Indeed, (k™' k) = k(¢ 'ka) = k1o (kpz). But from (10.6) we have
kr = <p2:1: -k,
S0
(k' k) = ko7 (PPak) = kT (PP - 7 'k)
=k (kak o k) = m(k o k).
Corollary For any elements u,v,w ¢ N there exists a fized element a € N such that the

equality
w - w = (u-vw)a (10.7)

holds.

It is obvious that a € N, since uv - w and u - vw cannot belong to N. Let u = pny,v =
pna, w = pns and p? = k. Computing wv - w and u - vw, we have

uv - w = (pny - png) - png = [p(ny - pna)] - png = [p(nip - n2)| - pns
= [p(pe "0y - n2)] - pns = [(P* - @~ 'nana)plng = po~" (ko™ 'nins)ns
and
u-vw = pny - (png - pns) = pny(k - o 'ngns) = pnike tnons.

For given u, v, w there exists an element a such that the identity (10.7) holds. We show that
a does not depend on u,v and w. Taking into account the values for uv - w and u - vw, we
can rewrite (10.7) as

p- go_l(kgo_lnmg)ng =(p- nlk'go_lngng)a, (10.8)

whence
o k- 'niny)ng = (n1kyp 'nonz)a and

0 Yk 19 'nans = (nikyp 'ngns)a.
Now we find p?n for n € N. To this end, we compute p(pn):
p(pn) = p(enp) = (Pnp)p = ¢*np® = ¢*n - k.
On the other hand, p(pn) = kn. Thus
©*n = knk™". (10.9)
The equality (10.9) determines ¢~ ?n as

07 = k7 nk.
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Using this equality, we rewrite (10.8) as
0 'k -k ko nons = (nike tngns)a. (10.10)

But ¢~ k-k7! = k(k~'¢~k)k™!, whence by Lemma 10.3 we conclude that ¢~'k-k~! belongs
to the center of the nucleus N. Consequently, (10.10) implies

(nikp tnonz)e k- k7t = (nikg 'ngns)a,

whence
a=¢p 'k-k

Theorem 10.4. Let Q(-) be a loop with nucleus N. Further, suppose that the loop Q(-)
has a mormal subloop H of index two contained in the nucleus N. Then a necessary and
sufficient condition for Q(+) to be a group is the existence of at least one element p ¢ H such
that

P p=p-p’ (10.11)

Proof. The necessity of the condition (10.11) is obvious. Sufficiency is also easily proved.
By the conditions of the theorem, H € N < ). Let us prove that N = ). Suppose the
contrary, that N # Q. Then we must have H = N, so Q(+) is a loop with a nucleus of index
two, satisfying the corollary of Theorem 10.3. In particular, applying the corollary for the
case u = v = w = p, the equality (10.7) implies a = 1. Consequently, uv - w = u - vw for
any u,v,w ¢ N. Thus, N = @, a contradiction.

Corollary. A loop Q(-) with a nucleus of index two is not a Moufang loop.

Indeed, in a Moufang loop each element generates an associative subloop, so (10.11)
holds in Q(-) and, consequently, Q(-) must be a group. This contradicts the fact that Q(-)
has a nucleus of index two.

The following theorem complements Theorem 10.3.

Theorem 10.5. Let N be a group with an automorphism ¢ such that @*x = kxk™ and
ok # k. Then there exists a loop Q(-) having N as its nucleus of indez two.

Note that the loop Q(-) is a G-loop with the weak inverse property which is not a
Moufang loop.

Proof. Let P(-) be a cyclic group on the set P = {0,p}, and let ¥ = {A,, | a,b € P} be a
system of quasigroups

Aap(z,y) = 0y 'z -y

defined on the set IV, where ¢, = 1 and ¢, = ¢.
Consider the crossed product Q(o) (see Chapter V), where

2>_=P<-7Xz]>vi}
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It is easy to see that Q(o) is a loop with neutral element (0, 1), where 1 is the neutral element
of the group N. Obviously, the set of all pairs (0, ), where z runs through the group N, is
a subloop of the loop Q(o). It is also easy to verify that N is the nucleus of Q(o).

We define the following permutation A of the set Q:

M0,2) = (0,07),  Ap,z) = (p,pr).

Repeating the computations from the proof of Theorem 10.3, we see that

(©) 1) = ().

If z is any element of NV, then it can be represented in the form x = ¢~'y. Thus

(@) ) = (O pie—1.1) = (©)0mpermn) = ()01 = (©)w) = ().

In order for Q(o) to have a nucleus of index two, it is necessary to prove that (0)* # (o).
To this end, we evaluate the expression

A A x) o Mp,y)) = A ((p, ) © (p, @)

= A710, ko™ pa - py) = A0, kapy) = (0,07 (kzpy)) = (0,07 ko™ e - y).
On the other hand,
(p:2) o (p,y) = (0, ke~ 'z - y).
Since ¢k # k, we have (o)* # (o), as required O

Remark. If N is an abelian group, then the conditions of Theorem 10.5 transform into
the following: ¢? = 1, and there exists an element k such that ok # k.

Examples. 1. Let N = (5 x C, where C' is the additive group of integers and C5 is the
subgroup of even numbers. Thus N consists of all pairs of the form x = (2i,7), where ¢
and j are integers. Let ©(2i,7) = (2¢,—i — 7). It is easy to see that ¢ is an automorphism
of the group N with ¢* = 1 and ¢(2,0) = (2,—1) # (2,0). Consequently, ¢ satisfies the
conditions of Theorem 10.5. The elements of the loop @ form the pairs (0,z) or (p,x)
or, more specifically, the triples (0;24,j) and (p;2i,7). This example was considered by
Osborne [57].

b
2. Let B4 = {0,a,b, c} be the Klein Vierergruppe. Let ¢ = (0 ¢ ¢

0 b c>' The permu-

tation ¢ is an automorphism of the group Uy, and ¢? = 1 with a # a. One can construct
a loop @ of order 8 using (10.12). The loop @ is a non-associative G-loop with the weak
inverse property.

182



3°. An example of G-loop that is not a WIP-loop

The following example establishes the existence of G-loops that are not WIP-loops.
Let F' = F(+,-) be a field. We consider the set () = F' x F', where F” consists of all the
non-zero elements of the field F. Thus, @ = {(a,z) | a,z € F', a # 0}. Under the operation

(a,2) 0 (b,y) = (ab, (@™ = 1)(b7' = 1)s + bz + )

with s as a fixed element of F', we obtain a loop (o) with neutral element e = (1,0).
We calculate the product (v o v) o w, where u = (a,z), v = (b,y), w = (¢, z). We have

(uov)ow =[(a,x) o (by)]o(c,2)
— (b @ =) = s+ b+ y) o (e 2)
= (abc,(a b = D)(c ' =Ds+ctat =D =Ds+c b o+ ly+2)

or
(uow)ow = (abc, (abc) '(2—a—b—c+abc)s+b 'clo+cly+2). (10.13)

Similarly, we obtain
uo (vow) = (abe, (abe) (1 — ab — ac — be + 2abc)s + b e ta + ¢ 'y + 2). (10.14)

The solution of the equation (uov) ow = wot, where u,v,w are given elements from
@, must be
t= (O)u(va w)’

where (o), is the right derivative of the operation (o). Let ¢t = (d, 2’). Then
uot=(a,r)o(d,?) = (ad,(a* —1)(d "' — s +d 'z +7). (10.15)
Comparing (10.14) and (10.15), we find

d = bc,
2= (abe) (1 —b)(1 —c)s +cy + 2.

Thus,

(0)u(v,w) = (be, (abe) (1 = b)(1 —c)s + ¢ 'y + 2). (10.16)
Let us show that

(©)u = (o)™, (10.17)
where A, (b, ) = (b, ax).
Indeed,
A, x) = (bya ')

and

A v 0 Aw) = A7 (A y) © Aule, 2)) = AL (b, ay) © (¢, az))
=\ be, (0= 1) (¢ = Ds+cray +az) = (be,a (b7 = 1) x (¢ = 1)s + ¢ty + 2).

183



Comparing this equality with (10.16), we derive the relations (10.17). Similarly, we prove
that all left derived operations of (o) are isomorphic to the operation (o). The loop Q(o)
will be a G-loop.

Generally speaking, the constructed loop is not a WIP-loop. Indeed, suppose that
(wowv)ow = e. By (10.13), the given equality is equivalent to the equalities

abc =1,
(2—a—-b—c+abe)s+blcla+ely+2=0.

The loop Q(o) will be a WIP-loop if (uov) ow = e implies u o (vow) = e, ie.,

abc =1,
(1 —ab—ac—bec+2abc)s+b 'c o +ely+2=0.

Consequently, we must have

abc = 1,}
(a=1)b=1)(c—=1)s=0.

If s = 0, then, as follows from (10.13) and (10.14), the loop Q(o) is associative, i.e., it is a
group. If s # 0,
(ab—D)(a—1)(b—1) =0 (10.18)

for any non-zero elements of the field F. If the field F' contains more than three elements,
then the equality (10.18) does not hold, so Q(o) is not a W1IP-loop.
Let us show that the loop Q(o) is special (see Chapter III, 1°), i.e., we prove that

(uow)ow =wuo (vodw), (10.19)

where 6 is an automorphism of the loop Q(o) depending on u and v.
Let fw = w' = (¢, 2'). On computing the left and right sides of (10.19) using (10.13)
and (10.14), and comparing the results, we find

¢ =c¢ and

(abe)™'(2—a—b—c+abc)s+b'cTlr+ Ty + 2

= (abe) *(1 — ab — ac — be + 2abc)s + b e tw + c—1y + 2/,

whence
ZI =z + la,b,a
with
lope=(a—1)(b—1)(c—1)s.
So,

0(c,z) = (¢, 2+ lape)-
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Consequently, we have

0(c1, z1) 0 0(ca, 22) = (1,21 + lapey) © (€2, 20 + lape,)

1

= (creg, (er' = D) = Vs + eyt 21 4 & Hapey + 20+ laey)

and
0((c1,21) o (ca, 29)) = O(crea(crt — D)(cgt = 1)s + eyt 21 + 22)

= (¢1¢9, (cl_1 — 1)(62_1 —1)s+ c{lzl + 20+ lopeies)

For f to be an automorphism of the loop (o), it is necessary and sufficient that
& M laper + lapes = lapeies (10.20)

holds for any a, b, ¢1, co. The validity of the equality (10.20) is verified by direct calculation.

4°. Universal properties of loops

A property of a loop (groupoid, etc.) is algebraic if it is invariant under isomorphism. A
property of a loop (groupoid, etc.) is universal if it is invariant under isotopy. Thus, Any
algebraic property of a G-loop is universal. We consider some simple algebraic properties,
and find classes of loops for which they become universal.

1. The following identities are universal in any loop: associativity (Theorem 1.4), Mo-
ufang (Theorem 6.1), left or right Bol (Theorem 6.10).

2. Commutativity is a universal property only in groups.

Indeed, let Q(-) be a commutative loop. Consider a principal isotope

roy = R;lx-Lgly

which is commutative. Arguing as in the proof of Theorem 10.1, we establish the validity
of the assertion 2.

3. The inverse property is only universal in the class of Moufang loops.

Indeed, if any loop that is isotopic to a loop Q(-) is an I P-loop, then Q(+) is a Moufang
loop (Theorem 6.3). Conversely, if Q(-) is a Moufang loop, then it will be an IP-loop.
Since any loop that is isotopic to a Moufang loop is also a Moufang loop (Theorem 6.1),
the isotope also has the inverse property.

4. If the weak inverse property is universal in a loop Q(-), the following identity holds

xy - Opzx = (x - yz)z,

where 6, is an automorphism of the loop Q(-) that depends on x.
Indeed, let Q(-) be a WIP-loop, so

z(yz) ™t =y,
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where 27t = 1. Let Q(o) be a loop that is principally isotopic to Q(-), so the operation
(o) has the form
roy=R'z" L,:ly.

We find necessary and sufficient conditions for Q(o) to have the weak inverse property. For
this, we first find z(-Y from z - (- = e, where e = ba is the neutral element of the loop
Q(0). We have

Rz LytaY =e. (10.21)

As was shown in connection with Property g of Chapter V, 5°, equation ax = b has a
solution z = I(I7'b - a), where Ix = x~'. Thus, from (10.21) we obtain

Ltz = 1(I7'e - R;'w) = IL R 'z,

or
Y = LIL.R; x.
Here ¢ = [7'e = 7 (ba).
Let Q(o) be a WIP-Loop, i.e.,

zo(yox) T =y (10.22)
Then
R'z- LYy ox) Y = 41,
Consequently,
Lyt (yox) ™Y = (1YY - R7Mw)
and

Ly Lyl LR, (Ry'y - Ly 'x) = I(I 'Ly LR, 'y - R, ).

After cancelling, we obtain
LR\ y-x)=1""1=LJLy- R;'Lyz. (10.23)

Since we want (10.22) to be a universal property, (10.23) must hold for any a,b,z,y € Q.
Set b = 1. then ¢ = I~'a and

Li1,R, (yr) = I tay - R, ', (10.24)

whence
I''a R 'yx) =1 'ay- R, 'x.

Replacing a with Ia and x with Rj,z, we have
aR;} y-zla) = ay - . (10.25)
In particular, for x = a we obtain
aRply = ay - a. (10.26)
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Combining (10.24) with (10.25), we find
ay -z = [a(y - zla)] a. (10.27)

Let zla = z. Using Property g) of the W1P-loop Q(-), we find x = I"*(Ia - Iz). We define
the permutation 6, by the equality

I''(Ia-1z) =042 a,
ie.,
0y = R Lp,I.
By Property d) of W1P-loops, we obtain

0, = I""LoL,l. (10.28)
Thus, (10.26) can be rewritten in the form
ay - 0,za = (a - yz)a. (10.29)

The equations (10.24) and (10.27) show that Ty = (L;-14, R;% L R;Y) and Ty =
(Lo, Ry}, RoL,) are autotopies of the loop Q(-). Then T)Ty = (L;'La, R;'R;}, Ly, L,) =
(o, B, ) is also an autotopy of Q(). But | = al = L; 1, L,1 = [7'a-a = 1 and
BN =R,Rl=a-Ia=1s0k=p1=1.

Any autotopy of the loop @Q(-) must have the form (2.6). Therefore, we conclude that
Ty = (R, L7 Da = (1,1, 1)a = a, ie, 8 = a and « is an automorphism of the loop
Q(+). Considering this circumstance, we obtain

0, =1 "al = a, (10.30)

from (10.28), since an arbitrary automorphism « of an arbitrary loop Q(-) commutes with
the permutation I.

Remark. The equality (10.29) reduces to the Moufang identity (6.9) if §, = 1 for any .
The equality 6, = 1 is equivalent to the equality L;-1,L, = 1 by (10.30), i.e., [ 'z(z2) = 2.
This latter equality means that Q(-) is a left I P-loop. Consequently: If the weak inverse
property is universal for a left I P-loop Q(-), then Q(-) is a Moufang loop.

5. A loop Q(-) is called cross-invertible, or a C'I-loop, if the identity
xy - Ix =y, (10.31)

holds, with = - Iz = 1. Cross-invertible loops were introduced by Artzy’.

We show that If the crossed-inverse property is universal for a loop Q(-), then Q(-) is
an abelian group.

We first prove some elementary assertions that hold in C'I-loops.

a) The identity (10.31) is equivalent to the identity

x(ylz) = y. (10.32)
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Indeed, the identity (10.31) is written in terms of translations as
RIsz = 17

whence L,Rj, = 1. This equality is equivalent in turn to (10.32). Similarly, we can prove
that (10.32) implies (10.31).

b) R,'=1L;,, L;'=Rp. (10.33)

x

Both equalities follow from (10.31).

c¢) The equation ax = b has the solution x = bla. The equation ya = b has the solution
y=1"b-a.

This proposition follows from the definition of a CI-loop.

d) The permutation I is an automorphism in a CI-loop:

I(zy) = Izly. (10.34)
Indeed, from the definition (10.31) of a CI-loop it follows that
(zy - I2)I(zy) = Iz,

whence
yl(zy) = Ix. (10.35)

On the basis of Property c) of a CI-loop, (10.35) implies (10.34). Similarly, we prove that
every Cl-loop is a WIP-loop.
Let us prove this assertion. Let (o) be a loop that is isotopic to the loop Q(*):

roy=R ‘'z L;ly.

As in the treatment 4 of universality for W1 P-loops, we determine (-1 from zoz(-1) =
e, where e = ba. We have
Rz LytaY = ¢,

Ltz = el(R'x) = LR, 'z,
Y = L, L. IR, x. (10.36)

If Q(o) is also a CI-loop, we have
zo(yoa™V)=y.
Interms of the operation (),
R'w- L' (R'y - Ly ') =y,

Applying Property c),
Ly (R Yy - Ly ') = yIR e,
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whence by (10.36) we obtain
L' (R'y- L' LyL IR, 'x) =y - IR, 'x.

After reduction, we find
Ly (R 'y - Lex) = yu,

whence
Ly(yx) = R;'y - Lex,

or, considering (10.33), we obtain
b(yr) = (I ay)(ex). (10.37)

We write /7'a = u and e = ba = v. Consequently, uv = [~'a(ba) = b by (10.32). So,
(10.37) becomes
UV - YT = Uy - VL. (10.38)

Thus, the loop Q(+) is medial. But medial loops are abelian groups. Indeed, for z = u =1
we get vy = yv. For y = 1 equality (10.38) becomes uv - & = u - vx. Consequently, Q(-) is
an abelian group.
6. Finally, we prove the following proposition: In the loop Q(-), the property of left
invertibility is universal if and only if Q(-) is a left Bol loop.
Let Q(-) be a left TP loop
“lz(ay) =y, (10.39)

where ~!'zz = 1. Consider the loop Q(o), with
roy=R'z- L;ly,
that is isotopic to the loop Q(-). Suppose that it is a left TP loop:
“go(zoy) =y
We transform this equality to
RN (TYa) - L7 (R - Ly'y) = .
But (10.39) implies L, ' = L, ', so
RN (V) - LY (R e hy) = .
Replacing ~'b with ¢ and = with R,z = xa, and setting t = R;'((""(xa)), we have
tle(z-cy)] =v. (10.40)
The element ¢ does not depend on y, so we set y = 1 in (10.40):
t(c-xc) =1,
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whence
c-xe=1t". (10.41)
On the other hand, from (10.40), since Q(-) is a left TP loop, we obtain

c(x-cy) =ty

Considering (10.41), we find
c(x - cy) = (c-ze)y.

Since ¢ is an arbitrary element of @, we have proved that Q(-) is a (left) Bol loop. The
converse proof can be seen in Chapter VI, 6°.
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Notes

1One of the general results concerning G-loops is the following: If A is a G-loop, then the inverse loops
AP and A* (see the definition of these inverse loops in Chapter I, 4°) are also G-loops [18]

2As Bruck showed [32], Theorem 10.2 implies that any simple Moufang loop is a G-loop. Recall that
a loop Q(+) is simple if it does not contain any proper, non-trivial normal subloops. Examples of simple
non-associative Moufang loops were constructed by Paige [63].

3As an example of a G-loop which is a Moufang loop, one may consider the multiplicative loop Q'(-) of
non-zero elements of an alternative division ring Q(+, ") [31].

4Here we follow the exposition from [21]

5Crossed-invertible loops (CI-loops) are a natural generalization of abelian groups. They are studied in
detail by Artzy [3—6]. In the final article, autotopies of C'I-loops are studied. The method of investigation
is the same as that of Bruck for IP-loops (see Chapter V, 4°).

191



Chapter XI. Quasigroups and nets

1°. Algebraic nets

The concept of a quasigroup has a natural interpretation using so-called nets.!.

A geometric net 2 consists of three families L; (for i = 1,2,3) of curves having the
following two properties: 1) the curves within a single family do not intersect; and 2) two
curves from different families intersect precisely in one point. Using a homeomorphic trans-
formation, i.e., using a continuous deformation, two families L; and Ly can be reduced to
two families L] and L consisting of parallel lines, where the lines from L) are perpendicular
to the lines from L). In other words, L} and L} form a coordinate net. The lines from
L have equations z = const, and those from L}, y = const. Then the curves from the
third family L are transformed into a family L} of level curves z = f(z,y) of a function
(Figure 1).

If 2 is homeomorphic to a net A’ consisting of families L of parallel lines, then 2l is
called a regular net.

The concept of a geometric net can be generalized. Thus, we define an algebraic net, or
simply a net.?

Definition 1. A system 2( of objects of two forms — lines and points, with an incidence
relation, is called a net if the following conditions are satisfied.

Let the collection L of all lines from 2 be divided into three disjoint classes Ly, Lo and
Ls. Then:

1) Two lines from different classes are incident at exectly one point of 2;

2) Each point from 2 is incident to one and only one line of each class.

In general usage, the word “incident” may be replaced with expressions such as “pass
through,” “lie on,” etc.

We refer to the lines from the class L; (for i = 1,2,3) as i-lines. Since by Axiom 2 the
lines of any given class do not intersect, it is convenient to call them parallel.

We prove that there exists a one-to-one correspondence between the lines of two different
classes L; and Lj;.

Indeed, we take some k-line (for k& # i,7), and denote it by I. The k-line [ crosses an
i-line I at only one point A. Just one j-line I” passes through the point A. Then I’ < {" is
a one-to-one correspondence between the lines of the respective classes L; and L;.

Simultaneously, we have obtained the following proposition: There exists a one-to-one
correspondence between the set of points lying on any line and the set of points lying on any
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other line of the same class. This proposition follows from the fact that the correspondence
I" & A, considered above, establishes a one-to-one correspondence between all the lines of
the class L; and all the points of the k-line /.

Also from this proposition we get one more one-to-one correspondence — between the
respective sets of points lying on any two distinct lines (not necessarily belonging to the
same class).

All these facts enable us to introduce the concept of the order of a net, as the cardinality
of the set of lines of a given class, or the cardinality of the set of points lying on any given
line.

Let Q = {a,b,c,...} be a set whose cardinality coincides with the order of the given net
A, i.e., there exists a one-to-one correspondence between the elements of the set @ and the
lines of any class of 2. This allows us to use the elements of @) as distinct labels for the
i-lines. Thus, if the i-line [ is labeled by the element a of @), we denote the line by (i,a).

The set @ acquires a quasigroup structure if we endow it with the following operation.
Let a,b € Q. Then the lines (1,a) and (2,b) intersect at a single point A, and through this
point there passes a single line (3, ¢). In this case we put ¢ = ab.

The equation axz = b has a unique solution in Q(-). Indeed, the lines (1,a) and (3,b)
intersect at a single point B, and through this point there passes a unique 2-line. Suppose
that it is labeled by an element d € @, i.e., the line (2, d) passes through B. By the definition
of the operation on Q(-), this means that ad = b, i.e., the equation ax = b has a unique
solution x = d. Similarly, it is proved that the equation ya = b has a unique solution. Thus,
Q(") is a quasigroup.

The quasigroup Q(+) is called a coordinate quasigroup for the net 2.

Conversely, let Q(-) be a quasigroup. We show that it is a coordinate quasigroup of a net
2A. We define 2 in the following way. The points of the net 2 are ordered pairs P = [a, ]
of elements of Q). The pair (i, a), where i € {1,2,3} and a € @, is called an i-line. Incidence
is defined as follows: the point [a,b] is incident only to the lines (1,a), (2,b), (3,ab). It is

193



easy to see that 2 is a net, with Q(-) as a coordinate quasigroup.

Remark. Points A = [a,b] and B = [c,d] are on the same 1-line if a = ¢; on the same
2-line if b = d, and on the same 3-line if ab = cd. Therefore, 1-, 2- and 3-lines can be denoted
respectively by equations x = a, y = b and zy = s.

w N = O

w N = oo
S W N ==
— O W NN
N = O Wl W

Fig. 2

Example. Let Q@ = {0,1,2,3} and let Q(-) be a cyclic group. Then the group Q(-)
coordinatizes the net 2 (Figure 2).

Here the vertical and horizontal lines are the 1- and 2-lines respectively, while the re-
maining lines are 3-lines. The points of the net 2 are marked by small circles in Figure 2.

With an appropriate labeling of the lines of 2 by elements of @, the coordinate quasi-
group Q(-) becomes a loop. For this, we select an arbitrary point O, and denote the lines
passing through O by an element 1 € (). We may label the other 3-lines as shown in Figure 3.

Take the line (3, ). It crosses the lines (1,1) and (2, 1) respectively at the points A and
B. A single 2-line, namely (2, x), passes through the point A. A single 1-line, namely (1, z),
passes through the point B.

Thus, all the lines from 2 will be labeled by elements of Q). With this labeling of the
lines, the coordinate quasigroup Q(-) will be a loop. The point A is incident with the lines
(1,1), (2,z) and (3,z), so 1o = z. The point B is incident with the lines (1,z), (2,1) and
(3,x), so xl = x.

For all the various labelings of the lines of the net 2 by the elements of (), we obtain
different coordinate quasigroups. It is easy to see that all these quasigroups are isotopic.
Indeed, if in one labeling lines (1,x), (2,y), (3, z) pass through a point A, then with a second
labeling the same lines pass through the same point, but with new labels (1, ax), (2, Sy),
(3,7v2), where «, 3,7 are permutations of the set (). In the first labeling we obtain a
coordinate quasigroup Q(+), and xy = z, while in the second labeling we obtain a coordinate
quasigroup Q(o). In this case we have the equality ax o Sy = vz or ax o Sy = y(zy), which
means that Q(-) and Q(o) are isotopic. Thus, all the coordinate quasigroups of a given net
2l are mutually isotopic.
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It follows that the isotopy class of quasigroups on any given set @) corresponds to any
net 2 whose order is the cardinality of ). Therefore, to each property of the net, there
corresponds a certain property of the whole class of mutually isotopic quasigroups. In other
words, the corresponding property of any coordinate quasigroup is an isotopy invariant.

We also note the following fact. As seen above, in the definition of a coordinate quasi-
group, the choice of which particular family of lines is chosen to constitute the first class
(class of 1-lines), and so on, plays a role. Let the lines from the net 2 be labeled in some
way, and let the lines from the classes L; (for i« = 1,2,3) be the respective i-lines. We
denote the operation of the corresponding coordinate quasigroup by (). Now let the lines
from L; remain as 1-lines, but make the lines from Ly be 3-lines, and the lines from L3 be
2-lines. Denote the operation of the corresponding quasigroup in this situation by (o). Let
a point A be incident to the lines Iy, ls, [3 from the respective classes L1, Lo, L3 and let them
be denoted by z,y, z respectively. By the choice of i-lines for Q(-) we have zy = z, while
for Q(o) we have z o z = y. Thus, (o) = (-)7!, i.e.,the quasigroup Q(o) is right inverse to
the quasigroup Q(-). Consequently, renaming of the classes corresponds to choosing distinct
inverse quasigroups for the coordinatization.”

2°. Closure conditions

Interpretation of quasigroups by using nets makes it possible to study isotopy classes of
quasigroups. One of the problems that arises here is connected with the concept of regularity
of the net. A geometric net is said to be regular if it satisfies certain so-called closure
conditions [10, 11]. Here we give a general notion of closure conditions in quasigroups and
nets, and consider some of them in more detail way.
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Definition 2. Let Q(-) be a quasigroup. We say that a closure condition (D) holds in
Q(+) if the equalities

Tp; Y = TpYs, (fori=1,2,...k—1) (11.1)
imply the equalities
Ty Yg, = TrYs, (for j=Fkk+1,...,n), (11.2)
with
Ty, Ty € X ={ap, Ty Yo Us; €Y = {Wai Usi )

i=1,2,....k—1, j=kk+1,... ,n

Before turning to examples, we prove the following theorem:

Theorem 11.1.  If a closure condition (D) is satisfied in a quasigroup Q(-), then the closure
condition (D) is also satisfied in any isotopic quasigroup. In other words, closure conditions
are 1s0topy invariants.

Indeed, let Q(-) and Q(o) be isotopic, with

zy =~ ' (az o By),

Then the equalities (11.1) become

Wil(axpi © /Byqz) = '771(0“Tm' © ﬁysl) (fOI‘ i=12,... k- 1)

or
axy, © Byg, = ax,, o PBys, (fori=1,2,.... k—1). (11.3)

Introduce the notation: az; = u;, By; = v;. Then (11.3) takes the form

Up, O Vg, = Uy, 0 Vs, (fori=1,2,... k—1). (11.4)

i

The equalities (11.2) become

Up; © Vg = Uy, 0V, (for j =k, k+1,...,n). (11.5)

Pj

Consequently, (11.4) implies (11.5), i.e., the same condition (D) holds in Q(o).
Consider a net 2 coordinatized by Q(-). Each of the equalities (11.1) means that certain
points are on certain 3-lines.

Remark. We will also say that the condition (D) is satisfied in the net 2.
The most well-known closure conditions providing regularity in geometric nets are as
follows. In 3) and 4), the horizontal lines denote implication, of the conclusion below the

line from the hypotheses above the line.
1) The Thomsen condition (T') (Figure 4)

T1Y2 = T2Y1,

} = TaY3 = T3Ya. (11.6)
L1Ys = T3Y1,
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2) The Reidemeister condition (R) (Figure 5)
T1Y2 = T2V1,
T1Ys = T2Y3, = X3Y4 = T4Y3. (11-7)
T3Y2 = TalY1,
3) The three Bol conditions (Figure 6)
T1Y2 = T2¥Y1, T1Y2 = XTaY1,
T1Ys = T2Y2, T1Ys = X2Ys, T1Y2 = T2Y1, (11.8)
T3Y2 = TaY1, T2Y2 = T3Y1, T1Ys = T2Y3 = T3lY2 = T4,
T3Ys = TaY2. T2lYs = X3Y3, T3Ys = T43Y3-

The respective conditions (left Bol, right Bol, and Bol) are denoted (B,.), (B;), (B).
4) The hezagon condition (H)* (Figure 7)

T1Y2 = T2,
T1Y3 = T2Y2 = T3Y1,

T2Y3 = T3Y2.

We consider each condition separately.
1. The Thomsen condition (T).

Theorem 11.2. The Thomsen condition holds in a quasigroup Q(-) if and only if it is
1sotopic to an abelian group.

For the forward implication, it suffices by Theorem 11.1 to consider a loop Q(-) (with
neutral element 1) in which the Thomsen condition (7') holds. We set z; = 1 in (11.6),
obtaining

Yo =2y and y3 = T3y = T2y3 = T3Y2
or
L2 - T3Y1r = T3 - L2Y1- (11.9)
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Setting y; = 1 in (11.9), we obtain xex3 = 23y, i.e., Q(+) is commutative. Then

962(91963) = xz(l’syl) = 1’3(95291) = (35291)3337

i.e., Q(+) is associative. Consequently, Q(-) is an abelian group.

Conversely, let Q(o) be a quasigroup that is isotopic to some abelian group Q(-). We
prove that the condition (7) holds in Q(o). Instead of Q(o), we again take the abelian group
isotope Q(-), and show that the condition (7") holds in Q(-). Let

T1Ye = Toy1 and T1Yy3 = T3Y1.
then
_ -1 -1 _ 1 —
Toys = To(X] X3y1) = Ty Tz - ToY1 = Ty T3 - T1Y2 = T3y,

i.e., the condition (T') holds in Q(-). By Theorem 11.1 the condition (T') also holds in Q(o),
as well as in a net 2 coordinatized by the quasigroup Q(o).
2. The Reidemeister condition (R).

Theorem 11.3. The Reidemeister condition holds in a quasigroup Q(-) if and only if it is
1sotopic to a group.

As in the previous theorem, we may assume for the forward implication proof that Q(-)
is a loop. In (11.7), set 29 = yo = 1. We obtain

Ty =Y, T1Ys = Tay3, and T3ys = w4y
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Thus
23ys = (Tay1 - vy )@y - 2oys) = 2a(v1ys "2y M 0)ys.

By the first equality from (11.7), we obtain

T3Yy = T4Y3,

i.e., the condition (R) holds in Q().
Conversely, suppose that the three equalities on the left hand side of (11.7) hold in a
group Q(-). Then

Tays = (Tayr -y ') - (27" ays) = wa(yays '@y T wa)ys

by the lower two equalities on the left hand side of (11.7). By the first of the three equalities
on the left hand side of (11.7), this equality reduces to x3ys = z4y3, the conclusion of the

Reidemeister condition.
3. The Bol condition (By).

Theorem 11.4. The Bol condition (B;) holds in a quasigroup Q(-) if and only if it is
isotopic to a left Bol loop.

Proof. As above, let us prove the forward implication for the case where Q(-) is a loop.
In the equalities (11.8), set x5 = yo = 1. We obtain

TL=Y1, TYs=Y3, 1 =24y = Yy = Tays

Consequently, 4 = 'y, and y5 = x1ys = y1y4, whence

Yo = Tays = Y1 - YiYa,

i.e., Q(-) has the left inverse property. Indeed, since an arbitrary loop isotope of the loop
Q) satisfies the condition (B;), it also has the left inverse property. Thus, by Proposition 6
of Chapter X, 4, the loop Q(-) must be a left Bol loop.

Conversely, we show that condition (B;) holds in a left Bol loop Q(-). Suppose

T1Y2 = T2V,
T1Ys = T2Ys3, (11.10)
T2Y2 = Tyl1-

From the middle equation of (11.10), we use the left inverse property to obtain

-1
Ya = Ty - T2Ys.

Consequently,
oy = Ta(y " - Tays3),
whence
Toys = (2 - 27 ' 2)ys. (11.11)
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by the left Bol identity. From the first equation of (11.10), we find
_ -1
Y2 = Ty - T2l

Thus

1

Tays = zo(27" - wayn) = (22 - 27 T2) 1 (11.12)

by the left Bol identity. Comparing (11.12) with the third equality from (11.10), we conclude
that
xgacflxg = 24. (11.13)

Substituting this value for 2, from (11.13) into (11.11), we obtain sy, = x4ys, the conclusion
of the condition (B;). The theorem has been proved.
The corresponding result for the Bol condition (B,) is proved similarly.

Corollary. If the closure conditions (B;) and (B,) hold simultaneously in a net 2, then
any coordinate quasigroup Q(-) of A is isotopic to a Moufang loop.

Indeed, a loop Q(o) isotopic to the quasigroup Q(-) is a left and right Bol loop. By
Property 6 of Bol loops (see Chapter VI, 67), the loop Q(o) becomes a Moufang loop.

We now fix some notation. If a condition (D) holding in a quasigroup Q(-), or a net 2
coordinatized by Q(:), implies that a condition (D') holds in the quasigroup Q°(-), where
?(-) is one of the operations inverse to the operation (-) (see Chapter I 4'), then we will write

(D) = (D).

In particular,

(D) = (D)
means that condition (D) in a quasigroup @ (o) implies condition (D’) in Q(o). If (D) = (D’)
and (D') = (D), then we will write

(D) & (D)

and call the equalities (D) and (D) equivalent.
We turn to the study of the Bol condition (B).
4. The Bol condition (B).
The closure condition (B) in a quasigroup Q(-) states that the equalities

T1ys = Toyr and T1ys = TaYz = T3ys = T4l (11.14)

imply the equality
T3Ys = T4Y3- (11.15)

We have the following.
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Theorem 11.5. 1) "(B) « (B)), 2) (B)™ < (B,).

We denote the respective products from the equalities (11.14) and (11.15) by ¢, s and p.
Thus, the first equality in (11.14) gives

x1 =t/ys and x9 =t/y1,

where a/b = c is equivalent to c¢b = a, i.e., (/) = “!(-). Likewise, the operation (-)7! is
written as (\).
The second equality in (11.14) gives

Ty =5/ys, T2=S5/ys, T3=5/y2, Ty=S5/Y1.

The equality (11.15) gives

T3 =p/Yys, Ta=Dp/ys.
Thus, we have
r1 = t/ys = 5/ys,
x2 =1t/y1 = s/ys, (11.16)
T3 = 5/Yy2 = /Y,
whence
T4 = S/ = p/ys- (11.17)
We denote ¢, s, p, y1, Y2, Ys, ya respectively by a7, x4, «, vi, Ys, Y3, y;. Thus, the
equalities (11.16) become
T4 /yh = /Y1,
T4 /Yy = 25y, (11.18)
Ty/Ys = T4/ Y,
while (11.17) becomes
/Yy = T4/ Y- (11.19)
Comparing (11.18) and (11.19) with (11.8), we conclude that the condition (B;) holds in
Q(/)-

Theorem 11.6. The Bol condition (B) holds in a quasigroup Q(o) if and only if it is
isotopic to a loop Q(-) with the identity

2[(zy)\2] = (2/y)(@\2).

Proof. Suppose that the Bol condition (B) holds in a quasigroup (o). Then it also holds
in a loop Q(+) isotopic to the quasigroup Q(o). In (11.14), set y, = 73" and y; = z;'. Then
the equalities

xlxgl = :nggl

and
Ty = Toys = T3Ty = 24y, =1 (11.20)
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imply
-1 _ —1
T3T] = TaZy

since (11.20) yields y4 = 7" and y3 = ;. Set ¥1 = a, 9 = b, 13 = ¢, and 74 = d. Then
ac™t = bd~! implies ca™! = db~'. In particular, for ¢ = 1 we see that a = bd~! implies
a~!'=db7!, ie., the equality

(bd)t =db* (11.21)

holds.
Setting d = 1 in (11.21), we have
(d )t =d.
Thus, replacing d by d~! in (11.21), we obtain
(bd)™ =d~ bt (11.22)

We have proved the following proposition: The anti-automorphic property (11.22) of the

inversion permutation I : x — x~' is universal in a loop Q(-) if the condition (B) holds in

Q).
Let Q(o) be an arbitrary loop isotopic to the loop Q(-). The identity (11.22) also holds
in the loop Q(o) as
(xo y)(_l) = 37D o g1, (11.23)

Let
zoy=R 'z L'y (11.24)

and
zoaz™ =¢,

where e = ba. First, we find (-1, We have
R'x-Ly'atY =e. (11.25)

We define a self-map I, on @ from
x-lx=e. (11.26)

By (11.26), it follows that I, is a permutation of a set @ and, in particular,
I =1,
where 1 is the neutral element of the loop Q(-). Thus 11.25) implies
Ly'a0Y = LR ',

whence
27V = LI R . (11.27)

Using this equality and (11.24), we rewrite (11.23) as
Lyl Ry (R, 'w - Lj'y) = Ry (Lol R 'y) - Ly (LyI. R, ).
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Consequently,
LyI.R, (vy) = py - Lz, (11.28)
where

0 =R'LI.R, "Ly

The equation (z7')™' = z is universal: it holds in any loop isotopic to the loop Q(-).
Thus
(x(fl))(fl) =z,

whence by (11.27) we obtain
(Lyl. R, ') = 1.

Then
LbIe(p = Lbfe(RglLbIeRglLb) = (LbIeRgl)sz = L.
Consequently,
p=1I"
Thus, (11.28) implies
Lyl R (zy) = I 'y - Lx. (11.29)

Setting y = 1 in (11.29),
LbIeRglx = 1;11 -l

We deduce I7'y =t or I,t =y, since t - I.t = ty and ty = e — see (11.26).
In particular, for y = 1 we obtain ¢ - 1 = e. Consequently,

LbIeRgla: =e-l.x= L.z,
and the identity (11.29) takes the form
Lol (zy) = [Tty - La. (11.30)
We have already seen that the equality I, 'y = ¢ is equivalent to the equality ty = e, so
I7hy = e/y, (11.31)
where (/) = ~!(-). From (11.26) we find
Iz = x\e, (11.32)
where (\) = (-)7'. Thus, we can rewrite (11.30) in the following form (replacing e by z):
2[(zy)\z] = (2/y)(2\2). (11.33)

Note that z = e may be any element of the set @, so the identity (11.33) holds for arbitrary

x,y,2 € Q.
Conversely, suppose (11.33) holds in a loop Q(-). We will show that condition (B) holds

in Q(-). Suppose
T1y2 = oY1 and T1Yy = Toyz = X3l = T4y = 2. (11.34)
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Now (11.34) implies
Yg = fl\% Ys = fz\Z, T3 = Z/y27
or, by (11.31) and (11.32),

Yo =Ly, ys=Las, x3=1"y.

Then z4ys = x4 - Las = Ly, I.xy. The equality (11.34) implies R,z = 21y, whence
zy = Ry (x13). Thus
TalYs = Lx4[zR;11(xlx2)- (11.35)

For arbitrary elements a, e from @), we have
L Ryx = Lelo(xza) = L [(za)\e] = e [(za)\e] = (e/a)(z\e).
Here we use (11.32) and (11.33). Thus,
LeleRy = Lyle,
where b = e/a, i.e., e = ba. From (11.35) we find
Ly.R;' = L.
We apply this equality to (11.35), taking into account that x4y, = z — see (11.34):
Lo LR, = L.I..

Thus
zays = L L(219) = z [(2192)\2] = (2/y2)(21\2).

Taking into account (11.34), we conclude x4y3 = 23y4, i.e., the condition (B) holds in Q(-).
The proof of the theorem is complete.

Corollary 1. In a loop Q(-), the anti-automorphic property of the permutation I is uni-
versal if and only if the identity (11.33) holds in Q(-).

Corollary 2. If a loop Q(-) satisfies the identity (11.33), then any of its loop isotopes also
satisfies the identity.

In other words, the identity (11.33) is universal.

3°. Moufang-Bol axioms and loop cores

The Bol conditions (B;) and (B,) are closely related to the left and right I P-properties.
Recall that a loop Q(-) with neutral element 1 has the left inverse property if for any x and
y, the equality

“la(zy) =y
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holds, with ~*zx = 1. We will interpret this condition in a net 2 coordinatized by Q(-).
Let the point I have coordinates [1,1], and let AB be an arbitrary 3-line (3,x). Then
point A" (Figure 8) lies on the lines (1,2), (2,2) and (3, 1) for some 2’ € Q. Consequently,
v =1, ie, 2’ = “'z. Consider an arbitrary point C' = [x,y] on the line (1,z). Then
CD = (2,y) and CG = (3,zy), while C’ lies on (1,x), (2,zy) and (3,y) for some 2" € Q.

Again, by the definition of the coordinate loop, we have

2"(zy) =y.

For Q(-) to be an IP-loop, it is necessary and sufficient that 2” = ~'z, i.e., the 1-line

passing through A’ must also pass through C”, for any choice of point C on (1, ). We arrive
at the next concept. Fix an i-line [, and let m be an arbitrary i-line (for i = 1,2,3). Take
an arbitrary point P on m. Through the point P we draw the remaining two lines PR and
PS (Figure 9).

A single line parallel to the line PS passes through the point R, while a single line
parallel to the line PR passes through S. These lines intersect at a point 7. A single i-line
passes through the point T. Following Bruck [33], we call the i-line n passing through T'
the reflection® of the line m in the line [. In particular, for m = [ we will assume that the
reflection of m in [ is also [. Generally speaking, the reflection n depends on the position of
the point P. If the reflection does not depend on P, then we say that the i-th Moufang-Bol
aziom for the line [ is satisfied in the net 2.

Let us return to the left inverse property in a loop @Q(-). Using the concept of a line
reflection, we can formulate the following statement.

Lemma 11.1. For a loop Q(-) with neutral element 1 to have the left inverse property, it
is necessary and sufficient that the first Moufang-Bol aziom for the 1-line (1,1) holds in a
net 2 coordinatized by Q(-).

The necessity has already been proven. We thus prove the sufficiency now.
Let m = (1,z) and P = [z,y]. Consequently, the lines (1,z), (2,y) and (3,2y) pass
through P. Then R = [1,y] and S = [1,xy]. Further, let the reflection of the line m in the
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line I = (1,1) be n = (1,2’). Thus, the lines (1,2'), (2, zy) and (3,y) pass through the point
T. Consequently, z'(zy) = y. For y = 1 we obtain 2’z = 1, i.e., 2’ = ~'z, and so we obtain
the equality ~'x(xy) = y establishing the left inverse property in Q(-).

A similar statement holds for the right inverse property.

We will say that the i-th Moufang-Bol aziom holds in the net 2L if the i-th Moufang-Bol
axiom holds for any i-line [ in 2.

Suppose that the first Moufang-Bol axiom holds in 2 (Figure 10).

Let m = (1,y) and | = (1,z). Let n be the reflection of the 1-line m in the 1-line [.
Since the first Moufang-Bol axiom holds in 2, the position of the 1-line n does not depend
on the point P, but only on the position of the 1-lines m and [. Thus, the label of the 1-line

1 1
n only depends on z and y. Let n = (1,z + y), where + is the sign of some new operation
on the set Q. Then R = [z, p] and S = [z, t] for some t. The point T must have coordinates

1
[x + v, t}. Since PS and RT are 3-lines, we have

yp = xt and
1
zp = (z + y)t. (11.36)
Definition 3. Let Q(:) be a coordinate quasigroup of a net 2 with the first Moufang-Bol
1
axiom. Then Q(+) is called the 1-core of the quasigroup.

Let Q(+) be a loop with neutral element 1. We choose p so that ¢ = 1, i.e., yp = . Then

1
z+y = 2zp = z(y\z), and thus we recover the definition of the core from Chapter IX, 2°.
Figures 11 and 12 give the definition of 2- and &-cores: If the second Moufang-Bol axiom

2 2
holds in 2, then the reflection of (2,y) in (2, x) gives the 2-core Q(+), where x + y depends
on z and y in the following way:

2
py =tx, pr=1t(x+y).
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If the third Moufang-Bol axiom holds in 2, then the reflection of (3,y) in (3,z) gives the
3
definition of the 3-core Q(+), with

y——L22 LAY #lpy)
(15— LAY (22) A0 N\l
, (1p)
(1x+y) : / n (Z,a:%/} 7'[2?,‘2'54/]
(29 (9
Fig. 10 Fig.11

3
pt=vy, pv=vt=x, Vvu=T+Y.

Before proceeding to the study of the core, we prove the following theorem.

Theorem 11.7. For i = 1,2, and 3, the i-th Moufang-Bol aziom is equivalent to the
respective closure conditions (By), (B,), and (B).

Let us prove the theorem for i = 1. Suppose the equalities

T1Y2 = T2Y1, T2Y2 = T4l1, T1Y4 = T2Y3

hold in a coordinate quasigroup Q(-) of a net A satisfying the first Moufang-Bol axiom.
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By (11.36), 2192 = 2y implies

1
Tays = (¥2 + z1)y1. (11.37)

Also, z1y4 = x9ys implies
1
Toys = (T2 + T1)y3. (11.38)

1
Comparing (11.37) with xays = x4y1, we obtain z2 + z; = x4. Consequently, zoys = T4y3
follows from (11.38) and the latter equality.

Conversely, suppose the closure condition (B;) holds in (). Let us prove that the first

Moufang-Bol axiom holds in a net 2( coordinatized by Q(-). For this, it suffices to show that
in the system

(11.39)

yp = wt,
Tp = ut

of equations, the element u only depends on z and y, say u = x —1F y. Suppose we also have
the equalities

up' = ”I’} (11.40)

xp’ = vt ’
Set x1 =y, xa =2, g =u, y1 = ¢, y2 = p, y3 = ', and y, = p. Then the equalities (11.39)
and first equality from (11.40) transform to the first three equalities from (11.8). But
by (B;), we obtain xoyy = x4ys, i.e., xp’ = ut’. Comparing the resulting equality with the
second equality from (11.40), we find that v = v. This means that u does not depend on p,
but only on x and y. For example, if p’ = z, then ¢ and, consequently, v depend only on x
and y, so u(= v) also only depends on x and y. Theorem 11.7 has been proved.

Corollary. Suppose that the first Moufang-Bol axiom is satisfied in a net 2. Then each
coordinatizing loop is a left Bol loop.
The statement follows from Theorem 11.4 and 11.7.

4°. Bol loop cores

We turn to the study of the core. Suppose that the first Moufang-Bol axiom holds in a

net 2. As shown above, every coordinate quasigroup is isotopic to a left Bol loop. A core

is defined in any coordinate quasigroup Q(-) of the net A. The question naturally arises:

What is the relationship between the cores of all the coordinate quasigroups of the net 2A?
The following theorem holds.

Theorem 11.8. The cores =

Moufang-Bol aziom are mutually isomorphic.

of all the coordinate quasigroups of a net A with the first

*Henceforth, we only consider 1-cores. Therefore, we will omit the qualifier “1”.
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Let Q(-) and Q(o) be two coordinate quasigroups of the net 2(, with respective cores
Q(+) and Q(®). Then by their definition, we have

yp = wt,

xp = (z +y)t,

yop' =wot,

Let wov =y '(au - Bv). Then the equalities (11.41) transform to

v oy - Bp') =7 (az - Bt)

and
vy Hax- Bp') =y Halz®y) - Bt),
whence
ay - Bp = ax -t
and

ar - fp = alz@y) - Bt
In view of the definition of the core Q(+) we obtain

ar + ay = a(z®y),

which means that Q(®) and Q(+) are isomorphic.
It is convenient to indicate the reflection of the 1-line m = (1,y) in the 1-line [ = (1, )
as follows (see Figure 10):
z,y: P> RS T.

We note here that P uniquely determines the points R, S, T. Using coordinates, we can
write

ly, ] = [z, 0], [z, t], [z+y 1],
1
with the understanding that x + y currently means z + y.

Theorem 11.9. The core of any coordinate quasigroup of a net A with the first Moufang-
Bol axiom is a left distributive groupoid.

Proof. By Theorem 11.4, it suffices to prove the theorem for a Bol loop core.” In this case
it was shown that

z+y=xz(y\w)

Since the Bol loop has the left inverse property, y\z = y~ 'z and, consequently,

r+y=x(y '2). (11.42)

*Here, we consider a left Bol loop.
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Now consider the following reflections (Figure 13):
y,z2: A>H FE I,
x,y+z: 1> F KL,
z,y: E—F B, G,
z,z: A—>C,B,D,
r+y,x+2: D—>G M,L.
The reflection (11.46) must have the form

x,2: A—C,B' D.

(11.43)

11.44
11.45
11.46
11.47

—~ o~ o~

(11.48)

But (11.43) and (11.44) imply that A, E, and B are on the same 3-line, and (11.48) implies
that B’ is on the same 3-line. Since B and B’ are on the same 1-line (1, z) simultaneously,

they coincide.

. N |
__4%_\ _______

x \[ Ly
P (2s) /\ (&d}\/ /
j S
. (49 4
Z ﬂ J
(Zp)
Fig. 13

In coordinates the reflections (11.43)—(11.47) have the form

[z, pl = [y, 0], [y, t], [y+=t],

[y +z, t] = [z, t], [z, ¢], [z r], [z+@y+2),7],
ly, t] = [z, t], [z, s], [z+wv, s],
[z p] = [z, p], [z, 5], [z +2 5],
[+ 2z s] > [x+y, s], [z+y ], [(x+y)+(x+2), ]
We show that
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For this, we note that HI is a 3-line, as follows from the definition of the reflection (11.43).
From (11.44) we find that /K is also a 3-line, i.e., H and K lie on the same 3-line. In this
case the equality

yp = ar

holds. Since A is an arbitrary point of (1, z), we set p = 1:
y = ar,
whence by left invertibility we find that
r=axly. (11.52)

Now (11.46) and (11.47) imply that CD and DM are 3-lines, i.e., C' and M are on the same
line. Consequently, we have
zp = (z +y)r',

whence in view of the equality p = 1 we obtain
(z+y)r' =z (11.53)
We find (z + y)r, taking into account (11.42), (11.52) and the Bol identity:

(+y)r=(-y z)@ "y =zly @2y =2 "y) ==

Comparing the latter equality with (11.53), the equality (11.51) is established.

Now (11.44), (11.45) and (11.47) imply that FL, LG and GL’ are 3-lines. Consequently,
F, G, L and L' are on the same 3-line. On the other hand, from (11.43) and (11.50), and
from r = 7', it follows that K, M, L, L’ are on the same 2-line, namely on (2, 7). Since, the
3-line FGLL' and the 2-line KM LL' have common points L and L', and this is possible
only if L = L', whence it follows that

z+(y+2z)=(r+y)+ (z+2).
The proof of the theorem is complete. O

Now we find the conditions under which Q(+) is a quasigroup.

Theorem 11.10. The core of a Bol loop Q(*) is a quasigroup if and only if the the squaring

x — 2% is a permutation of the set Q.

The necessity of the condition is obtained immediately: if Q(+) is a quasigroup, then
the equation z + 1 = a has a unique solution, i.e., z(1 ') = a or #* = a has a unique
solution, for any a € Q. Denote the solution of the equation by a'/2.

Before proving the sufficiency of the condition formulated in the theorem, it is necessary
to prove the validity of the following two relations:

(227 = (a71)12, (11.54)
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(z+y) =z +y (11.55)

To prove (11.54), we use the left alternativity x-zy = 2%-y, which holds in any Bol loop:
(z7H%2? = (27 (zw) =27 (@7 ) =27 e = 1,

whence
(z71)? = (%) (11.56)

Let 22 = y. Then (11.56) implies (z7!)? = y~!, whence 27! = (y~)2 or (y*/?)~! = (y~1)/2.

The element y, along with x, can be any element of the set Q, since x — z*

is a permutation
of . We can obtain another proof, if we consider that in a Bol loop any element generates
an associative subloop (see, for example, [11]).

To prove (11.55) we find (z7!' + y~!)(z + y). We have

g ey )

(@ +y )z +y) = (2
= {y[oT @y )] =27y oy ) =T e =
which implies the equality (11.55).

Sufficiency. Let x — 2 be a permutation of the set Q. We prove that the equality
a+y=> (11.57)

has a unique solution for all a,b € Q.
Let yo be a solution of the equation (11.57). Then (11.57), by the definition of the
operation (+), takes a form
a- ygla =D,

whence
(a . y(jla)a” _ bail, a(yal . aa’l) _ bail,
aygt =ba”t, gyt =a7t b,
yo = (a='-ba™t)7, (11.58)
or
Yo = (071 + bil)il.
Consequently,

Yo =a+b. (11.59)
We check that yo, defined by (11.58), is a solution of the equation (11.57):

a-yyta=al(a ba")a] =ala”'(b-a"'a)] = ala”'D) =b.

Now consider the equation
x+a=0b. (11.60)
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Suppose that zg is a solution of (11.60). Then (11.60) implies
zo(atmp) = b. (11.61)
Let a=' = ¢. Then (xg - cxg)c'/? = bc'/?, whence
c? [2o(c xocm)] =2 b2, (11.62)
Rewriting the left side of (11.62),
2 [1,0(01/201/2 . Jcocl/z)] =2 {a:o [61/2(61/2 -xocm)]}
= (2. 2oc ) (M2 - 2oc?) = (V2 - woc?)? = (V2 + ag )2,
The right side of (11.62) is equal to ¢'/? + b, since
Mgt = (M p YA (11.63)

We find ;! from (11.63) using the equality (11.59): a5 = ¢"/2 + (¢/? + b~1)/2, whence
zo = [+ (M + b’l)l/Q]fl, or, using the equalities (11.54) and (11.55), we obtain

€ = (01/2)’1 n [(01/2 n b71)1/2]*17 £ = (671)1/2 + [(c’l)l/Q i b]l/Z.

1

Taking into account that ¢ = ¢, we finally find

zo = a'? + (a'? + 1)/ (11.64)

The transitions from (11.61) to (11.63), and thence to (11.64) are invertible, whence we
conclude that the solution of the equation (11.60) exists, since the equality (11.61) is nothing
else than xy + a = b. This completes the proof of the theorem.
Theorems 11.9 and 11.10 generalize Theorem 9.5 and Theorem 9.4 for Moufang loops.
Note the following property of a core Q(+):

r+(z+y) =y (11.65)
Indeed, combining the equality a + yo = b and (11.58), we obtain
b=a+y=a+ (a+Db).

The question arises: When is a loop isotopic to the core Q(+) of a Bol loop Q(-) which
satisfies the condition of Theorem 11.107

The following theorem holds.

Theorem 11.11. Suppose that the condition of Theorem 11.10 holds in a Bol loop Q(-),
with core Q(+). Then the quasigroup Q(+) is isotopic to a Bol loop.

The theorem is a direct corollary of Theorem 9.11: in the left-distributive quasigroup
Q(+) we have L2 = 1 by virtue of the equality (11.65).
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Notes

!The concept of a net, apparently, was first introduced by Thomsen [23] in 1929.

2The concept of a net given here is a particular case of the concept of a k-net for k = 3. A k-net is
defined in the same way as a 3-net 2, but L divides into k non-intersecting classes Li, La, . .., Ly, satisfying
Axioms 1 and 2. The concept of a k-net for k > 4 is closely connected with a system of mutually orthogonal
quasigroups (see Chapter VII, 4°, Definition 5). Details about k-nets are given in Bruck [31, 33| and
Pickert [61].

3This implies that the net 2 defines a quasigroup up to isotopy and parastrophy (see Note 7 to Chapter I).

4If a loop Q(-) satisfies the hexagon condition (H), then #=! = ~lz, and this property is universal.
Moreover, all such loops are mono-associative, i.e., each element generates an associative subgroup (see [10],
for example).

5Thus, a reflection is a certain transformation of the net 2 (in the presence of the first Moufang-Bol
axiom). Other transformations in nets (without additional conditions) were considered by Artzy [7], namely,
transformations analogous to motions in ordinary Euclidean planes.
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Problems

Let us formulate a number of problems in the theory of quasigroups, which, so far as the
author knows, have not been solved and whose solution is of interest.

1. Find necessary and sufficient conditions for a special loop (Chapter III, 1°) to be
isotopic to a left F-quasigroup. Is any identity fulfilled in special loops? Which loops are
isotopic to bilateral F-quasigroups (Chapter III, 5°)7

2. Let Q(o) be a group, and let z oy = 27'25%...25", where z; = x or y, and ¢; =
+1 (for i = 1,2,...,n). At what values of &, will the groupoid Q(o) be a quasigroup?

3. A quasigroup Q(-) is a Stein quasigroup [76], if it satisfies the identity z - zy = yz.
To which loops are Stein quasigroups isotopic?

4. A quasigroup Q(A) is called a o-quasigroup, if A = A, where A is an inverse
operation for A (Chapter I, 4°). If A = AT (where A” is an isotope of the quasigroup A),
then will A be isotopic to some o-quasigroup [72]?

5. To construct and develop a homotopy theory for quasigroups (Chapter TV, 4°).

6. To construct a theory of extensions for quasigroups (see Chapter V, 2°, and crossed
products of quasigroups. Compare [2, 26, 90]).

7. To extend theorems of the extension of groups to any loops (in particular, to Moufang
loops and to other loops classes).

8. Are there left-distributive quasigroups isotopic to loops which are not Bol loops
(Chapter 1X)?

9. If a positive answer is possible to the previous question, then the problem arises of
describing such loops. In particular, it is required to indicate which identities they satisfied.

10. What necessary and sufficient conditions should be imposed on a loop so that its
core (Chapter IX, 1° becomes a left distributive groupoid (quasigroup)?

11. In which loops is the property of being special (Chapter III, 1°) universal (Chapter X,
4°)7

12. Find G-loop classes distinct from those described in Chapter X, 1°. Describe the
class of all G-loops (for example, using identities).

13. Find other conditions of closure in nets (Chapter XI, 2°). Construct a general theory
of closure conditions.

14. Explore loops with the identity z[(zy)\z] = (2/y)(z\z) (Chapter XI, 2°, Theo-
rem 11.6).

15.  Will an infinite anti-commutative distributive quasigroup be transitive (Chap-
ter VIII, Theorem 8.4)7

16. Let S(-) be an abbreviation semigroup (i.e., xy = xz or yx = zx implies y = z). Can
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it be included in a quasigroup (loop) with a nontrivial identity? (An identity is nontrivial
if there is a more than one-element quasigroup in which it does not hold).”

17. What necessary and sufficient conditions must a groupoid Q(-) satisfy in order for
it to be embedded in a Moufang loop, an IP-loop, or a distributive quasigroup*?

18. Are there any identities in a quasigroup Q(-) implying that Q(-) is a loop? (An
example of such an identity is associativity.)*

19. Do there exist loops with a preassigned type (£, ®, #) and preassigned intersections
ZNe, 22, X%, < (2 Z2?

20. In which quasigroups or loops are all (groupo) congruences are normal? (In IP-
quasigroups, all congruences are normal. See [22], for example.).

*Proposed by LE. Burmistrovich.
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