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Introduction

In various areas of mathematics, for example, the theory of projective planes, non-associative
rings, in a number of problems of combinatorial analysis, the theory of functional equations,
etc., it becomes necessary to study one natural generalization of the concept of a group,
namely, a quasigroup.

An impetus to the development of the theory of quasigroups was given by the work of
R. Moufang (1935) on non-Desarguesian projective planes, where the connection of such
planes with quasigroups, or more precisely loops (that is, quasigroups with a neutral ele-
ment), now bearing her name, was clari�ed. Over the past decades, the theory of quasigroups
and loops has received considerable development in the works of various mathematicians,
and the main attention was focused on loops. R. Bruck is a leading expert in this �eld,
and he has summarized research on loop theory in his monograph "A Survey of Binary
Systems", Springer Verlag, 1958.

Unlike the book of Bruck, the current book focuses on quasigroups. In this sense, the
present work can be considered, to some extent, as a complement to the book of Bruck.
However, here we also consider the most well-known classes of loops: loops with the inverse
property (IP -loops), Moufang loops, Bol loops, etc.

The author has tried to make the book accessible to a wide range of readers, so all the
results are presented in an elementary way. To understand the book, it is su�cient to know
the basic elements of group theory that are part of a university course of higher algebra.

Not wishing to increase the size of the book, the author does not consider such aspects
of the theory of quasigroups as free quasigroups, ordered loops, systems of quasigroups, etc.
A number of concepts are mentioned in the book, but not developed further, although the
author has indicated literature where these concepts are treated in detail. On the other
hand, some results are considered rather deeply, for example, the Moufang Theorems, etc.

The book is based on lectures from a special course given by the author at Chi³in�au
State University in 1963�1965, and at Moscow State University in the spring of 1965.

Chi³in�au, 1965. V. Belousov

Translators' note

The English translation of the Russian language original was initially undertaken and typeset
in LATEX by a team of students under the guidance of Fedir Sokhatsky, and examined by
Vira Obshanska, at Vinnytsia Pedagogical University. Mathematical and linguistic editing
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was then conducted by Jonathan D.H. Smith at Iowa State University (using a personal
copy of the original signed and donated by Belousov in 1987). The publication project was
coordinated by Parascovia Syrbu at Moldova State University.

The editing process aimed to maintain the spirit and layout of Belousov's original as
much as possible, while introducing minor clari�cations necessary to make the book readily
accessible to a broad modern Anglophone readership. Theorem 3.4 provides a representative
example where rather more extensive editing was deemed necessary. The original version of
the proof included a number of excursions, such as the important de�nition of a groupoid
congruence required for the �rst section of Chapter IV. In the translation, these excursions
have been taken out of the actual proof, and located in one preliminary and two additional
subsequent remarks. Furthermore, since much of the gist of Theorem 3.4 involves demon-
strating the equality between two di�erently de�ned equivalence relations, both written as
� in the original, the notation � is used for the second in the translation.

Almost 60 years have passed since Sade called for a translation of the initial Russian lan-
guage version in his review forMathematical Reviews [MR#218483]. In accordance with the
translators' philosophy of staying true to Belousov's original content, there are no changes,
notes, or additional comments in the translation to re�ect the subsequent developments
and terminological variations within the theory of quasigroups that have arisen after the
original publication. Nevertheless, many of these developments have been referenced, in
close relation to Belousov's book, by V. Shcherbacov, Elements of Quasigroup Theory and

Applications, CRC Press, Boca Raton, FL, 2017.
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Chapter I. Main concepts and de�nitions

1�. Quasigroups and loops

One of the most basic concepts of general algebra is that of an algebraic operation, or simply
operation, usually de�ned as follows r47s.

Let a non-empty set Q be given, �nite or in�nite. We will denote elements of the set Q
by small Latin letters: a, b, c, . . . , x, y, z, . . . . By the n-th power of the set Q we understand
the set Qn consisting of all possible ordered sequences pa1, a2, . . . , anq of elements from Q.
Then an n-ary operation A de�ned on the set Q is a mapping of the set Qn into the set Q.
If the sequence pa1, a2, . . . , anq is sent to the element b (also belonging to Q), then we write
Apa1, a2, . . . , anq � b. The number n is called the arity of the operation A. If n � 2, then
the operation A is called binary : Apa1, a2q � b. If n � 1, then the operation A is called
unary : Apa1q � b. We can also consider operations of in�nite and of zero arity (nullary
operations); for more see r47s page 109. A set Q with a set Ω of operations, where the
operations from Ω can be of any arity, is called a universal algebra or simply an algebra,
denoted by QpΩq.

We are interested only in binary operations, so in future we will omit the word "binary".
Operations de�ned on a set Q will be denoted by capital Latin letters A,B,C, . . . Sometimes
we write the operations as an ordinary multiplication. Thus, we will not write Apa, bq � c,
but rather ab � c. If necessary, we may use other signs for the operation: �, �, 
, ∆ etc.,
for example a � b � c, a � b � c etc.

A set Q being considered together with a binary operation A is called a groupoid, and
is denoted by QpAq. If the operation is indicated by a sign, for example p�q or p�q, then we
will also write Qp�q or Qp�q. Consequently, on the set Q there are as many groupoids as
there exist di�erent operations. Two operations A and B coincide if Apa, bq � Bpa, bq for
each a, b P Q.

If Q is a �nite groupoid, then QpAq can be given by means of a table such as

A a b c d

a c c b a

b d d a b

c c b a c

d a b a b

where the element Apa, bq is located at the intersection of the row labeled by the element a
and the column labeled by the element b, in this case Apa, bq � c. Such a table is called the
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Cayley table of the groupoid QpAq.
It can happen that in the Cayley table of the groupoid QpAq, all the elements in each

row and in each column are di�erent, as in the following example.1

A a b c d

a b a d c

b c b a d

c a d c b

d d c b a

If this property holds for QpAq, we say that QpAq is a quasigroup. Thus, we can give the
following

De�nition 1. A groupoidQpAq (that is, a setQ with an operation A) is called a quasigroup
if for every a, b P Q, the equations

Apa, xq � b, Apy, aq � b p1.1q

always have unique solutions x, y in Q.

This de�nition is equivalent to the following: a groupoid QpAq is a quasigroup if each
pair of the elements from the equality Apa, bq � c uniquely de�nes the third. One can also
give the following de�nition. An operation A is said to be right invertible if the equation
Apa, xq � B is uniquely solvable for all a, b, and is said to be left invertible if Apy, aq � b is
uniquely solvable for all a, b,. Finally, the operation A is said to be invertible if it is both
left and right invertible. Thus, by "the quasigroup QpAq" we understand the set Q with the
invertible operation A.

There is another de�nition which is also often used. To arrive at this de�nition, note
that in fact, the equations p1.1q de�ne two new operations. The �rst of the equations p1.1q
shows that to each ordered pair a, b P Q, an element x of Q is uniquely assigned. Thus, a
new operation is de�ned on Q. We denote it by B: Bpa, bq � x. Similarly, the second of
the equations p1.1q again determines an operation. We denote it by C, and we assume that
Cpb, aq � y. Thus, three operations are de�ned on Q, i.e., we have an algebra QpΩq, where
Ω � tA,B,Cu. In this algebra, the identities following from p1.1q and the de�nition of the
operations B and C must be satis�ed:

A ra, B pa, bqs � b, A rC pb, aq, as � b. p1.2q

The question naturally arises: if in the algebra QpΩq � QpA,B,Cq we have the identi-
ties p1.2q, then can QpAq be a quasigroup? It is easy to see that QpAq is not necessarily a
quasigroup. More precisely, in QpAq the equations p1.2q are solvable, but, generally speak-
ing, not uniquely. Therefore, we give the following

De�nition 2. A groupoid QpAq is a quasigroup if there exist two other operations B and
C on the same set Q such that in the algebra QpA,B,Cq the identities2

A rx, Bpx, yqs � y, B rx, Apx, yqs � y,

A rC py, xq, xs � y, C rApy, xq, xs � y.

*
p1.3q
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hold.

Let us show the equivalence of De�nitions 1 and 2. We have already seen that equa-
tions p1.1q are solvable, using the �rst row of identities p1.3q. For example, Bpa, bq is
the solution of the equation Apa, xq � b. To show uniqueness of the solution, suppose
Apa, cq � Apa, dq � b. Then

B ra, A pa, cqs � B ra, A pa, dqs .

Hence, on the basis of p1.3q, it follows that c � d. In the same way, we obtain the unique
solvability of the second equation. Consequently, De�nition 1 follows from De�nition 2. To
show that De�nition 2 follows from De�nition 1, it is necessary to prove that the second
row of identities in p1.3q hold. For this purpose, suppose that B ra, A pa, bqs � c, so
A ta, B ra, A pa, bqsu � Apa, cq. From here, on the basis of p1.2q, we have Apa, bq � Apa, cq.
As the equation A pa, xq � d must have a unique solution, we conclude that b � c, i.e.,
B ra, A pa, bqs � b.

De�nition 3. We call the operation B from De�nition 2 the right inverse operation of A,
and denote it by A�1. We call the operation C the left inverse operation of A, and denote
it by �1A.

Thus,
A rx, A�1px, yqs � y, A�1 rx, Apx, yqs � y,

A r�1A py, xq, xs � y, �1A rApy, xq, xs � y.

*
p1.4q

Consequently, the solution of the equation Apa, xq � b is x � A�1pa, bq, and the solution of
Apy, aq � b is y ��1 Apb, aq.

Remark 1. The de�nition of the operations A�1 and �1A implies that the equalities
Apa, bq � c, A�1pa, cq � b and �1Apc, bq � a are equivalent.

Remark 2. If the basic operation in a quasigroup is denoted by usual multiplication p�q,
then instead of p�q�1 and �1(�q we will often write (z) and (/) respectively.

Remark 3. If QpAq is a quasigroup, then QpA�1q and Qp�1Aq are also quasigroups. In
fact, we show that the equation

A�1pa, xq � b p1.5q

has a unique solution. If c is some solution of this equation, then the equality A�1pa, cq � b

implies Apa, bq � c, and p1.3q implies that Apa, bq is a solution of the equation p1.5q. Thus,
the equation p1.5q is solvable uniquely.

Let c be a solution of the equation

A�1py, aq � b, p1.6q

that is, A�1pc, aq � b. Then Apc, bq � a, so c ��1 Apa, bq. Let us verify that �1Apa, bq is a
solution of the equation p1.6q. Let

A�1p�1Apa, bq, aq � b
1

.
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This equality is equivalent to the equality Ap�1Apa, bq, b
1

q � a. But, by virtue of p1.3q,
we also have Ap�1Apa, bq, bq � a. Comparing the last two equations, we �nd that b

1

�

b. Therefore, QpA�1q is a quasigroup. Similarly, one can prove that Qp�1Aq is also a
quasigroup.

Let Qp�q be a quasigroup. If a subset Q
1

� Q is a quasigroup with respect to the same
operation p�q, then Q

1

p�q is called a subquasigroup of the quasigroup Qp�q.
Another important concept on which we will focus is the concept of a loop. Consider a

quasigroup Qp�q. Suppose there is an element e in Q such that ae � ea � a for every a P Q.
Then e is called a neutral element of the quasigroup Qp�q.

De�nition 4. A quasigroup Qp�q with a neutral element is called a loop3.
The most studied class of loops are groups, construed as associative quasigroups. Thus,

a quasigroup is called a group if in Qp�q the identity of associativity holds: xy �z � x �yz*(see
r46s, r85s). It is easy to show (see, for example, r85s) that the associativity of the quasigroup
Qp�q implies the existence of a neutral element in Qp�q.

An example of a non-associative loop is

� 1 2 3 4 5

1 1 2 3 4 5

2 2 1 5 3 4

3 3 4 1 5 2

4 4 5 2 1 3

5 5 3 4 2 1

Qp�q is a loop, but not a group, since Qp�q is not associative. For example, p2�2q�5 � 1�5 � 5,
and 2 � p2 � 5q � 2 � 4 � 3, that is, p2 � 2q � 5 � 2 � p2 � 5q.

Suppose that Qp�q is a quasigroup, but not a loop. Then, nevertheless, for each element
a there exists a right local neutral element ea, i.e., aea � a; this follows from the fact that
the equation ax � a must have a solution. The left local neutral element fa : faa � a is
de�ned similarly. If all the right neutral elements coincide, pea � eq, then e is called a right

neutral element. A left neutral element f is de�ned similarly. There are quasigroups with a
right neutral element (they are called right loops), but without a left neutral element, and
conversely. If Qp�q has right and left neutral elements, then they coincide, so then Qp�q is a
loop.

The concept of a subloop is introduced in a natural way: Q
1

p�q is a subloop of a loop
Qp�q if Q

1

p�q is a loop and Q
1

� Q.

2�. Regular permutations of quasigroups and nuclei of

loops

Let Qp�q be a quasigroup. The mapping x Ñ ax is called a left translation by means of

an element a and is denoted by La : Lax � ax. Obviously, La is a one-to-one mapping
*Often we will write pxyqz as xy � z. So, xpyz � xq means xrpyzqxs, etc.
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of the set Q onto itself, i.e., La is a permutation* of the set Q. This follows from the
de�nition of a quasigroup. The right translation Ra by an element a is determined by the
equality Rax � xa and, therefore, is also a permutation. The set of all the translations of a
quasigroup Qp�q generates a group G, which is called the group associated with Qp�q r1s. If
Qp�q is a group, then there are obvious equalities, each of which is equivalent to the law of
associativity:

Lapx yq � La x � y,

Rapx yq � x �Ray.

*
p1.7q

The equations p1.7q are true for all a, x, y P Q. These equations imply the following.

De�nition 5. A permutation λ of a set Q is called a left regular permutation of a quasi-

group Qp�q if
λpx yq � λx � y p1.8q

for all x, y P Q. A right regular permutation ρ is de�ned similarly:

ρpx yq � x � ρy.

Thus, in a group, any left (right) translation is a left (right) regular permutation.
Left and right regular permutations always exist for any quasigroup; the unit permuta-

tion ε (with εx � xq* is always regular on the left and on the right. It is easy to see that the
set L (or more speci�cally, Lp�q) of all the left regular permutations of a quasigroup Qp�q
is a group. More precisely, L is a subgroup of the group G. Indeed, let λ1, λ2 P L . Then

pλ1λ2qpxyq � λ1rλ2pxyqs � λ1pλ2x � yq � λ1pλ2xq � y � pλ1λ2qx � y,

i.e., λ1λ2 P L . Let us show that λ P L follows from λ�1 P L . Indeed, xy � λ�1pλx � yq

follows from p1.8q. After replacing x by λ�1x, we obtain λ�1x � y � λ�1pxyq, i.e., λ�1 P L .
It remains to show that L � G. For this, note that the equation p1.8q can be rewritten

in the form λLxy � Lλxy, whence λLx � Lλx follows. Therefore λ � LλxL
1
x P G. It is

proved similarly that the set R of all right regular permutations of a quasigroup Qp�q forms
a subgroup of the group G.

Let us �nd left regular permutations for the case where Qp�q is a loop. Let λ P L and
let λe � a, where e is the neutral element of the loop Qp�q. Then

λx � λpexq � λe � x � ax,

i.e., λ � La. On the other hand, we note that the element a � λe has the following property:

ax � y � a � xy p1.9q

for all x and y. Indeed, ax � y � λx � y � λpxyq � a � xy.

*A one-to-one mapping of a set Q onto itself is called a permutation of the set Q.
*Often we will denote the unit permutation by 1, i.e., 1x � x.
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If an element a satis�es the equality p1.9q, then it is said to be left associative. The
collection of all left associative elements of a loop Qp�q is called the left nucleus of Qp�q and
is denoted by Nl.

Similarly, the right nucleus Nr is de�ned as the set of all right associative elements, i.e.,
elements b such that

xy � b � x � yb p1.10q

for all x and y P Q. If ρ P R, then, as above, one can show that ρ � Rb, where b P Nr.
The neutral element of a loop always belongs to the left and right nuclei. Finally, we can

de�ne the middle nucleus Nm as the collection of all the mid-associative elements c with

xc � y � x � cy. p1.11q

The de�nitions of the left, right and middle nucleus are formulated for quasigroups: in
the equalities p1.9q� p1.11q, the neutral element does not participate directly. However, the
following statements hold r39s:

a) A quasigroup Qp�q has a left (right) nucleus if and only if it has a left (right) neutral

element;

b) A quasigroup Qp�q has a middle nucleus if and only if it is a loop.

In fact, if Qp�q has a left neutral element f , then f is left associative. Now suppose that
Qp�q has a left nucleus Nl, and let a P Nl. Let as show that the right local neutral element
ea of the element a is the left neutral element of the quasigroup Qp�q. Let eax � x1. Then
ax1 � a � eax � aea � x � ax, whence x1 � x. Consequently eax � x. To prove b), note that
the neutral element of a loop always belongs to all three nuclei. Now suppose Qp�q has a
middle nucleus Nm, and let a P Nm, fa and ea, respectively, be the left and the right local
neutral elements of a. If x is an arbitrary element from Q, then elements y and z such that
x � ay � za exist. We have

fax � fapayq � pfaaqy � ay � x,

xea � pzaqea � zpaeaq � za � x.

Hence it follows that fa and ea are respectively the left and right neutral elements of the
quasigroup Qp�q. Therefore they coincide, i.e., Qp�q is a loop.

In the case when Qp�q is a group, then Nl � Nm � Nr � Q, i.e., all three nuclei are
subgroups of Qp�q and even coincide with Q. In the general case, we have

Theorem 1.1. Each nucleus of a quasigroup Qp�q is an associative subquasigroup (i.e., a
group).

Proof. a) Let Qp�q have left nucleus Nl. Then, as above, there is a left neutral element e
in Qp�q. Obviously, e P Nl. Now let us show that a, b P Nl implies ab P Nl :

pabqpxyq � apb � xyq � apbx � yq � pa � bxqy � pab � xqy.
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Thus, Nl is closed under the operation of multiplication in Qp�q. Further, we have

ae � x � a � ex � ax,

hence ae � a, i.e., e is a neutral element in Nl.
Now we note the following. If Qp�q is a loop with neutral element e, then each element

x P Q has inverse elements which are de�ned by the equalities

xx�1 � e, �1xx � e.

The element x�1 is called the right inverse for x, and �1x is the left inverse for x.
Let us show that if a P Nl, then a�1 P N . In fact, there must exist an element y1 such

that the equality
a�1 � xy � a�1x � y1 p1.12q

holds. We multiply from the left by a:

apa�1 � xyq � apa�1x � y1q,

whence, in view of the fact that a P Nl,

aa�1 � xy � pa � a�1xqy1,

e � xy � paa�1 � xqy1,

xy � xy1.

Thus, y � y1 and from p1.12q it follows that a�1 P Nl. Now recall that a group can be
de�ned as a groupoid in which the law of associativity holds, there exists a right neutral
element xe � x and a right inverse element x�1, xx�1 � e for arbitrary x P Q (see, for
example, r46s). Thus, from all the above it follows that Nl is a group under the operation
p�q in a quasigroup Qp�q. Similarly, it is proved that Nr is a group under the operation p�q
in a quasigroup Qp�q.

b) Let a, b P Nm, then also ab P Nm, since

px � abqy � pxa � bqy � xa � by � xpa � byq � xpab � yq.

Earlier, we saw that the quasigroup Qp�q must be a loop with a neutral element e. If a P Nm,
then �1a � a�1, since �1apaa�1q � p�1aaqa�1 � a�1 or �1a � a�1 follows from the equality
p�1aaqa�1 � a�1 and from a P Nm. Moreover a�1 P Nm, so Nm is a group (an associative
subloop.) To see this, we reason as above: there must exist an element y1 such that

xa�1 � y � x � a�1y1.

We replace x with za (when x takes all the values of the whole set Q, then z takes all the
values of Q):

pza � a�1qy � za � a�1y1, zy � za � a�1y1 � zpa � a�1y1q,
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whence y � a � a�1y1. Multiplying on the left by a�1, we have

a�1y � a�1pa � a�1y1q � a�1a � a�1y1 � a�1y1, y � y1.

Thus, xa�1 � y � x � a�1y which is what we had to prove.
Often, the concept of the nucleus of a loop Qp�q is also considered: the intersection* of

the three nuclei Nl, Nm, Nr of Qp�q.

3�. Isotopy

Another important notion of the theory of quasigroups and loops is the notion of an isotopy
which generalizes the group-theoretical notion of an isomorphism.

Consider two operations A, B, de�ned on the same set Q.

De�nition 6. The operation B is said to be isotopic to the operation A, or an isotope of
A, if there exists a triple of permutations α, β, γ of the set Q such that

Bpx, yq � γ�1Apαx, βyq

for arbitrary x, y P Q.
The ordered triple T � pα, β, γq is called an isotopy. The permutations α, β, γ are

respectively the left, right, and principal components of the isotopy T . The fact that B
and A are isotopic will sometimes be written as B � AT or B � Aα,β,γ**. If all three
permutations coincide, α � β � γ, then the isotopy becomes an isomorphism

Bpx, yq � α�1Apαx, αyq.

In this case, we write pα, α, αq � α and, consequently,

B � Apα,α,αq � Aα.

An isotopy of the form T � pα, β, 1q, i.e., if the principal component is equal to 1, is
called principal.

Example. Let Qp�q be the quasigroup de�ned by the following Cayley table:

1 2 3 4 5

1 3 1 4 2 5

2 5 2 3 1 4

3 1 4 2 5 3

4 4 5 1 3 2

5 2 3 5 4 1

*That is, the set of common elements of the nuclei Nl, Nm, Nr.
**If the operations B and A are written with symbols, for example in the form p�q and p�q, then we will

write p�q � p�qT .
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In this table, we move the rows, then the columns, and �nally permute the elements within
the table itself:

1 2 3 4 5

1 3 1 4 2 5

2 5 2 3 1 4

3 1 4 2 5 3

4 4 5 1 3 2

5 2 3 5 4 1

Ñ

1 2 3 4 5

1 5 2 3 1 4

2 1 4 2 5 3

3 4 5 1 3 2

4 3 1 4 2 5

5 2 3 5 4 1

Ñ

1 2 3 4 5

1 2 3 5 1 4

2 4 2 1 5 3

3 5 1 4 3 2

4 1 4 3 2 5

5 3 5 2 4 1

Ñ

1 2 3 4 5

1 1 2 5 3 4

2 4 1 3 5 2

3 5 3 4 2 1

4 3 4 2 1 5

5 2 5 1 4 3

We can move the rows by applying α �

�
1 2 3 4 5

2 3 4 1 5



, and the columns by applying

β �

�
1 2 3 4 5

2 3 1 4 5



. Inside the table, we apply the permutation γ�1 �

�
1 2 3 4 5

3 1 2 4 5



,

i.e., everywhere where there was 1, we put 3, where there was 2, we put 1, etc. Thus, we
have obtained another quasigroup in Qp�q by means of the isotopy T � pα, β, γq, or in more
detail we have x � y � γ�1pαx � βyq. We �nd, for example, 3 � 4:

3 � 4 � γ�1pα3 � β4q � γ�1p4 � 4q � γ�13 � 2.

From this example, we see that an isotope Qp�q of a quasigroup Qp�q is also a quasigroup.

This fact also follows from the de�nition of an isotopy. First we prove the uniqueness of the
solution. Suppose, the equation a � x � b has two solutions c1 and c2 : a � c1 � b, a � c2 � b.
But then γ�1pαa � βc1q � b and γ�1pαa� βc2q � b, whence αa � βc1 � γb and αa � βc2 � γb.
Since Qp�q is a quasigroup, we conclude that βc1 � βc2, whence c1 � c2. We prove the
existence of a solution of the equation a � x � b in the following way. There must be an
element c in Qp�q such that αa � c � γb. Then β�1c is the desired solution. In fact,

a � β�1c � γ�1rαa � βpβ�1cqs � γ�1pαa � cq � γ�1pγbq � b.

Similarly it is proved that the equation y � a � b is uniquely solvable.
We introduce the product of isotopies T � pα, β, γq and T1 � pα1, β1, γ1q, namely, we

put TT1 � pαα1, ββ1, γγ1q. It is easy to see that all the isotopies de�ned on a set Q form
a group under this multiplication. The neutral element of this group is p1, 1, 1q � 1, where
1 is the unit permutation of the set Q. The inverse isotopy for T � pα, β, γq is obviously
T�1 � pα�1, β�1, γ�1q.

For arbitrary operations A and B, the following relations hold:

aq ifB � AT , then A � BT�1

; p1.13q
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bq pAT qT1 � ATT1 . p1.14q

Indeed, if T � pα, β, γq, then Bpx, yq � γ�1Apαx, βyq, whence after replacing x and y

by α�1x and β�1y respectively we obtain Bpα�1x, β�1yq � γ�1Apx, yq, γBpα�1x, β�1yq �

Apx, yq, i.e., A � BT�1
.

For the proof of b), we introduce the notation B � AT and calculate C � BT1 . We have
Cpx, yq � γ�1

1 Bpα1x, β1yq, but Bpx, yq � γ�1Apαx, βyq, and consequently

Cpx, yq � γ�1
1 rγ�1Apαpα1xq, βpβ1yqqs � γ�1

1 γ�1Apαα1x, ββ1yq,

i.e.,
C � Aαα1,ββ1,γγ1 � ATT1 .

But C � BT1 � pAT qT1 . Thus, the relationship b) has been proved.
Taking into account that A1 � A, we conclude that isotopies de�ne an equivalence

relation on the set of all the operations and, in particular, on the set of all the quasigroups.
Therefore, for example, we can say: A and B are isotopic.

Using the relationship b), one can easily prove the following:

Theorem 1.2. If an operation B is isotopic to an operation A, then B is isomorphic to

some principal isotope A.

Proof. Let B � AT � Apα,β,γq. But pα, β, γq � pαγ�1, βγ�1, 1qγ � Sγ, where as we know,
γ � pγ, γ, γq. Therefore, B � ASγ � rASsγ. If we put AS � C, then C is a principal isotope
of the operation A, and B is isomorphic to C, since B � Cγ.

This theorem enables us to prove a number of properties of quasigroups with the help
of principal isotopes, and not isotopes. The power of quasigroup isotopy comes from the
following simple theorem:

Theorem 1.3. Each quasigroup is isotopic to a loop.

Indeed, let a, b be two �xed arbitrary elements of a quasigroup Qp�q, and let e � ba.
Consider the isotopy R�1

a , L�1
b , 1q, where 1 is a unit permutation of a set Q:

x � y � R�1
a x � L�1

b y. p1.15q

Qp�q is a quasigroup, as we have just seen. In addition, Qp�q has a neutral element e, so
Qp�q is a loop. In fact, from e � ba it follows that e � Lba, whence

x � e � R�1
a x � L�1

b e � R�1
a x � L�1

b pLbaq � R�1
a x � a � RapR

�1
a xq � x,

and similarly e � x � x. Thus, the quasigroup Qp�q is principally isotopic to a loop Qp�q.

Example. We take the quasigroup QpAq given on page 6. We move the rows and columns
so that the �rst row and the �rst column are a, b, c, d:
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A a b c d

a b a d c

b c b a d

c a d c b

d d c b a

Ñ

a b c d

a a d c b

b b a d c

c c b a d

d d c b a

Ñ

� a b c d

a a b c d

b b c d a

c c d a b

d d a b c

Thus, we obtain a principal isotope Qp�q of the quasigroup QpAq. Obviously, Qp�q is a loop
with neutral element a (and also a group). We have the isotopy: T � pα, β, 1q, p�q � AT ,

where α �

�
a b c d

c a b d



, α �

�
a b c d

a d c b



, i.e., x � y � Apαx, βyq. It is easy to see,

however, that α and β also belong to the group G. Indeed, we have the following.

Lemma 1.1. If a loop Qp�q is principally isotopic to a quasigroup QpAq, then the isotopy

must have the form

T � pR�1
a , L�1

b , 1q.

Indeed, let T � pα, β, 1q, and let e be the neutral element of the loop Qp�q. Then
x � x � e � Apαx, βeq � Rβeαx, so Rβeα � 1 or α � R�1

βe . Similarly, we have β � L�1
αe ,

so T � pR�1
βe , L

�1
αe , 1q. For the example considered above, remembering that the neutral

element of the loop Qp�q is a, we have βa � a, αa � c. Consequently, T � pR�1
a , L�1

c , 1q.
We introduce the notation

ApR�1
a , L�1

b , 1q � Aa,b.

Then from Lemma 1.1 and Theorem 1.3 we obtain the following:

Lemma 1.2. If a loop B is isotopic to a quasigroup A, then the isotopy has the form*

B � pAa,bq
γ,

or in the abbreviated notation
B � Aγa,b. p1.16q

The converse assertion is also obvious: any isotope of the form p1.16q of a quasigroup A

is a loop. The neutral element of the loop QpAa,bq is Apb, aq.
If QpAq is a loop with neutral element 1, then QpAγq is a loop with neutral element

γ�11. Thus, the neutral element of the loop QpAγa,bq is γ
�1Apb, aq.

For groups, the concept of isotopy does not play a signi�cant role, as shown by the
following theorem:

*Often, instead of a �quasigroup�, we will say a �quasigroup A�, that is, the operation A itself will be

called a quasigroup. However, we will say �an element x belongs to the quasigroup QpAq� instead of �an

element x belongs to the quasigroup A�.
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Theorem 1.4. (Albert [1]). If two groups are isotopic, then they are isomorphic.

This theorem follows from a more general proposition, which is now commonly called
the Albert Theorem: If a loop Qp�q is isotopic to a group Qp�q, then it is a group isomorphic

to the group Qp�q. We will prove this proposition. For this we use the remark made after
the proof of Theorem 1.2: it su�ces to prove the theorem for a principal isotope. Therefore,
suppose that a loop Qp�q is principally isotopic to a group Qp�q. Then, by the proof of
Lemma 1.1, the isotopy must have the form pR�1

a , L�1
b , 1q:

x � y � R�1
a x � L�1

b y.

But in the group R�1
a � Ra�1 , for every a. Indeed,

R�1
a x � a � RapR

�1
a xq � x,

whence R�1
a x � xa�1 � Ra�1x. Similarly, we obtain L�1

b � Lb�1 . Thus

x � y � Ra�1x � Lb�1y � xa�1 � b�1y � xpbaq�1y � xcy.

Because
Rcpx � yq � px � yqc � pxcyqc � xc � yc � Rcx �Rcy,

we may conclude that p�q � p�qRc . Consequently, Qp�q is a group that is isomorphic to the
group Qp�q.

4�. Mutually inverse quasigroups and loops

Isotopy gives the possibility of obtaining new quasigroups from a quasigroup A. Another
way of obtaining new quasigroups is the following.

Two inverse operations are associated with each quasigroup A: a left inverse operation
�1A, which is de�ned by the equation Apy, aq � b, namely y ��1 Apb, aq, and a right inverse
operation A�1, which is de�ned by the equation Apa, xq � b, namely x � A�1pa, bq. It
was shown above that A�1 and �1A are also quasigroups. Therefore, each has its inverse
operations. Thus, A�1 has two inverse operations �1pA�1q and pA�1q�1. However, pA�1q�1 �

A. Indeed, according to the de�nition of pA�1q�1, we must have A�1px, pA�1q�1px, yqq � y.
Simultaneously, by p1.4q, we �nd

A�1px,Apx, yqq � y,

whence
pA�1q�1px, yq � Apx, yq.

Consequently, we get one new operation from A�1 : �1pA�1q. Generally speaking, we can
get �ve inverse operations: A�1,�1A,�1 pA�1q, p�1Aq�1, r�1pA�1qs�1.

Following Stein r74s4 , we denote the permutation σpa, b, cq � pσa, σb, σcq of three ele-
ments a, b, c by σ. Then Apa, bq � c is equivalent to the equality σApσa, σbq � σc. For exam-
ple, if σpa, b, cq � pb, c, aq, then σA ��1 pA�1q, since �1pA�1qpb, cq � aô Apa, bq � c.4 If we
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consider all possible permutations of the three elements a, b, c, then we obtain the �ve inverse
operations listed above, along with operation A. Note that r�1pA�1qs�1 ��1 rp�1Aq�1s � A�,
where A� is the operation which is obtained as A�px, yq � Apy, xq from the operation A.
Indeed, we have

r�1pA�1qs�1pa, bq � c ô �1pA�1qpa, cq � b

ô A�1pb, cq � a ô Apb, aq � c,

i.e., r�1pA�1qs�1 � A�. Similarly, it is shown that �1rp�1Aq�1s � A�.
Thus, a system

°
A
5 of six quasigroups

°
A � tA�1, A,A�1,�1 pA�1q, p�1Aq�1, A�u is

associated with each quasigroup A. We call it the system of inverse quasigroups for A. It
is easy to see that if B is one of the quasigroups of a system

°
A, then

°
B �

°
A. For

example, if B ��1 pA�1q, then B�1 � A�,�1B � A�1, etc. More precisely, the following
assertions hold:

1) Let σ be a permutation from S3, the symmetric group of degree 3. Then B �σ A

implies A �σ�1
B;

2) Further, suppose τ P S3. Then

τ pσAq �τσ A. p1.17q

Let us prove, for example, the second assertion. By de�nition, the following equivalences
hold:

Apa, bq � c ô σApσa, σbq � σc ô τ pσAqpτpσaq, τpσbqq � τpσcq,

that is, Apa, bq � c is equivalent to the equality τ pσAqpτσa, τσbq � τσc. On the other
hand, we have Apa, bq � c ô τσApτσa, τσbq � τσc. Consequently τ pσAqpτσa, τσbq �τσ

Apτσa, τσbq, from which we obtain p1.17q.
If A is a loop, then

°
A does not consist just of loops. Indeed, if Apx, yq � xy is a group,

then A�1px, yq � x�1y and A�1 have no right neutral element in the general case. Therefore,
it is expedient to consider the isotopes of inverse operations for A which are also loops. We
will do this in the following way. If A is a loop with neutral element 1, then we consider the
substitution I de�ned by the equality Apx, Ixq � 1, that is, Ix is the right inverse element
of x.

We introduce the following two operations:

Aρpx, yq � A�1pI�1x, yq, Aλpx, yq ��1 Apx, Iyq. p1.18q

We show that Aρ and Aλ are loops with the same neutral element 1. It follows from the
de�nition of I that I1 � 1. If A is a loop, then A�1 has a left neutral element.

Indeed, let A�1p1, xq � x1, so Ap1, x1q � x, whence x1 � x. Therefore, Aρp1, xq �
A�1pI�11, xq � A�1p1, xq � x. Now let Aρpx, 1q � x1. By virtue of the de�nition of the
operation Aρ, we conclude that ApI�1x, x1q � 1. But from Apx, Ixq � 1 it follows that
ApI�1x, xq � 1, where x1 � x. Thus, two further loops Aρ and Aλ, called the left and

right inverse loops for A respectively, can be associated with each loop. Their considera-
tion is suggested by inverse operations for a group or, more generally, for an IP -loop (see
Chapter V).
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The de�nitions for Aρ and Aλ can be rewritten as:

Aρ � pA�1qPA, Aλ � p�1AqSA,

where PA � pI�1
A , 1, 1q, SA � p1, IA, 1q, and IA � I is de�ned by the equality Apx, IAxq � 1.

It is easy to show that IAρ � IAλ � I�1. Indeed, it follows from Aρpx, IAρxq � 1 that
A�1pI�1x, I�1

Aρ xq � 1, whence ApI�1x, 1q � IAρx, i.e., IAρ � I�1. The equality IAλ � I�1 is
proved similarly. Consequently, from here we have the relationship

PAρ � PAλ � P�1
A , SAρ � SAλ � S�1

A .

As for inverse quasigroups, we can consider inverse loops for the loops Aρ and Aλ, etc.,
de�ning pAρqρ � Aρ

2
, pAρqλ � Aρλ, etc.

For quasigroups we have seen that there are only six inverse quasigroups (including the
quasigroup itself). In order to study an analogous problem for inverse loops, we should �rst
verify the equations:

Aρ
2
� A, Aλ

2
� A,

Aρλ � r�1pA�1qs
p1,I�1,I�1q

, Aλρ � r�1pA�1qs
pI,1,Iq

,

Aρλρ � pA�qpI
�1q, Aλρλ � pA�qI

,/.
/- p1.19q

and
Aρα � Aαρ, Aλα � Aαλ,

where α is an arbitrary permutation of the underlying set Q.
Let us prove, for example, the equality Aρλρ � pA�qI

�1
. Let

Aρλρpx, yq � z. p1.20q

Then, applying the de�nitions of Aρ and Aρλ several times, we obtain

pAρλqρpx, yq � z, pAρλq�1pI�1
Aρλx, yq � z, AρλpI�1

Aρλx, zq � y,

�1pAρqpI�1
Aρλx, IAρzq � y, Aρpy, IAρzq � I�1

Aρλx,

and �nally
A�1pI�1

A y, IAρzq � I�1
Aρλx,

whence
ApI�1

A y, I�1
Aρλxq � IAρz. p1.21q

However,
IA � I, IAρ � I�1, IAρλ � IpAρqλ � I�1

Aρ � IA � I.

Therefore, from p1.21q, we have

ApI�1x, I�1yq � I�1z, A�pI�1x, I�1yq � I�1z,

whence
z � pA�qI

�1

px, yq. p1.22q
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Comparing p1.2q and p1.22q, we obtain the equality Aρλρ � pA�qI
�1
. Thus, from the given

loop A we can get the loops

A,Aρ, Aλ, Aρλ, Aλρ, Aλρλ, Aρλρλ, Aλρλρ, � � � p1.23q

But up to isomorphism, there exist only six of them, since Aρλρ and Aλρλ are isomorphic
in view of the equality Aλρλ � pAρλρqI

2
, and, applying the equalities p1.19q, we reduce all

the loops from p1.23q to the �rst six.
For example,

Aλρλρ � pAλρλqρ � rpAρλρqI
2

sρ � rpAρλρqρsI
2

� rpAρλqρ
2

sI
2

� pAρλqI
2

.

Consider the connection that exists between inverse operations and isotopy. Let σA be
an arbitrary inverse quasigroup, and let T � pα, β, γq. For a permutation σ, we can write

T � pα, β, γq Ø σT � σpα, β, γq � pσα, σβ, σγq.

Lemma 1.3. σpAT q � pσAqσT .
Let

σpAT qpx, yq � z. p1.24q

By virtue of the de�nition of σA, the equality p1.24q is equivalent to the equality

AT px1, y1q � z1, p1.25q

where σpx1, y1, z1q � px, y, zq. But p1.25q implies

Apαx1, βy1q � γz1,

which is equivalent to the equality

σApα1x, β1yq � γ1z, p1.26q

where pα1, β1, γ1q � σpα, β, γq � σT . Consequently, it follows from p1.26q that

pσAqσT px, yq � z. p1.27q

Comparing p1.24q with p1.27q, the lemma is veri�ed.

Corollary 1. We have pAT q�1 � pA�1qT
γ
and �1pAT q � p�1AqT

l
, where T γ � pα, β, γqγ �

pα, γ, βq and T l � pγ, β, αq.

Corollary 2. If B and A are isotopic, then so are σB and σA.

Indeed, from B � AT it follows that σB �σ pAT q � pσAqσT .
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Notes

1Such tables are known as Latin squares, particularly in combinatorial analysis (see Hall r85, 86s).
2De�nition 2 asserts that QpAq is a quasigroup if the identities p1.3q hold in the algebra QpA,B,Cq.

All the algebras QpA,B,Cq satisfying the identities p1.3q form a so-called primitive class (see A.G. Kurosh

r47, i. 155s). Thus QpA,B,Cq is sometimes called a primitive quasigroup.
3The term �quasigroup� was introduced by Moufang r54s, and the term �loop� was introduced by Albert

r1, 2s
4The transformation A Ñ σA is called a parastrophy (Sade r66s, Artzy r8s). Stein r74s and Culik

r88s study the change of identities under quasigroup parastrophy � see also Chapter VIII (invariance of

distributivity under a parastrophy). All isotopies and parastrophies of a quasigroup generate a certain group

� the group of isostrophies. This group is studied by Sade r70s, Artzy r7, 8s, and also by the author r18s.

Artzy r6s gives an alternative presentation of the concepts of inverse loops, and studies their nuclei. In r18s,

groups of regular permutations of inverse quasigroups are studied.
5Stein r74s calls the operations from

°
A conjugates. Sade r66, 69s introduces a special term for each of

the operations from
°

A (except A).

20



Chapter II. Groups of regular

permutations. Autotopies of quasigroups

1�. Groups of left and right regular permutations

We have already seen that left and right regular permutations are closely related to the
notion of the nucleus, having proved the following two propositions:

1q The left (right) regular permutations of a quasigroup Qp�q form a group L pRq.
2q If Qp�q has a left (right) identity e, then for any λ P L pρ P Rq, we have λe P Nl pρe P

Nrq, and hence
Nl � tλe | λ P L u � L e pNr � Req.

Moreover, we have the following

Theorem 2.1. The group of left regular permutations of a quasigroup Qp�q with left identity

is isomorphic to the left nucleus Nl.

Indeed, we have just observed that Nl � Le � tλe | λ P L u. Let us consider the
correspondence λ Ñ λe. It is a mapping of L onto Nl: if a P Nl, then for λ � La we have
λ Ñ λe � Lae � a. Furthermore, the correspondence is one-to-one, since λe � µe implies
λ � µ. Indeed, if x is an element of Q, then λx � λpexq � λe �x � µe �x � µpexq � µx, that
is λ � µ. Consider λ, µ P L . Then λµÑ pλµqe � λpµeq � λpe � µeq, whence λµÑ λe � µe,
meaning that L and Nl are isomorphic.

Remark. R � Nr is proved similarly, if Nr exists. It is noteworthy that the correspon-
dence ρ Ñ ρe, where ρ P R and e is the right identity of the quasigroup Qp�q, leads to an
anti-isomorphism of the groups R and Nr: ρ1 Ñ ρ1e and ρ2 Ñ ρ2e (for ρ1, ρ2 P Rq imply
ρ1ρ2 Ñ ρ2e � ρ1e. However, if two groups are anti-isomorphic, then they are isomorphic, so
R � Nr.

The proof of Theorem 2.1 also implies the following property for left (and right) regular
permutations: if λ, µ P L and λa � µa for any element a, then λ � µ.

In the quasigroup Qp�q, the group L of left regular permutations de�nes an equivalence.
Namely, we will consider that b and a are equivalent, and write b � a pL q, if there exists a
left regular permutation λ P L such that b � λa. Each equivalence class, therefore, has the
form K � L k � tλk | λ P L u, where k is an arbitrary element of K.
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De�nition 1. The equivalence class K � L k, where k is an arbitrary element of the
quasigroup Qp�q and L is the group of left regular permutations, is called the left nucleus

(relative to k) of the quasigroup Qp�q. We will denote the left nucleus (relative to the element
k) by Nlpkq.

Similarly, we de�ne the right nucleus (relative to the element k) of the quasigroup Qp�q.
In the case when Qp�q has a left identity e, one of the equivalence classes is the left

nucleus Nl : Nl � L e pe P Nlq, and, as we have already seen, Nl is a subquasigroup.
Generally speaking, one of the equivalence classes of a quasigroup QpAq can be a sub-

quasigroup, even when QpAq has no neutral element. We have

Theorem 2.2. Let K be a relative left nucleus of the quasigroup Qp�q. If K is a subquasi-

group, then it is isotopic to the group L of all left regular permutations.

Indeed, a relative left nucleus K must have the form L k, where k is some �xed element
of the set K, and if K is a quasigroup, then the composition λk � µk, where λ, µ P L , must
also belong to K. Consequently, there exists a left regular permutation γ depending on λ
and µ (for a �xed k), such that λk � µk � γk. Thus, on the set L we introduce a new
operation, denoted by p�q, with γ � λ � µ if λk � µk � pλ � µqk. From the de�nition of this
operation it follows that L p�q is a quasigroup which is isomorphic to a subquasigroup Kp�q;
the isomorphism is realized by the correspondence k Ñ λk. Let α P L . Then

αpλ � µq � αλ � µ. p2.1q

Indeed, αpλ � µqk � α rpλ � µqks � αpλk � µkq � αpλkqµk � pαλ � µqk. On the basis of
the properties of the left regular permutations from above, we conclude that equality (2.1)
holds.

If ε is the unit permutation (the neutral element of the group L ), then ε � λ � λ
1

.
The correspondence λ Ñ λ

1

is a one-to-one mapping of the set L onto itself, since in the
quasigroup L p�q. the equation ε � ξ � λ always has a unique solution. If we put λ � ε

in (2.1) we get
αε � µ � αpε � µq,

whence
α � µ � αµ1.

This equality means that L p�q and L p�q are principally isotopic, and since L p�q and Kp�q
are isomorphic, the theorem is proved.

It is easy to see that Theorem 2.1 is a particular case of Theorem 2.2, with K � Nl and
k � e. Then µ

1

� µ since µ
1

e � pε � µqe � e � µe � µe, and, consequently, α � µ � αµ.
If K is a relative left nucleus, then Kl � tkl | k P Ku, where l is an arbitrary �xed

element of Q, is also a relative left nucleus. If we �x k in K and take k1 � k pL q, then also
k1l � kl pL q. Indeed, there must be a permutation λ P L such that k1 � λpkq, and then
k1l � λk � l � λpklq, i.e. k1l � kl pL q. Conversely, let p � kl pL q. Consider the equation
p � xl. There exists µ P L such that p � µpklq. Consequently, p � µk � l � xl, whence
x � µk, i.e. x P K. There is a one-to-one correspondence k Ñ kl between elements of the
classes K and Kl. This, in the case when Q is �nite, implies the following.
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Theorem 2.3. Let Qp�q be a �nite quasigroup. Then the order of its group L of left

regular permutations is a divisor of the order of the quasigroup.

The theorem follows from the equality K � L k, i.e., the order of its group L coincides
with the number of elements of any relative left nucleus.

Note that all the above statements for the group of left regular permutations similarly
hold for the group of right regular permutations.

2�. Middle regular permutations

The groups of left and right regular permutations are closely related respectively to the
concepts of the left and right nuclei. For a quasigroup, these groups play the same role as
the left and right nucleus for a loop. Now we introduce a group of permutations which will
play the same role for a quasigroup as the middle nucleus for a loop.

De�nition 2. A permutation φ of a set Q is called a middle regular permutation of a
quasigroup Qp�q if there exists a permutation φ� such that

φx � y � x � φ�y p2.2q

for all x, y P Q.

The unit permutation is a middle regular permutation, which is why middle regular
permutations always exist. It is easy to see that they form a group, which we denote by Φ.
Indeed, if φ, ψ P Φ, then

φψx � y � ψx � φ�y � x � ψ�φ�y. p2.3q

According to the de�nition of middle regular permutations, we conclude that φψ P Φ. From
the obvious equality φ�1x � y � x � pφ�q�1y we see that φ�1 P Φ as well.

Like the groups R and L , the group Φ of middle regular permutations of a quasigroup
Qp�q is also a subgroup of the associated group G of the quasigroup Qp�q. Indeed, the
equality p2.2q can be rewritten by using translations in the form Ryφx � Rφ�yx, i.e., Ryφ �

Rφ�y, whence φ � R�1
y Rφ�y. Consequently, φ P G and Φ � G.

The permutation φ� is said to be adjoint to the permutation φ. As follows from p2.3q,
the set of permutations adjoint to middle regular permutations forms a group, which we
denote by Φ�, and in view of the equality p2.3q, the group Φ� is anti-isomorphic to the group
Φ. Consequently Φ� is isomorphic to the group Φ (see Remark 1).

Suppose that Qp�q is a loop with neutral element e. We put x � e in the equality p2.2q:

φ�y � φe � y.

Consequently,
φx � y � xpφe � yq.

Now taking y � e, we have
φx � x � φe.
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Thus, px � φeqy � xpφe � yq. This equality shows that φe belongs to the middle nucleus Nm.
Therefore, φ � Ra, where a � φe P Nm. The converse is obvious: if φ � Ra for a P Nm,
then φ P Φ. Indeed, φx � y � xa � y � x � ay � x � φ�y, so φ� � La. Just as for the groups
L and R, we have the following.

Theorem 2.4. The group Φ of middle regular permutations of a loop Qp�q is isomorphic

to the middle nucleus Nm. Therefore, the group Φ� of permutations adjoint to the middle

regular permutations is also isomorphic to the middle nucleus Nm.

The proof of Theorem 2.4 is analogous to the proof of Theorem 2.1. Relatively to the
group Φ one can also consider equivalence classes K � Φk, where k is some �xed element
from K, and two elements b and a are equivalent modulo Φ if there exists a middle regular
permutation φ such that b � φa. The equivalence class modulo Φ containing an element k
is called the middle nucleus relative to k.

The middle nuclei are equipollent, since the one-to-one correspondence φk1 Ø φk2 can be
established between the elements of the relative nuclei K1 � Φk1 and K2 � Φk2. The one-
to-one correspondence comes from the following proposition: If for some a we have φa � ψa,
where φ, ψ P Φ, then φ � ψ. Indeed, let φa�x � ψa�x for all x. Then a�φ�x � a�ψ�x, whence
φ�x � ψ�x, i.e., φ� � ψ�. But from here, by applying the de�nition of a middle regular
permutation, we conclude that φ � ψ. Thus, we can formulate the following theorem:

Theorem 2.5. Let Qp�q be a �nite quasigroup. Then the order of the group Φ of middle

regular permutations is a divisor of the order of the quasigroup 1.

Incidentally, from Theorem 2.3 and Theorem 2.5 it follows that the orders of the nuclei
of a �nite loop are divisors of the order of the loop r39s. 2

3�. Autotopies of quasigroups. Quasi-automorphisms

In quasigroup theory, the concept of autotopy also plays an important role.

De�nition 3. An ordered triple T � pα, β, γq of permutations of a set Q is called an
autotopy 3 of a quasigroup Qp�q if

γ�1pαx � βyq � x � y

for all x, y P Q.

Consequently, autotopies are particular cases of isotopies (see page 13). It is enough to
put B � A. If T � pα, β, γq is an autotopy of a quasigroup QpAq, then we can write

AT � A.

In particular, an autotopy of the form pα, α, αq � α is an automorphism.
Using equations p1.13q and p1.14q, it is clear that the autotopies of a quasigroup QpAq

form a group under composition. We denote this group by AA.
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It is easy to see that the sets of all corresponding components of the autotopies of a
quasigroup Qp�q also form groups. For example, let γ1 and γ2 be the principal components
of some autotopies T1 and T2, i.e., T1 � pα1, β1, γ1q and T2 � pα2, β2, γ2q. Then T1T2 �

pα1α2, β1β2, γ1γ2q P AA, and consequently, γ1γ2 is also a principal component of an autotopy.
We note here that if T is an autotopy, then any two components uniquely determine the

third. For example, let T � pα, β, γq, T 1 � pα, β1, γq and T, T 1 P AA. Then β � β1. Indeed,
T 1, T�1 P AA and T 1, T�1 � p1, β1β�1, 1q, i.e., Apx, β1β�1yq � Apx, yq, whence β1β�1 � 1

and β1 � β.
If a permutation φ is one of the components of an autotopy T , then we call it autotopic.

All the regular permutations of a quasigroup Qp�q are autotopic since Uλ � pλ, 1, λq, Vρ �
p1, ρ, ρq, Wφ � pφ, φ��1, 1q are autotopies for Qp�q*. We now prove some lemmas.

Lemma 2.1. If quasigroups QpBq and QpAq are isotopic, then their autotopy groups are

isomorphic.

A more precise formulation of Lemma 2.1 is the following:

AAT � T�1AAT.

Indeed, let
B � AT p2.4q

and let S P AB, so BS � B. Then pAT qS � AT , whence ATST
�1
� A, which means that

TABT
�1 � AA. p2.5q

But p2.4q implies A � BT�1
and, applying the relation p2.5q to this equation, we obtain

T�1AAT � AB, whence
AA � TABT

�1. p2.6q

Comparing the inclusions p2.5q and p2.6q, we obtain the equality AA � TABT
�1.

Lemma 2.2. Let S1 � p1, β, γq, S2 � pλ, 1, µq, S3 � pπ, ρ, 1q. Then:

aq If S3 is an autotopy of a quasigroup Qp�q, then π is a middle regular permutation and

ρ�1 is adjoint to it.

bq If Qp�q is a loop and S1, S2 are autotopies of the loop, then β � γ and λ � µ.

Consequently, β is a right regular permutation, and λ is a left regular permutation.

Indeed, let p�qS3 � p�q, i.e., πx � ρy � xy. Then πx � y � x � ρ�1y, whence, in view of the
de�nition of a middle regular permutation, the proposition aq is valid.

Now let Qp�q be a loop and let p�qS1 � p�q or γ�1px � βyq � xy. We put x � 1 (where 1 is
the neutral element of the loop). Then γ�1βy � y, i.e., γ � β. Consequently, S1 � p1, β, βq,
whence it follows that β is a right regular permutation.

We introduce the following concept.

*Here λ P L , ρ P R, φ P Φ.
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De�nition 4. A principal component of an autotopy T of a quasigroup Qp�q is called a
quasi-automorphism of the quasigroup Qp�q. In other words, a permutation γ of a set Q is
called a quasi-automorphism of the quasigroup Qp�q if there exist two permutations α and
β of the set Q such that

γpxyq � αx � βy, p2.61q

i.e., T � pα, β, γq is an autotopy of the quasigroup Qp�q.

Since the corresponding components of the autotopies form groups, then De�nition 4

implies the following.

Lemma 2.3. The quasi-automorphisms of a quasigroup Qp�q form a group.

Obviously, the group of automorphisms is a subgroup of the group of quasi-
automorphisms.

Let T � pα, β, γq be an autotopy of a loop Qp�q. Then γ is a quasi-automorphism of the
loop Qp�q. In other words,

γpxyq � αx � βy.

Set x � 1. Then
γy � α1 � βy � l � βy,

i.e., γ � Llβ, whence
β � L�1

l γpl � α1q. p2.7q

Similarly, we have
α � R�1

k γpk � β1q, p2.8q

i.e,
T � pR�1

k , L�1
l , 1qγ. p2.9q

Thus, any autotopy T of a loop Qp�q must have the form p2.9q, where k and l are certain
elements of the set Q. We obtain the following.

Lemma 2.4. All the components of an autotopy T � pα, β, γq of a loop Qp�q are quasi-

automorphisms, if Rk and Ll, for k � β1 and l � α1, are quasi-automorphisms of the

loop.

Lemma 2.4 follows from Lemma 2.3 and the equations p2.7q p2., 8q.

Corollary. If Qp�q is a group, then the components of any autotopy are quasi-

automorphisms of the group.

Indeed, in this case Rk and Ll are always quasi-automorphisms:

Rkpx � yq � x �Rky, Llpx � yq � Llx � y,

i.e., p1, Rk, Rkq, pLl, 1, Llq are autotopies of the group Qp�q. In other words, in this case Rk

and Ll are respectively right and left regular permutations of the group Qp�q.
When Qp�q is a group, quasi-automorphisms have a simple construction.
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Lemma 2.5. Each quasi-automorphism γ of a group Qp�q has the form

γ � Rsγ0, p2.10q

where γ0 is an automorphism of the group Qp�q and s is some element from Q. Conversely,

the permutation γ de�ned by p2.10q is a quasi-automorphism of the group Qp�q.

Indeed, let γ be a quasi-automorphism of the group Qp�q. i.e., there exists an autotopy
of the form pα, β, γq. By virtue of equations p2.7q, p2.8q, we have α � R�1

k γ and β � L�1
l γ.

But in a group, R�1
a � Ra�1 and L�1

a � La�1 hold for each element a. Consequently, the
equality p2.61q takes the form

γpxyq � pγx � k�1qpl�1γyq

or
γpxyq � γxpγ1q�1γy, p2.11q

since
k�1l�1 � plkq�1 � pα1 � β1q�1 � pγ1q�1.

Let
γxpγ1q�1 � γ0x. p2.12q

Multiplying both sides of the equality p2.11q by pγ1q�1 on the right, we obtain

γ0pxyq � γ0pxq � γ0pyq,

i.e., γ0 is an automorphism of the group Qp�q. The equality p2.12q implies the equality p2.10q.
The converse assertion is obvious: an arbitrary translation and an arbitrary automorphism
in a group are quasi-automorphisms, so their product Rsγ0 must be a quasi-automorphism.

Remark. A quasi-automorphism γ can be represented in the form

γ � Lsγ
1

0,

where γ
1

0 is some automorphism. Indeed, p2.10q implies

γx � Rsγ0x � γ0x � s � sps�1γ0x � sq � s � θsγ0x � s � γ
1

0x � Lsγ
1

0x,

where γ
1

0 � θsγ0 and θs is the inner automorphism

θsx � s�1xs.

Corollary. A quasi-automorphism γ of a group Qp�q is an automorphism if and only if

γ1 � 1. Indeed, γ1 � Rsγ01 � Rs1 � s, i.e., s � 1, and, consequently, γ � γ0.
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Theorem 2.6. An arbitrary autotopy T of a group Qp�q has the form

T � pLc, Rd, LcRdqθ,

where θ is an automorphism of the group Qp�q, while c and d are �xed elements from Q.

Indeed, we note that in a group Q the equality

RkLl � LlRk p2.13q

is true for all k and l P Q, since the equality p2.13q is equivalent to the law of associativity.
Let T � pα, β, γq be an autotopy of a group Qp�q. Then T has the form p2.9q:

T � pR�1
k , L�1

l , 1qγ,

whence by virtue of p2.13q, we obtain

T � pLl, Rk, LlRkqR
�1
k L�1

l γ.

The permutations Ll, Rk, γ are quasi-automorphisms of the group Qp�q, so θ � R�1
k L�1

l γ is
also a quasi-automorphism of the group Qp�q.

But θ1 � 1:
R�1
k L�1

l γ1 � R�1
k L�1

l pα1 � β1q � R�1
k L�1

l plkq � 1,

so by virtue of the corollary to Lemma p2.5q, θ is an automorphism of the group Qp�q.

4�. Type of a quasigroup

We give the following

De�nition 5. The ordered triple pL ,Φ,Rq of left, middle, and right regular permutation
groups of a quasigroup Qp�q (or isomorphic groups) is called the type of the quasigroup.
A type pF,G,Hq is called a subtype of a type pF 1, G1, H 1q, if F,G,H are (isomorphic to)
subgroups of F 1, G1, H 1 respectively r14s.

On the basis of Theorem 2.1, Remark 1 and Theorem 2.4, it follows that for a loop Qp�q,
the triple pNl, Nm, Nrq of nuclei is a type. In particular, if Qp�q is a group, then the type is
pQ,Q,Qq. The following natural question arises: how does the type of a quasigroup change
under isotopy? A partial answer to this question for quasigroups is given by the following.

Theorem 2.7. The type of a quasigroup QpAq is a subtype of the type of any loop to which

it is isotopic.

Proof. Suppose that the quasigroup QpAq is isotopic to a loop Qp�q: A � p�qT , where
T � pα, β, γq.

1. Let us determine LA. For this we �nd autotopies of the quasigroup QpAq that have
the form Uλ � pλ, 1, λq. According to Lemma 2.1, Ap�q � TAAT

�1, so TUλT�1 P Ap�q. Thus

TUλT
�1 � pα, β, γqpλ, 1, λqpα, β, γq�1 �
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� pα, β, γqpλ, 1, λqpα�1, β�1, γ�1q � pαλα�1, 1, γλγ�1q.

Applying Lemma 2.2, we �nd
αλα�1 � γλγ�1 p2.14q

and
γλγ�1 P L . p2.15q

Now p2.14q implies pγ�1αqλ � λpγ�1αq, i.e., λ belongs to the centralizer* Nγ�1a of the
permutation γ�1a in the symmetric group SQ. Besides, the relation p2.15q implies λ P

γ�1L γ. Thus,
LA � γ�1L γ XNγ�1α. p2.16q

Conversely, let λ P γ�1L γ X Nγ�1α. Then λ � γ�1λ1γ , where λ1 P L . We show that
λ P LA:

λApx, yq � λγ�1pαx � βyq � γ�1λ1γγ�1pαx � βyq � γ�1λ1pαx � βyq

� γ�1pλ1αx � βyq � γ�1pγλγ�1αx � βyq � γ�1pγλpγ�1αqx � βyq

� γ�1pγγ�1αλx � βyq � γ�1pαλx � βyq � Apλx, yq.

Consequently,
γ�1L γ XNγ�1α � LA. p2.17q

Comparing the relationships p2.16q and p2.17q, we obtain the equality

LA � γ�1L γ XRγ�1α. p2.18q

Similarly we have
RA � γ�1Rγ XRγ�1β. p2.19q

Thus, LA is a subgroup of the group γ�1L γ, i.e., LA is isomorphic to some subgroup of
the group L . Similarly, p2.19q implies that RA is isomorphic to a subgroup of the group
R.

Remark. If QpAq is principally isotopic to a loop, then the formulas p2.18q and p2.19q are
simpli�ed: let A � p�qT with T � pα, β, 1q. Then

LA � L XNα, RA � R XNβ.

2. Now let us prove the following proposition: If quasigroups QpAq and QpBq are

isotopic, then ΦA and ΦB are isomorphic.

Let A � BT � Bpα,β,γq and φ P ΦA. Then there exists a permutation φ� P Φ�
A such that

Apφa, bq � Apa, φ�bq.

Proceeding to the operation B, we obtain

γ�1Bpαφa, βbq � γ�1Bpαa, βφ�bq,

*The set of all elements x commuting with a (so xa � axq is called the centralizer Na of the element a

of a group Qp�q. The centralizer Na is a subgroup of the group Qp�q.
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so replacing a by α�1a and b by β�1b gives

Bpαφα�1a, bq � Bpa, βφ�β�1bq.

Consequently, αφα�1 P ΦB, whence φ P α�1ΦBα, and therefore

ΦA � α�1ΦBα. p2.20q

But if A � BT , then B � AT
�1
, and applying the relationship p2.20q to this equality, we

obtain
ΦB � αΦAα

�1,

whence
α�1ΦBα � ΦA. p2.21q

Comparing the relationships p2.20q and p2.21q, we �nd

ΦA � α�1ΦBα. p2.22q

In the case of our theorem, when B � p�q, we have

ΦA � α�1Φα.

Relationships p2.20q, p2.21q and p2.22q prove the theorem.

An immediate corollary of Theorem 2.7 is

Theorem 2.8. Isotopic loops have the same type.

Indeed, let QpAq and Qp�q be loops, and let A � p�qT � p�qpα,β,γq. Equation p2.22q

immediately gives ΦA � α�1Φα. From equation p2.16q we have

LA � γ�1L γ. p2.23q

Since p�q � AT
�1
, substitution in p2.23q yields L � γ�1LAγ, whence γ�1L γ � LA. Thus

LA � γ�1L γ.

Similarly, we obtain
RA � γ�1Rγ.

Corollary. The respective nuclei of isotopic loops are isomorphic.

Albert's Theorem is another corollary of Theorem 2.7. If a loop QpAq is isotopic to
a group Qp�q, then its type coincides with the type of the group Qp�q, i.e., with pQ,Q,Qq.
Thus, for example, the left nucleus of the loop QpAq coincides with Q, i.e., A is an associative
operation.
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5�. Transitive quasigroups. Medial quasigroups

If the left nucleus relative to some element k coincides with the whole quasigroup Qp�q,
then the group of left regular permutations is transitive on the set Q. It is thus useful to
introduce the following concept:

De�nition 6. A quasigroup Qp�q is called L -transitive if the group L of all left regular
permutations acts transitively on the set Q.

R- and Φ-transitivity are de�ned similarly. Immediate examples of transitive (i.e., L -,
R- or Φ-transitive) quasigroups are provided by groups. (Other examples exist). On the
other hand, if a loop Qp�q is L -transitive (R-transitive, Φ-transitive), then it is a group.
Indeed, in this case, for example, Nl � L 1 � tλ1 | λ P L u � Q by virtue of the transitivity
of L . Transitive quasigroups are very closely related to groups.

Theorem 2.9. Any loop Qp�q isotopic to a transitive quasigroup QpAq is a group.

Proof. For L - and R-transitivity, the assertion follows from Theorem 2.2. Indeed, if a
quasigroup QpAq is L -transitive, then Q � L k for some element k of Q. In this case Q is
a relative left nucleus. Then, by Theorem 2.2, QpAq must be isotopic to the group LA of
all left regular permutations.

Now suppose QpAq is Φ-transitive, i.e., ΦA acts transitively on Q. Further, let Qp�q
be an arbitrary loop isotopic QpAq, say A � p�qT , where T � pα, β, γq. In view of the
equation p2.22q we have ΦA � α�1Φα, where Φ is the group of middle regular permutations
for the loop Qp�q. Consequently, Φ � αΦAα

�1. Since ΦA is transitive on Q, then Φ is also
transitive on Q. Consequently, Qp�q is a Φ-transitive loop. But then Qp�q is a group, since
in this case Nm � Q.

Conversely, if a quasigroup QpAq is isotopic to a group Qp�q, then it is Φ-transitive.
This statement follows from equation p2.23q. We note that for L - and R-transitivity the
converse statement does not hold in general: a quasigroup isotopic to a group need not be
L - or R-transitive (see Chapter VIII, 3�).

Thus, there exist transitive quasigroups which are not groups. The most important
transitive quasigroups are medial quasigroups.

De�nition 7. A quasigroup Qp�q is called medial 4 if the identity

pxyqpuvq � pxuqpyvq p2.24q

is satis�ed.

Example. Let Q be the �eld of all rational numbers. We de�ne the operation Apx, yq �
ax � by � c for constants a, b, c with a, b � 0 It is easily veri�ed that QpAq is a medial
quasigroup.
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Lemma 2.6. A medial quasigroup is Φ-transitive.

Indeed, using translations, the identity (2.24) can be rewritten as

Ryx � Luv � Rux � Lyv,

whence
RyR

�1
u x � v � x � LyL

�1
u v.

Thus, the permutation α � RyR
�1
u is a middle regular permutation for Qp�q, with adjoint

LyL
�1
u . If a and b are given elements, then there exists a middle regular permutation β such

that βa � b. As β we can put RcR
�1
d , where d is some �xed element, and c is a solution of

the equation R�1
d a � x � b.

The previous lemma and Theorem 2.8 make it possible to derive the following, Toyoda's
Theorem r79s 5:

Theorem 2.10. Let QpAq be a medial quasigroup. Then there exists an abelian group

Qp�q such that the operation A has the form

Apx, yq � φx� ψy � c,

where φ, ψ are automorphisms of the group Qp�q with φψ � ψφ, and c is some �xed element

of Q.

Proof. Since the medial quasigroup QpAq is Φ-transitive, then by Theorem 2.10 an arbitrary
loop Qp�q isotopic to QpAq is a group. Let us consider the principal isotope p�q � Apa, bq,
so

x� y � ApR�1
a x, L�1

b yq. p2.25q

Thus, Qp�q is a group with the neutral element Apb, aq. We denote Apb, aq by 0. Then
p2.25q implies

Apx, yq � Rax� Lby. p2.26q

Rewriting p2.24q with the operation p�q gives

RapRax� Lbyq � LbpRau� Lbvq � RapRax� Lbuq � LbpRay � Lbvq,

whence
Rapx� yq � Lbpu� vq � Rapx� LbR

�1
a uq � LbpRaL

�1
b y � vq.

Let u � 0 and v � L�1
b 0. Then

Rapx� yq � αx� βy,

where
αx � Rapx� LbR

�1
b 0q βy � LbpRaL

�1
b y � L�1

b 0q.

Consequently, Ra is a quasi-automorphism of the group Qp�q. Similarly, Lb is a quasi-
automorphism of the group Qp�q. By virtue of Lemma 2.5, Ra and Lb have the form

Rax � φx� k, Lbx � l � ψx, p2.27q
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where φ, ψ are automorphisms of the group Qp�q.
Consequently, from (2.26) and (2.27) we obtain

Apx, yq � φx� c� ψy, p2.28q

where c � k � l. We again rewrite (2.24) with the operation p�q, this time using equa-
tion (2.28):

φpφx� c� ψyq � c� ψpφu� c� ψvq � φpφx� c� ψuq � c

�ψpφy � c� ψvq,

whence
φ2x� φc� φψy � c� ψφu� ψc� ψ2c � φ2x� φc� φψu

�c� ψφy � φc� ψ2v,

or after simpli�cation
φψy � c� ψφu � φψu� c� ψφy. p2.29q

If u � 0, then from (2.29) we obtain

φψy � c � c� ψφy, p2.30q

whence replacing y and u with φ�1ψ�1y and φ�1ψ�1u respectively, we obtain

y � u � u� y,

i.e., Qp�q is an Abelian group. The equality (2.30) implies φψy � ψφy. This completes the
proof of the theorem.
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Notes

1Other properties of groups of regular permutations are considered in r12, 14, 18s. In the latter article,

types of loops are studied. It is shown that there exist loops with a prede�ned type, and, in particular,

loops with type p1, 1, 1q. Regular permutations of quasigroups are also studied by Mattenet r50s.
2Other properties of loop nuclei are considered in the works of Garrison r39s, Bruck r31s, etc.
3Along with the concept of autotopy, one may consider the concept of anti-autotopy. An ordered triple

T � pα, β, γq is called an anti-autotopy of a quasigroup Qp�q if γpxyq � αy � βx. Autotopies and anti-

autotopies were studied by various authors. We note here the later works of Sade r69, 73s.
4In the quasigroup literature, there is no consensus on the name for quasigroups with the identity (2.24).

They are called Abelian by Bruck r24s, Gri�n r43s, Murdoch r52s. Etherington r91s and Sade r64, 67s call the

identity (2.24) entropy. In functional equation theory, the identity (2.24) is customarily called bisymmetry

(see Aczél r9s, and also r11s). Following Stein r74s, we adhere to the term �medial� quasigroup.
5Bruck r24s and Murdoch r52s also give proofs of the theorem.
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Chapter III. Derivative operations.

F -quasigroups

1�. Postulates of Sushkevich and Murdoch

The identity of associativity should be considered, perhaps, the most important and fre-
quently used identity in algebra. An operation A on a set Q is associative if

A rA px, yq , zs � A rx,A py, zqs

for all x, y, z P Q. An associative groupoidQpAq is called a semigroup. Studying quasigroups
and loops, it is natural to ask the question: How close are they to groups, i. e., to what
extent does the law of associativity hold in them. This is how the concept of the nucleus
considered in Chapter I arose. Thus, in the theory of quasigroups, identities which are more
or less related to the law of associativity are often considered. Murdoch r51s suggested the
following approach to the study of quasigroups and loops.

Let QpAq be a quasigroup. Consider the equation A rA pa, bq , cs � A ra,A pb, xqs in QpAq.
The equation has a unique solution, depending on a, b, c. Therefore, we can write x � Sa,bc,
where Sa,b is a permutation of the set Q. It can be even expressed with translations as
Sa,b � L�1

b L�1
a LApa,bq, but currently this is not important for us. The closer Sa,b is to the

unit permutation, the closer the quasigroup QpAq is to being a group. The equality

A rA pa, bq , cs � A ra,A pb, Sa,bcqs , p3.1q

having the form of the law of associativity, holds in each quasigroup, but of course it is still
far from true associativity.

If Sa,b depends on a and b, then indeed we get nothing new. However, we may consider
certain particular cases.

p1q. Sa,b depends only on b: Sa,b � Sb.
Here, we can write the expression Apb, Sbcq as Bpb, cq, and p3.1q takes the form

A rApa, bq, cs � A ra,Bpb, cqs . p3.2q

That is nothing other than Sushkevich's Postulate A r78s. Sushkevich's First Theorem is
as follows.
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Theorem 3.1. If Postulate A holds in a quasigroup QpAq, then QpBq is a group, and A

is an isotope of B of the form Bpφ,1,φq.

Indeed, it is easy to see that the operation B is invertible, by equation p3.2q. It is
necessary to prove that B is associative. Using Postulate A several times, we have:

A ta,B rBpb, cq, dsu � A tA ra,Bpb, cqs , du � A tA rApa, bq, cs , du

� A rApa, bq, Bpc, dqs � A ta,B rb, Bpc, dqsu ,

so
B rBpb, cq, ds � B rb, Bpc, dqs .

Let φ�1 � La. Then from p3.2q we obtain Apφ�1b, cq � φ�1Bpb, cq, whence Apb, cq �
φ�1Bpφb, cq, i.e., A � Bpφ,1,φq. Conversely, if QpBq is a group and φ is an arbitrary permu-
tation of Q, then Postulate A is satis�ed in the quasigroup QpAq, with A � Bpφ,1,φq . It is
easy to check this fact by a simple veri�cation of p3.2q.

p2q. Sa,b depends only on a: Sa,b � Sa.
Here the equality p3.1q takes the form

A rApa, bq, cs � A ra,Apb, Sacqs . p3.3q

Unlike the �rst case, construction of a quasigroup satisfying the identity p3.3q is much more
complicated. For convenience, we call these quasigroups F -quasigroups1. We will see that
there are F -quasigroups which are not isotopic to groups. They were studied in r51, 15s.

p3q. Sa,b does not depend on a and b,i.e., Sa,b � S.
Here

A rApa, bq, cs � A ra,Apb, Scqs . p3.4q

This is Postulate B of Sushkevich r78s. Consider an isotope B of the operation A:

B � Ap1,S,1q. p3.5q

Equation p3.4q turns into p3.2q, and according to Sushkevich's First Theorem QpBq is a
group. Moreover, we have

Theorem 3.2. If Sushkevich's Postulate B holds in a quasigroup QpAq, then QpAq is

isotopic to a group QpBq. Furthermore, A � Bp1,θ,1q, where θ is an automorphism of the

group QpBq.

Indeed, by Sushkevich's First Theorem it follows that A has the form A � Bpφ,1,φq.
On the other hand, from p3.5q we have A � Bp1,S�1,1q. Thus Bpφ,1,φq � Bp1,S�1,1q, whence
Bpφ,1,φqp1,S�1,1q

�1

� B or Bpφ,S,φq � B. Therefore, T � pφ, S, φq is an autotopy of the
group QpBq. Then, in virtue of Theorem 2.6 there exist two elements c, d P Q and an
automorphism θ of the group QpBq such that

T � pLc, Rd, LcRdqθ � pLcθ, Rdθ, LcRdθq.
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Consequently, φ � Lcθ � LcRdθ, which implies that Rd � 1, d � 1 and S � Rdθ � θ, i.e.,
S is an automorphism of the group QpBq. Note here that S is also an automorphism of the
quasigroup QpAq, since

AS � rBp1,S�1,1qsS � Bp1,S�1,1qS � BpS,1,Sq � BSp1,S�1,1q � Bp1,S�1,1q � A.

We have identi�ed a new class of quasigroups. A quasigroup is called QpAq special if Sa,b is
an automorphism. Many well-known loops are special.

Thus, according to the equation ArApa, bq, cs � Apa.Apb, xqs, we have arrived at two new
classes of quasigroups: F -quasigroups and special quasigroups. But the equation p3.1q that
holds in an arbitrary quasigroup can also be considered from the aspect presented in item
p1q. The expression Apb, Sa,bcq can be regarded as the result of applying an operation that
depends on a to the elements b and c. If we denote this operation by Aa, then we have
Apb, Sa,bcq � Aapb, cq and

A rApa, bq, cs � A ra,Aapb, cqs . p3.6q

We arrived at this equality by considering the equation ArApa, bq, cs � Apa, xq. The solution
of the equation for a �xed element a depends on b and c, i.e., the equation de�nes a binary
operation that depends on a which we denote by Aa. We call the operation Aa a right

derivative operation2 of the operation A evaluated at the element a. Similarly, the equation
Arb, Apc, aqs � Apy, aq de�nes a left derivative operation aA

A rb, Apc, aqs � A raApb, cq, as .

More generally, we can associate right and left derivative operations with each invertible
operation.

2�. Elementary properties of derivative operations

Let us consider some simple properties of derivative operations. We combine them into one
general theorem. Derivatives of the form bpAaq, as appearing in part 4) of the theorem, will
be called mixed.

Theorem 3.3. Suppose that QpAq is a quasigroup. Consider the right derivative opera-

tion Aa evaluated at an element a. Then:
1q Aa is an invertible operation, i.e., QpAaq is a quasigroup. The quasigroup QpAaq has

a left neutral element ea, which is also the right local neutral element for a;

2q Right derivatives of right derivatives are right derivatives:

pAaqb � AApa,bq; p3.7q

3q If Aa � A, then a is a left associative element;

4q For all elements a, b of Q, the mixed derivative QpbpAaqq is a loop with neutral element

ea;

5q The quasigroups QpAaq and QpbAq are isotopic to the quasigroup QpAq.

For left derivative operations, similar properties hold.
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Proof. 1. Let us prove that the equation Aapx, bq � c has a unique solution for all b, c. For
this, we consider the equation ArApa, xq, bs � Apa, cq. The solution of the equation exists.
Since ArApa, x0q, bs � Ara,Aapx0, bqs � Apa, cq, we �nd Aapx0, bq � c. Thus, the equation
Aapx, bq � c has the solution x0. Uniqueness of the solution is obvious. The equation
Aapb, yq � c is solved similarly.

Further, let ea be a right local neutral element for a, so Apa, eaq � a. Substituting ea for
b in p3.6q, we have

ArApa, eaq, cs � Ara,Aapea, cqs,

so
Apa, cq � Ara,Aapea, cqs,

and
c � Aapea, cq,

i.e., ea is the left neutral element of the quasigroup QpAaq.
2. To determine pAaqb, it is necessary to take the right derivative of the operation Aa at

b, using the de�nition
AarAapb, cq, ds � Aarb, pAaqbpc, dqs.

We have
A ta,AarAapb, cq, dsu � A ta,Aarb, pAaqbpc, dqsu ,

so
A tAra,Aapb, cqs, du � A tApa, bq, pAaqbpc, dqu ,

A tArApa, bq, cs, du � A tApa, bq, pAaqbpc, dqu ,

and
A
 
Apa, bq, AApa,bqpc, dq

(
� A tApa, bq, pAaqbpc, dqu ,

whence
pAaqb � AApa,bq.

Thus, a right derivative of a right derivative is again a right derivative.
3. Suppose Aa � A. This means ArApa, xq, ys � Ara,Aapx, yqs � Ara,Apx, yqs, i.e.,

a P Nl. The converse is obvious.
4. Let us prove the following statement:If QpAq has a right neutral element, then QpAaq

is a loop. Indeed, suppose Apa, eq � a. Then, substituting c � e in p3.6q, we �nd
ArApa, bq, es � Ara,Aapb, eqs, whence Apa, bq � Ara,Aapb, eqs and b � Aapb, eq, i.e., QpAaq
has e as a right neutral element. But by part 1), QpAaq has a left neutral element ea, so
ea � e and QpAaq is a loop. Similarly, we can show that if QpAq has a left neutral element,
then QpbAq is a loop. These statements verify part 4) of the theorem.

5. Using translations, the equality p3.6q can be rewritten as

ApLab, cq � LaAapb, cq,

whence
Aa � ApLa,1,Laq. p3.8q
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Similarly, we �nd
bA � Ap1,Rb,Rbq. p3.9q

This completes the proof of Theorem 3.3.

Two elements a and b will be called equivalent, written a � b, if Aa � Ab. Evidently, �
is an equivalence relation. Thus, the set Q is partitioned into disjoint equivalence classes:
Q � KaYKbY ... , where Ka consists of all the elements which are equivalent to the element
a. If the entire set Q is itself an equivalence class, then Aa � Ab for arbitrary a and b. Thus,
Aa does not depend on a, and we can set Aa � B. Then, the equality p3.6q reduces to p3.2q,
i.e., Sushkevich's Postulate A holds in QpAq. This case was already considered above.

Note that if QpAq has a left nucleus Nl, then Nl is an equivalence class.
Now let us formulate some statements about this equivalence in a quasigroup QpAq. We

combine them into the following theorem.

Theorem 3.4. Let QpAq be a quasigroup. Suppose a � b, in the sense that Aa � Ab.

Then:

1q The relation a � b implies Apa, xq � Apb, xq for all x P Q;

2q If a � b, then ea � eb;

3q The classes Ka are equipollent. If Q is �nite, then the size of each equivalence class

is a divisor of the order of Q;

4q If λ is a left regular permutation of QpAq, then λa � a for all a.

5q If a � b, then there is a left regular permutation λ of QpAq such that λa � b.

Proof. 1. Let a � b, i.e., Aa � Ab. Then AApa,xq � pAaqx � pAbqx � AApb,xq, i.e., Apa, xq �
Apb, xq.

2. In general, the quasigroups QpAaq and QpAbq have respective left neutral elements
ea and eb. If Aa � Ab, then the left neutral elements of the equal quasigroups QpAaq and
QpAbq must coincide, i.e., ea � eb.

3. Let F and H be two equivalence classes. Suppose a P F and b P H. Then there
exists an element p such that b � Apa, pq. Let F 1 � tApx, pq | x � au. Let us show that
F 1 � H. Suppose x � a, so Apx, pq P F 1. Then AApx,pq � pAxqp � pAaqp � AApa,pq � Ab, i.e.,
Apx, pq � b, whence Apx, pq P H. Therefore, F is equipollent to some part of H. Similarly,
it is shown that H is equipollent to some part of F . Hence it follows that the sets F and H
have the same cardinality. The second part of statement 3 is immediate.

4. From the de�nition of a left regular permutation λ we have

Lλa � λLa.

Now we use the equality p3.8q:

Aλa � ApLλa,1,Lλaq � ApλLa,1,λLaq � Apλ,1,λqpLa,1,Laq.

Since λ P L , we have Apλ,1,λq � A, so Aλa � ApLa,1,Laq � Aa, i. e., λa � a.
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5. Suppose a � b. We apply the relationship IIp2.17q to Aa � ApLa,1,Laq:

γ�1L γ XNγ�1α � LA.

This relation was proved without the assumption that p�q is a loop, so we can apply it in
our case:

L�1
a LALa XNL�1

a La
� LAa ,

whence
L�1
a LALa � LAa

or
LA � LaLAaL

�1
a . p3.10q

As there exists a left neutral element in QpAaq, an arbitrary left regular permutation of
this quasigroup has the form λax � Aapza, xq, where za belongs to the left nucleus of
the quasigroup QpAaq*. Thus, according to p3.10q, each left regular permutation λ of the
quasigroup QpAq has the form λ � LaλaL

�1
a . Consequently,

λx � LaλaL
�1
a x � Ara,Aapza, L

�1
a xqs,

i.e.,
λx � ArApa, zaq, L

�1
a xs.

The element c � Apa, zaq is equivalent to the element a, i.e., c � a. Indeed, we have

Ac � AApa,zaq �
�
Aa

�
za
� Aa,

since za is an element of the left nucleus of the quasigroup QpAaq. Therefore,

λx � Apc, L�1
a xq

or
λ � LcL

�1
a .

Let us �nd a left regular permutation λ of the quasigroup QpAq such that λa � b. We
consider

λa � LbL
�1
a a � Lbea,

since Laea � Apa, eaq � a, i.e. ea � L�1
a a. But b � a, i.e., eb � ea by part 2), so indeed

λa � Lbea � Lbeb � b.

As a corollary, we have the following result: An arbitrary left regular permutation of a

quasigroup QpAq has the form LbL
�1
a , where b � a.

*See Chapter II, 1�.
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Remark 1. Consider a groupoid Qp�q. An equivalence relation � on Q is a congruence

on Qp�q if a � b implies ac � bc and ca � cb for arbitrary c P Q.
By part 1) of the theorem, the relation a � b given by Aa � Ab is a congruence if the

additional condition Apx, aq � Apx, bq holds for all x in QpAq. But as the following example
shows, this condition is not necessarily satis�ed in an arbitrary quasigroup. Let Qp�q be
the symmetric group of degree three, say Q � t1, a, a2, b, ab, a2bu, a3 � 1, b2 � 1, ba � a2b.
Consider the quasigroup QpAq, where Apx, yq � bxby. Then a2b � a, but Apa, a2bq and
Apa, aq are not equivalent.

If QpAq is commutative, then the equivalence relation de�ned by the equality Aa � Ab
is indeed a congruence, according to part 1) of the theorem.

Remark 2. The converse statement to part 2) of the theorem is not valid. Indeed, in a
loop Qp�q, the equality ea � eb holds for all elements a and b, but a � b does not follow if,
for example, Nl � Q.

Remark 3. Parts 4q and 5q of the theorem assert that the equivalence a � b de�ned
by the equality Aa � Ab coincides with the equivalence a � b pL q that was de�ned in
Chapter II, 1�. Each of the classes Ka is a relative left nucleus: Ka � L a. Theorem 2.3 is
a corollary of Theorem 3.4 � see part 3) of Theorem 3.4.

An analogous theorem holds if instead of the right derivative operations we consider the
left derivative operations.

3�. Mixed derivatives

Let us establish a connection between the loops which are the principal isotopes of a quasi-
group and the mixed derivatives of the quasigroup.

Lemma 1.1 asserts that an arbitrary loop B which is principally isotopic to a quasigroup
A has the form Aa,b, where according to p1.16q, Aa,b denotes the isotope ApR�1

a ,L�1
b ,1q. If e is

the neutral element of the loop QpBq, then the equality e � Apb, aq holds (see Chapter I,
3�).

The expression Aa,bpx, yq can also be rewritten * as:

Aa,bpx, yq � Ar�1Apx, aq, A�1pb, yqs. p3.11q

According to the de�nition of the translations Lb, Ra, it is easy to show that

R�1
a x � �1Apx, aq, L�1

b y � A�1pb, yq.

Let us prove the following relationship for the loops Aa,b:

pAa,bqc,d � AA�1pb,cq,�1Apd,aq.

*See the de�nition of left and right inverse operations �1A and A�1 in Chapter I, 1�.
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According to the de�nition we have

pAa,bqc,dpx, yq � Aa,br
�1Aa,bpx, cqA

�1
a,bpd, yqs.

Write t � �1Aa,bpx, cq. Then we have

Aa,bpt, cq � x,Ar�1Apt, aq, A�1pb, cqs � x,

with
�1Apt, aq � �1Arx,A�1pb, cqs.

If we denote A�1
a,bpd, yq by ω, then in analogous fashion we obtain

A�1pb, ωq � A�1r�1Apd, aq, ys.

Now it is easy to �nd pAa,bqc,d:

pAa,bqc,dpx, yq � Aa,bpt, ωq � Ar�1Apt, aq, A�1pb, ωqs

� A
 
�1Arx,A�1pb, cqs, A�1r�1Apd, aq, ys

(
� AA�1pb,cq,�1Apd,aqpx, yq.

As we have seen before (see Theorem 3.3), a left derivative of a left derivative is also a
left derivative, and a right derivative of a right derivative is also a right derivative. That is
why further new quasigroups are only obtained by considering mixed derivatives. They can
be of two types: a right derivative of a left derivative pbAqa and a left derivative of a right
derivative bpAaq. For loops, these derivatives are isomorphic.

Theorem 3.5. If A is a loop, then the mixed derivatives pbAqa and bpAaq are isomorphic.

Proof. 1. The following relationships hold:

Aa � ALa
e,a, aA � ARa

a,e, p3.12q

where e is the neutral element of the loop A. Indeed,

ALa
e,a � pApR�1

e ,L�1
a ,1qqLa � Ap1,L�1

a ,1qLa � ApLa,1,Laq � Aa

in view of the equality p3.8q. The second equality p3.12q is proved similarly.
2. The mixed derivative pbAqa is isomorphic to the loop Ab,a.

Let Aa � B. Since A is a loop, then B is also a loop, indeed with the same neutral
element (this statement follows from ea � e and from part 1q of Theorem 3.3). Then

C � bpAaq � bB � B
R‘

b
b,e ,

where R‘
bx � Aapx, bq. Furthermore,

C � pAaq
R‘

b
b,e � pALa

e,aq
R‘

b
b,e. p3.13q
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It is easy to see that for an arbitrary permutation θ of a set Q the equation

pAθqu,v � Aθθu,θv p3.14q

is true. Indeed, by virtue of equation p3.11q, we �nd

pAθqu,vpx, yq � Aθr�1pAθqpx, uq, pAθq�1pv, yqs.

But pAθq�1 � pA�1qθ and �1pAθq � p�1Aqθ, so

pAθqu,vpx, yq � Aθrp�1Aqθpx, uq, pA�1qθpv, yqs

� θ�1Arθθ�1p�1Aqpθx, θuq, θθ�1pA�1qpθv, θyqs

� θ�1Ar�1Apθx, θuq, A�1pθv, θyqs � θ�1Aθu,θvpθx, θyq � pAθu,θvq
θpx, yq,

which implies the equality p3.14q (denoting the operation pAu,vq
θ by Aθu,v). We transform

the equality p3.13q using the relationship p3.14q:

C � pAe,aq
LaR‘

b
Lab,Lae

� pAe,aq
LaR‘

b

Apa,bq,a � A
LaR‘

b

A�1ra,Apa,bqs,�1Apa,eq.

Therefore,
LaR

‘
bx � LaAapx, bq � Ara,Aapx, bqs � ArApa, xq, bs � RbLax

and
A�1ra,Apa, bqs � b, �1Apa, eq � a.

Thus
bpAaq � ARbLa

b,a . p3.15q

Similarly, we prove that
pbAqa � ALaRb

b,a . p3.16q

The validity of Theorem 3.5 follows from the equations p3.15q and p3.16q.

One can form derivatives of higher orders, for example, d trbpAaqscu, but being loops,
they are all isotopic to the loop A. But an arbitrary loop B, isotopic to a quasigroup QpCq,
takes the form Cγ

u,v with elements u, v P Q and γ a permutation of Q (compare Lemma 1.2).
Thus, an arbitrary derivative of higher order has the form Aγu,v and, consequently, it is
isomorphic, for example, to the mixed derivative upAvq.

In the process, we have proved the following assertion.

Theorem 3.6. Suppose that a loop B is isotopic to a loop A. Then it is isomorphic to a

mixed derivative of A.

4�. Pseudo-automorphisms

Along with the left and right regular permutations that are closely related to the con-
cept of derived operations, the other important autotopic* permutations are the pseudo-
automorphisms of a quasigroup r31s.

*See the de�nition of autotopic permutations in Chapter II, 3�.
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De�nition 1. A permutation φ of a set Q is called a right pseudo-automorphism of a
quasigroup QpAq if there exists an element c P Q such that

Ac � Aφ
�1

. p3.17q

Here, the element c is called a companion of the right pseudo-automorphism φ.
A left pseudo-automorphism is de�ned similarly. If φ is simultaneously both a left and

a right pseudo-automorphism, then it is called a pseudo-automorphism.

According to the de�nition p3.17q of the right pseudo-automorphism φ, the operations A
and Ac are isomorphic. However, the right derivative Ac has a left neutral element, by part
1) of Theorem 3.3. Consequently, A also has a left neutral element. Thus, the existence
of a right pseudo-automorphism of QpAq implies an existence of a left neutral element.
Furthermore, the existence of a pseudo-automorphism of QpAq implies the existence of a
neutral element, i. e., QpAq is a loop.

From the previous remarks, it follows that an automorphism of a quasigroup QpAq with
a left neutral element is a special case of a right pseudo-automorphism. Indeed, in this
instance we have Af � A � Aθ for an arbitrary automorphism θ.

Using the de�nition of a right derivative of an operation, we can rewrite the de�nition
of a right pseudo-automorphism as

Aφ
�1

� ApLc,1,Lcq,

whence
ApLc,1,Lcqφ � ApLcφ,φ,Lcφq � A, p3.18q

i.e.,
ArApc, φxq, φys � Arc, φApx, yqs. p3.19q

If φ is a left pseudo-automorphism, i.e.,

cA � Aφ
�1

,

then we have
Arφx,Apφy, cqs � ArφApx, yq, cs. p3.20q

The previous equation is equivalent to the de�nition of a left pseudo-automorphism (see
Bruck [31, p.113]).

Remark 1. Equation p3.18q shows that a right pseudo-automorphism φ is an autotopic
permutation.

Remark 2. Equation p3.18q implies that if pLaφ, φ, Laφq is an autotopy of the quasigroup
QpAq, then φ is a right pseudo-automorphism of QpAq with companion a. Similarly, if
pφ,Rbφ,Rbφq is an autotopy, then φ is a left pseudo-automorphism with companion b.
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Lemma 3.1. Let QpAq be a quasigroup with a left neutral element f . If φ is a right

pseudo-automorphism with companion c, then

φ�1ec � f,

where ec is a right local neutral element for c.
Indeed,

Apφ�1ec, xq � φ�1φApφ�1ec, φ
�1φxq � φ�1Aφ

�1

pec, φxq

� φ�1Acpec, φxq � φ�1pφxq � x,

i.e.,
φ�1ec � f.

The hypothesis of the following theorem implies that the quasigroup QpAq has a left
unit element, say f .

Theorem 3.7. The right pseudo-automorphisms of a quasigroup QpAq form a group ΠA.

Proof. Consider φ, ψ P ΠA, with respective companions a and b. We will show that the
product ψφ also lies in ΠA. Using the relationship p3.7q, we have

AApb,ψaq � pAbqψa � pAψ�1qψa. p3.21q

Using the convention Aθa :� pAaq
θ, we have

pAθqa � Aθθa, p3.22q

where θ is an arbitrary permutation of the set Q. Then equation p3.21q implies

AApb,ψaq � Aψ
�1

ψ�1pψaq � Aψ
�1

a � pAaq
ψ�1

� pAφ
�1

qψ
�1

� Apφψq�1

, p3.23q

so that ψφ P ΠA.
Let us consider the equation Apa, xq � f with the left unit element f of QpAq. Using

the equations p3.7q and p3.22q again, we obtain

A � Af � AApa,xq � pAaqx � pAφ
�1

qx � Aφ
�1

φ�1x,

whence
Aφ�1x � Aφ � Apφ�1q�1

,

i.e., φ�1 P ΠA. Thus, ΠA is a group.

As we noted before, the group ΓA of automorphisms of a loop QpAq (a quasigroup having
a left and right neutral element) is a subgroup of the group ΠA.

The de�nition of a right pseudo-automorphism implies that several companions may
correspond to one right pseudo-automorphism. In fact, if a right pseudo-automorphism
φ has an element c as its companion, i.e., Aφ

�1
� Ac, then Aφ

�1
� Aλc, where λ is an

arbitrary left regular permutation of the quasigroup QpAq. Indeed, by part 4q of Theorem

45



3.4 and the following Remark 3, we have λc � c pL q, i.e., Aλc � Ac � Aφ�1. Thus, the
set of companions c of a right pseudo-automorphism is a left nucleus (relative to c) of a
quasigroup QpAq.

On the other hand, one companion may accompany several right pseudo-automorphisms.
Indeed, let φ be a right pseudo-automorphism of a quasigroup QpAq (with a left neutral
element f), and let θ be an automorphism of the quasigroup. As we have seen above, θ is
also a right pseudo-automorphism with a companion f . Thus, according to Theorem 3.7,
φθ is also a pseudo-automorphism. Then

Apφθq�1

� Aθ
�1φ�1

� pAθ
�1

qφ
�1

� pAf q
φ�1 � Aφ

�1

� Ac,

i.e., φθ also has the element c as its companion.
Summarizing, we have the following assertion: There exists a correspondence between

the set of left cosets of the subgroup ΓA of the group ΠA and a set of left nuclei of QpAq.
If Q is �nite, we can conclude: the index of the subgroup ΓA in ΠA is not greater than

the index of the group L of left regular permutations of a quasigroup QpAq*.
It is interesting to consider when the correspondence mentioned above extends to all the

left nuclei of the quasigroup QpAq. In other words, when an arbitrary element of Q is a
companion of a pseudo-automorphism. It can be true, for example, in a group Qp�q, since
then p�qx � p�qφ for x P Q and φ P Γp�q. We are led to the following de�nition.

De�nition 2. A quasigroup QpAq is called a right G-quasigroup if each element is a
companion of a right pseudo-automorphism, or if. equivalently, all the right derivatives Ax
are isomorphic to A. A left G-quasigroup is de�ned similarly.

Finally, we have the following.

De�nition 3. A quasigroup QpAq which is simultaneously both a right and a left G-
quasigroup, thus if all right and left derivatives of the operation A are isomorphic to A, is
called a G-quasigroup.

The respective de�nitions of a right or left G-quasigroup QpAq imply that it always has
a left or right neutral element. Consequently, a G-quasigroup always has a neutral element,
and is therefore a loop. Thus, henceforth we speak of G-loops.

The following theorem gives one important characterization of G-loops.

Theorem 3.8. A loop is a G-loop if and only if each loop isotopic to it is actually

isomorphic to it.

Indeed, suppose a loop QpBq is isotopic to a G-loop QpAq. Then, by virtue of Theo-
rem 3.6, the loop QpBq is isomorphic to a mixed derivative of QpAq, say

B � rbpAaqs
φ.

*Here, the index of the group L of left regular permutations of a quasigroup QpAq is understood as the

quotient |Q|{|L |.
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Thus Aa � Aα with α � pLa, 1, Laq according to equation p3.8q, so

B � rbpA
αqsφ � rpabAq

αsφ � abA
αφ.

Here we use the equality
bpA

αq � pαbAq
α,

which is similar to the equality p3.22q and as easily proved. But αbA is also isomorphic to
A: αbA � Aγ, therefore

B � pAγqαφ � Aγαφ,

i.e., B is isomorphic to A.
Conversely, suppose that each loop isotopic to a loop A is isomorphic to it. In particular,

Aa and bA are also loops (with the same neutral element) which are isotopic to the loop A
(see p3.8q and p3.9q): Aa � ApLa,1,Laq and bA � Ap1,Rb,Rbq. Therefore, A is a G-loop.

We return to G-loops in Chapter X.

5�. F -quasigroups

The notion of an F -quasigroup was introduced in �1�. Now we re�ne the concept.

De�nition 4. A quasigroup QpAq is called a left F -quasigroup if for all x, y, z P Q, the
equality

ArApx, yq, zs � Arx,Apy, Sxzqs, p3.24q

holds, where Sx is an arbitrary permutation of a set Q depending on x.

A right F -quasigroup is de�ned similarly.

Example. A medial quasigroup QpAq is a left F -quasigroup.

Indeed, according to Toyoda's Theorem, QpAq is isotopic to an abelian group Qp�q,
where the isotopy has the form p2.30q:

Apx, yq � φx� ψy � c.

It is easy to verify that QpAq is a left F -quasigroup, with

Sxy � ψ�2pφ2 � φqx� ψ�1y � ψ�2pφ� ψqc.

Subsequently, we will only consider left F -quasigroups, so we omit the word "left". In
this section, we consider some simple properties of F -quasigroups which we will need later.
We return to the study of F -quasigroups in Chapter IV.

Suppose that QpAq is an F -quasigroup.
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Lemma 3.2. For arbitrary x, y P Q, the following relationship holds:

AApx,yq � ASx
y . p3.25q

Proof. According to the de�nition of derivative operations, we have

AxrAxpy, zq, ts � Axry, pAxqypz, tqs,

or, in virtue of the equality p3.7q,

AxrAxpy, zq, ts � Axry, AApx,yqpz, tqs. p3.26q

From the basic equality p3.24q for F -quasigroups, and the de�nition of a right derivative
operation, we obtain the relationship

Axpy, zq � Apy, Sxzq. p3.27q

Thus, from p3.26q we �nd

ArApy, Sxzq, Sxts � Ary, SxAApx,yqpz, tqs,

Ary, AypSxz, Sxtqs � Ary, SxAApx,yqpz, tqs, and

S�1
x AypSxz, Sxtq � AApx,yqpz, tq,

i.e.,
AApx,yq � ASx

y .

Lemma 3.3. A right derivative of an F -operation is also an F -operation.

Proof. Consider the equation

pAxqypp, qq � Axpp, tq. p3.28q

According to the equality p3.27q, it is enough to show that the element t does not depend
only on p. Using p3.27q, turn the equation p3.28q into:

AApx,yqpp, qq � App, Sxtq or App, SApx,yqqq � App, Sxtq.

Then
SApx,yqq � Sxt, or t � S�1

x SApx,yqq.
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Remark. Ax is an F -operation with a left neutral element. It is easy to show that if the
F -quasigroup QpAq has a two-sided neutral element e, i.e., QpAq is an F -loop, then it is a
group.

In fact, substituting y � e into p3.3q, we get

ArApx, eq, zs � Arx,Ape, Sxzqs,

or
Apx, zq � Apx, Sxzq,

whence
Sxz � z,

i.e., Sx � 1. Consequently, the equality p3.24q becomes the associative law

ArApx, yq, zs � Arx,Apy, zqs,

whence it follows that QpAq is a group.

Theorem 3.9. Every F -quasigroup with a left neutral element f is also a right G-

quasigroup.

Proof. Consider the permutation R de�ned by the equality

Rx � Apx, fq.

Then it follows from p3.23q that

ARx � AApx,fq � ASx
f � ASx , p3.29q

whence
Ax � ASR�1x .

This equality shows that QpAq is a G-quasigroup.

Corollary. Every F -quasigroup is isotopic to a right G-quasigroup.

We now consider some properties of the permutations Sx. We have seen that for arbitrary
x and y,

AApx,yq � ASx
y ,

or, more explicitly,
AApx,yqpp, qq � S�1

x AypSxp, Sxqq, p3.30q

where x, y, p, q are arbitrary elements of Q.
Transforming equation p3.30q using p3.27q,

App, SApx,yqqq � S�1
x ApSxp, SySxqq,

or
ApSxp, SySxS

�1
Apx,yqqq � SxApp, qq.

49



Thus, T1 � pSx, SySxS
�1
Apx,yq, Sxq is an autotopy of an F -operation for arbitrary x, y P Q. In

particular, for y � ex it follows that T2 � pSx, Sex , Sxq is also an autotopy of the operation
A. Consequently, T2T�1

1 (see Chapter II, 3�) is also an autotopy of the quasigroup QpAq.
We �nd

T2T
�1
1 � pSx, Sex , SxqpSx, SySxS

�1
Apx,yq, Sxq

�1

� p1, SexSApx,yqS
�1
x S�1

y , 1q.

By virtue of the remark made in Chapter II, 3�, we conclude that SexSApx,yqS
�1
x S�1

y � 1,
whence

SApx,yq � S�1
ex SySx. p3.31q

An explicit form for a permutation Sx may be given. For this, we put y � ex in p3.24q:

Apx, zq � ArApx, exq, zs � Arx,Apex, Sxzqs,

so
z � Apex, Sxzq,

and
Sxz � A�1pex, zq. p3.32q

Lemma 3.4. In an F -quasigroup QpAq, the following relationships are equivalent:

x � y pL q; p3.33q

ex � ey; p3.34q

Sx � Sy. p3.35q

Proof. The equvalence of the �rst two relationships follows generally from Theorem 3.4 and
the following Remark 3. Further, the equality p3.32q implies that the relationship p3.35q

follows from p3.34q. Finally, we show that relation p3.35q implies p3.33q. Indeed, we have

Axpp, qq � App, Sxqq � App, Syqq � Aypp, qq,

i.e., x � y pL q.

Corollaries. Consider a �nite F -quasigroup QpAq.
1. The number of right neutral elements is a divisor of the order of Q.
2. The number of distinct permutations Sx corresponding to elements from Q is also a

divisor of an order Q.
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Lemma 3.5. If QpAq is an F -quasigroup with a left neutral element f , and if Sx � θSy,

where θ is an automorphism of QpAq, then θ � 1 and x � y pL q.

Proof. Set x0 � Rx and y0 � Ry, where Rx � Apx, fq. Then by virtue of equation p3.29q,
we have

Ax0 � ARx � ASx and Ay0 � ARy � ASy .

Let Sx � θSy, where θ is an automorphism of the quasigroup QpAq, i. e., Aθ � A. Then

Ax0 � ASx � AθSy � pAθqSy � ASy � Ay0 ,

whence x0 � y0 pL q or Apx, fq � Apy, fq. By part 5 of Theorem 3.4, there exists a left
regular permutation λ such that

Apy, fq � λApx, fq,

whence Apy, fq � Apλx, fq. Consequently, y � λx and y � x pL q.
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Notes

1(Left) F -quasigroups were �rst considered by Murdoch in [51], where the identity (3.3) is called �the

law of associativity A1�. In this work a theory of normal subquasigroups of F -quasigroups was developed.
2The concept of derivative operations was introduced in [12, 14]. Here, one may �nd other results related

to derivative operations.
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Chapter IV. Homomorphism. Normal

subquasigroups

1�. Homomorphic mappings of quasigroups

Previously we considered quasigroups on the same �xed set Q. Of course, we can also
consider quasigroups on di�erent sets. Let two quasigroups Qp�q and Q1p�q be given. A
function φ : Q Ñ Q1 is a homomorphic mapping or homomorphism from the quasigroup
Qp�q to the quasigroup Q1p�q if the equation

φpxyq � φx � φy

holds for all x, y P Q.
The set φQ � tφx | x P Qu is called the (homomorphic) image of the quasigroup Qp�q

under φ. If the homomorphic image of the quasigroup Qp�q coincides with Q1, then φ is a
homomorphism from the quasigroup Qp�q onto the quasigroup Q1p�q.

If Q1p�q is not itself a quasigroup (in the sense of Chapter I, De�nition 2), but only a
groupoid, then the homomorphic image of Qp�q need not be a quasigroup.1 Nevertheless, in
this case, the homomorphic image φQp�q of the quasigroup Qp�q has the following property:
for every a1, b1 P φQ there exist x1 and y1 such that a �1 x1 � b1 and y1 � a1 � b1, i.e., the
solvability of the equations holds, but the uniqueness does not.

A groupoid Qp�q in which solutions of the equations a � x � b, y � a � b exist, but are
not necessarily unique, may be called a groupoid with division. However, we are interested
in the case where φQp�q is a quasigroup, i.e., we restrict to considering homomorphisms φ
from a quasigroup Qp�q to a quasigroup Q1p�q.

It is easy to prove the following properties of a homomorphic mapping from a quasigroup
Qp�q onto a quasigroup Q1p�q:

1q If Qp�q is a loop with a neutral element e, then Q1p�q is a loop with a neutral element
e1 � φe;

2q Even if Q1p�q is a loop, then Qp�q need not be a loop, as the following example shows:

� 1 2 3 4

1 2 1 3 4

2 1 2 4 3

3 4 3 1 2

4 3 4 2 1

� 11 21

11 11 21

21 21 11
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Here Q � t1, 2, 3, 4u, Qp�q is a quasigroup, Q1 � t11, 21u, Q1p�q is a loop, and even a group.
It is easy to see that the mapping φ1 � φ2 � 11, φ3 � φ4 � 21 is a homomorphism from
the quasigroup Qp�q to the loop Q1p�q.

The concept of congruence de�ned on a groupoid in Chapter III (Remark 1 to Theo-
rem 3.4) is closely connected with the concept of homomorphism. To clarify this connection,
let us consider a homomorphism Qp�q Ñ Q1p�q, where Q1p�q is a groupoid, but not neces-
sarily a quasigroup. Then we can de�ne a congruence θ on the groupoid Qp�q, setting aθb if
and only if φa � φb. Obviously, this relation is an equivalence. Furthermore, we have

φpacq � φa � φc, φpbcq � φb � φc.

If aθb, then φa � φb. Consequently,

φpacq � φa � φc � φb � φc � φpbcq,

i.e. acθbc. Similarly, we obtain caθcb.
Now suppose that φ is a homomorphism from a quasigroup Qp�q to a quasigroup Q1p�q.

Then the following properties for the congruence θ hold:
RI) acθbc implies aθb [Invariance under right multiplication];
LI) caθcb implies aθb [Invariance under left multiplication].
Indeed, suppose acθbc. Then φpacq � φpbcq, whence φa � φc � φb � φc. But Q1p�q is

a quasigroup, so φa � φb or aθb. We can prove 2q similarly. If the �rst and the second
conditions for a (groupoid) congruence θ on Qp�q hold, it is called a normal congruence.
Thus, to every homomorphism from a quasigroup Qp�q to some quasigroup, there corresponds

a normal congruence on Qp�q.
In a group, every congruence is normal. Indeed, let θ be a congruence on a group Qp�q.

If acθad, then a�1pacqθa�1padq or cθd. In the same way, caθda implies cθd, so θ is a normal
congruence.

For a second example, consider a totally symmetric (TS)-quasigroup Qp�q [24], where an
equality ab � c implies the equalities xy � z, where x, y, z is an arbitrary permutation of
the elements a, b, c. In other words, ab � c implies ba � c, bc � a etc. It is easy to see that
Qp�q is a TS-quasigroup if it satis�es the identities

ab � ba, apabq � b p4.1q

(see chapter VII). As in the group case, use of the second equality in (4.1) yields that any
congruence is normal.

The concepts of homomorphism and congruence apply to any algebra QpΩq [47]. Here
we recall these de�nitions, assuming that all the operations from Ω are binary, as agreed
above.

1. An algebra QpΩq is mapped homomorphically on an algebra Q1pΩ1q if between the
operations of the sets Ω and Ω1 there exists a 1-1 correspondence* A Ø A1 (with A P

Ω and A1 P Ω1q and a function φ : QÑ Q1 such that

φApx, yq � A1pφx, φyq

*In this case the algebras QpΩq and Q1pΩ1q are said to have the same type.

54



for all A P Ω and x, y P Q.
2. An equivalence relation θ on the set Q is called a(n algebra) congruence on the algebra

QpΩq if aθb implies Apa, cqθApb, cq and Apc, aqθApc, bq for A P Ω and c P Q.
In Chapter I, De�nition 2, we construed a quasigroupQpAq as an algebraQpA,A�1, �1Aq,

where A,A�1, �1A satisfy the identities (1.3)**. Consider a homomorphism from the algebra
QpA,A�1, �1Aq to an algebra Q1pA1, B1, C 1q of the same type. It is easy to see that the
identities (1.3) also hold in a homomorphic image of the algebra φQpA,B,Cq. Consequently,
φQpAq is a quasigroup.

Let us show that any (groupoid) congruence θ on a (primitive) quasigroup

QpA,A�1, �1Aq is a normal (or algebra) congruence on QpAq, and conversely.
Indeed, let θ be a groupoid congruence on a primitive quasigroup QpA,A�1, �1Aq,

where the identities (1.3) hold, and let the relation Apa, cqθApb, cq hold in QpAq. Then
�1ArApa, cq, cs θ �1ArApb, cq, cs, as θ is an algebra congruence on QpA,A�1, �1Aq. Conse-
quently, in view of (1.4) aθb. Similarly, one can deduce aθb from Apc, aqθApc, bq.

Conversely, let θ be a normal congruence in QpAq and let aθb. Let us show that
A�1pc, aqθA�1pc, bq. According to the identities (1.4) we have a � Arc, A�1pc, aqs and
b � Arc, A�1pc, bqs. Consequently, Arc, A�1pc, aqs θ Arc, A�1pc, bqs, whence in view of the
normality of θ we have A�1pc, aq θ A�1pc, bq. Similarly, the remaining requisites for the
normality of the congruence θ in QpA,A�1, �1Aq are shown.

At the beginning of the current section we showed that to each homomorphic mapping
φ from a quasigroup Qp�q to a quasigroup Q1p�q, there corresponds a normal congruence.
Now we prove the converse statement: Each normal congruence θ on a quasigroup Qp�q

determines a homomorphism φ from the quasigroup Qp�q to some quasigroup.
Let θ be a normal congruence on a quasigroup Qp�q. For an element a of Q, set Ka �

tb P Q | aθbu, the congruence class of a. An arbitrary element of Ka will be called a
representative of the class Ka. It is easy to verify the validity of the following propositions
which come from the de�nition of a congruence:

1q If b P Ka, then Ka � Kb, and conversely ;
2q Two congruence classes Ka and Kb either coincide, or do not have any element in

common. Furthermore, note the following property:
3q aKb

*, where Kb is a congruence class, is also a congruence class, namely aKb � Kab.
Indeed, if x P aKb, then x � ab1, where b1 P Kb. Consequently b1θb. Therefore, xθab,

whence x P aKb. Thus aKb � Kab.
Conversely, if y P Kab, then yθab. Let y � az. Then azθab, whence zθb and y � az P aKb.

Therefore Kab � aKb. Thus, Kab � aKb. Similarly it is proved that Kba � Kba for arbitrary
a, b P Q.

On the set Q of all the classes of the congruenceKa, we introduce the following operation:

Ka �Kb � Kab.

Let us show that the operation does not depend on the representatives of the classes Ka

**Such an algebra is sometimes called a primitive quasigroup (see Note 2 to Chapter I).
*aM consists of all the elements ax, where x P M � Q.
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and Kb, i.e., if Ka � Kc and Kb � Kd, then Kab � Kcd. Indeed, if Ka � Kc, then c P Ka

and cθa; in the same way we get dθb̄. From here, we conclude that cdθab̄ or Kcd � Kab.
We now show that Qp�q is a quasigroup. We consider the equation ā � x̄ � b̄, where

ā � Ka, b̄ � Kb. In the quasigroup Qp�q the equation ax � b̄ has a solution, say x0.
Consequently ax0 � b̄, whence ā � x̄0 � Ka � Kx0 � Kax0 � Kb � b̄. Assume that there
exists another solution b̄0 for the equation ā � x̄ � b̄. Then ā0 � ȳ0 � b̄ should hold, i.e.,
Kay0 � Kb. In view of the invariance of the congruence under right multiplication, we
conclude that b P Kay0 , i.e., b̄θay0. But b̄ � ax0, whence ax0θay0. Consequently x0θy0 and
x0 � y0. Thus, in Qp�q the equation ax � b̄ is solvable (indeed, uniquely) for all ā, b̄ P Q̄.
In the same way it is proved that the equation ȳ � ā � b̄ has a unique solution.

Now, it is easy to con�rm that the correspondence φ : a Ñ ā is a homomorphism from
Qp�q to Qp�q:

φpab̄q � φ a � φb̄.

Indeed,
αpabq � ab̄ � Kab � Ka � Kb � ā � b̄ � φ a � φb.

Such homomorphisms are called natural [47].
The quasigroup Qp�q is described as the quotient* of the quasigroup Qp�q by the congru-

ence θ, and is denoted by Q{θp�q, i.e., Q � Q{θ, and in Q the operation p�q is de�ned. We
summarize as follows, with the so-called Homomorphism Theorem.

Theorem 4.1. If φ is a homomorphism from a quasigroup Qp�q onto a quasigroup Q1p�q,

then there exists a normal congruence θ on Qp�q such that Q1p�q � pQ{θqp�q. Conversely,

if θ is a normal congruence on Qp�q, then there is a homomorphism φ : Qp�q Ñ pQ{θqp�q

sending an element of Q to its congruence class.

2�. Normal subquasigroups

Consider a normal congruence θ on a quasigroup Qp�q. If Qp�q is a group, then the set of
elements congruent to the neutral element is a normal subgroup of the group Qp�q. In a
quasigroup, an analogue of the concept of a normal subgroup is a normal subquasigroup.

De�nition 1. A subquasigroup Hp�q of a quasigroup Qp�q is normal if it is one of the
congruence classes of a normal congruence θ on Qp�q In other words, H must have the form
H � Kh, where h is an element of H.

Lemma 4.1. A necessary and a su�cient condition for the congruence class Kh of a

congruence θ to be a subquasigroup is that h2θh.

First, suppose H � Kh is a subquasigroup, so a, b P H implies ab P H. Then since aθh
and bθh, we have abθh. But abθhh � h2, so h2θh.

*Translators' note: In the original, a factor.
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Conversely, suppose h2θh. Let us show that H � Kh is a subquasigroup. Closure in
Hp�q is immediate. Now consider the equation ax � b, where a, b P H. We have b � axθhx,
but bθhθh2, whence h2θhx. In view of the normality of θ, we conclude that xθh, i.e., x P H.
Similarly, the solution y of the equation ya � b belongs to H.

Corollary 1. Consider a congruence class Kh of θ. Let eh and fh be the respective right

and left local neutral elements of h. Then Kh is a normal subquasigroup if and only if hθeh
and hθfh.

Indeed, hθeh is equivalent to h2θheh � h.

Corollary 2. If Kh contains an idempotent* element, then Kh is a subquasigroup.

If a2 � a and a P Kh, then Kh � Ka. and we may apply Lemma 4.1.

Corollary 3. If Kh is a normal subquasigroup, then for arbitrary a P Kh we have a2θa.

Corollary 4. If Qp�q is a loop, then the congruence class Ke, where e is the neutral element

of the loop, is a normal subloop.

If H is a subquasigroup, the set aH is called a left coset of H. In view of Property 3) of
normal congruences, we have aH � Kah, where h is an element of H. In view of Property 2)
of normal congruences, two left cosets by a subquasigroup H either coincide or have no
common elements. One can also de�ne right cosets Ha, but it is easy to show that every
right coset is a left coset, and conversely. Indeed, let h be a �xed element from H. The
equality ah � ha1 de�nes a one-to-one correspondence aØ a1 for all a P Q. Then aH � Ha1.
Indeed,

aH � aKh � Kah � Kha1 � Kha
1 � Ha1.

Two normal subquasigroups are called adjacent if they are classes of the same nor-
mal congruence. There exist quasigroups in which all the congruence classes are normal
subquasigroups (e.g., distributive quasigroups � see Chapter VIII). In loops there are no
adjacent normal subquasigroups: if the class Kh is a subquasigroup, then hθe. In fact, if
Kh is a subquasigroup, then, by the proof of Lemma 4.1, h2θh or h2θhe. In view of the
normality of θ, we obtain hθe. Thus, Kh � Ke.

Remark. Let Qp�q be a loop, and let Hp�q be a normal subloop of Qp�q, de�ned by the
congruence θ. As we have just seen, Hp�q is the unique normal subloop de�ned by the
congruence θ. In this case, the quotient Q{θ is usually written Q{H, and H is called the
kernel of the natural homomorphism QÑ Q{H.

Let θ be a binary relation on a set Q. A permutation σ of Q is said to be admissible

with respect to θ if the relation aθb between elements a, b of Q holds if and only if σaθσb.

*An element a of a quasigroup Qp�q is idempotent if a2 � a.
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The set Pθ of all permutations of Q admissible with respect to a relation θ on Q forms a

group.
Certainly, the unit permutation 1 of Q is admissible, so Pθ is nonempty.
Let α, β P Pθ and a, b P Q. Then aθbô βaθβbô αβaθαβb, so αβ P Pθ.
Finally, α�1aθα�1bô a � αpα�1aqθαpα�1bq � b, so α�1 P Pθ.
Let G be the group associated with a quasigroup structure Qp�q on Q. Then:

Each permutation in G is admissible with respect to each normal congruence on Qp�q.

This follows from the observation that, if σ � La or σ � Ra, then the admissibility of σ
follows from the congruence property of θ.

Thus, the normality of a congruence θ is equivalent to the relationship G � Pθ.

If θ is a normal congruence on Qp�q, then an isotopy T � pα, β, γq of Qp�q is said to be
admissible with respect to θ if each of the permutations α, β, γ is admissible with respect to
θ.

Lemma 4.2. Let θ be a normal congruence on a quasigroup Qp�q. If Qp�q is isotopic to

Qp�q, and the isotopy is admissible with respect to θ, then θ is also a normal congruence on

Qp�q.

Let the isotopy be T � pα, β, γq. If aθb, then βaθβb by the admissibility of β. Further,
αc � βaθαc � βb by the admissibility of α, and γ�1pαc � βaqθγ�1pαc � βbq by the admissibility
of γ. Thus c � a � γ�1pαc � βaqθγ�1pαc � βbq � c � b. In similar fashion, the remaining
requirements from the de�nition of a normal congruence are veri�ed.

Remark. Obviously, the lemma applies equally to groupoid congruences.

Corollary 1. If one of the normal congruence classes H is a subquasigroup (and, conse-

quently, a normal quasigroup) of Qp�q, and if H is invariant under the admissible permuta-

tions α, β, γ, then H is also a normal subquasigroup of Qp�q.

Corollary 2. Let a and b be elements of a normal subquasigroup H of QpAq. Then H is

a normal subloop of QpAa,bq.

Indeed, by the de�nition, we have

Aa,b � ApR�1
a ,L�1

b ,1q,

where the isotopy T � pR�1
a , L�1

b , 1q is admissible with respect to any arbitrary congruence
θ on QpAq. By Lemma 4.2, θ is also a congruence on QpAa,bq. But QpAa,bq is a loop with
neutral element e � Apb, aq P H, so by Corollary 4 of Lemma 4.1, H is a normal subloop of
QpAa,bq.
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Theorem 4.2. Let h be an element of a normal subquasigroup H of a quasigroup QpAq.

Then H is a normal subquasigroup of the right derivative quasigroup QpAhq.

We have Ah � ApLh,1,Lhq, where the isotopy Lh, 1, Lh is admissible with respect to an
arbitrary normal congruence θ of QpAq. By Lemma 4.2, such a congruence θ is also normal
on QpAhq, and, consequently, H is also a congruence class in QpAhq. Therefore, it su�ces
to show that H is a subquasigroup of QpAhq.

The right local neutral element eh for h is contained in H, since H is a normal subquasi-
group of QpAq. Thus, the congruence class H in QpAhq contains an idempotent element eh.
In fact, eh is a left neutral element of the quasigroup QpAhq (see part 1 of Theorem 3.3).
Corollary 2 of Lemma 4.1 applied to the congruence classH shows thatH is a subquasigroup
of QpAhq.

Theorem 4.3. Suppose that the hypotheses of Lemma 4.2 are satis�ed by quasigroups Qp�q

and Qp�q. Then the quotients Q{θp�q and Q{θp�q are isotopic.

Proof. According to Lemma 4.2, the θ-classes in Qp�q and Qp�q coincide. For an element a
of Q, de�ne the following potential self-maps of Q{θ:

ᾱā � αa, β̄ā � βa, γ̄ā � γa. p4.2q

The de�nitions (4.2) do not depend on the choice of the representative a. Thus, if we take
b P ā, then αb � αa. Indeed, b P ā implies bθa, and hence αbθαa by the admissibility of α.
Consequently, αb � αa. Again, by the admissibility of α, we �nd that ā is a permutation
of the set Q̄ � Q{θ.

Now, the equations

ā � b̄ � a � b � α�1pβa � γbq � ¯α�1pβa � γbq � ¯α�1pβa � γbq �

� ¯α�1pβ̄ā � γ̄b̄q.

establish the desired isotopy from Q{θp�q to Q{θp�q.

3�. Inner permutations of quasigroups

We have de�ned normal subquasigroups as classes of normal congruences. However, one
may also de�ne a normal subquasigroups intrinsically. In this, we follow the ideas of Albert
and Bruck [2, 31], who considered the analogous question for loops. Thus, we introduce the
concept of an inner permutation.

De�nition 2. A permutation a in the associated group G of a quasigroup Qp�q is said to
stabilize or be inner with respect to an element h of Q if ah � h.

The inner permutations of the element h form a group, written as Ih*.

*If h � 1 is the neutral element of a loop Qp�q, then the permutation α in this case is said to be inner,

and the group I � I1 is called the group of inner permutations of the loop Qp�q [31].

59



We identify certain permutations in the group Ih. We consider the right and left
derivative operations by h in the quasigroup Qp�q. It is convenient to adopt the notation
p�qh � p
q, hp�q � p�q, so we have equations

phaqb � hpa 
 bq,

apbhq � pa � bqh

*
p4.3q

which may be rewritten in terms of translations as

RbRah � Ra
bh, LbLah � La�bh.

It follows that the permutations

Ra,b � R�1
a
bRbRa,

La,b � L�1
a�bLaLb

*
p4.4q

are inner with respect to h.
Let us consider one more permutation from Ih. The equation ha � xh has a unique

solution which, for a �xed element h, depends only on a, Therefore we can write

ha � σa � h. p4.5q

Hence σ � R�1
h Lh. On the other hand, (4.5) implies Rah � Lσah, whence L�1

σaRah � h: The
permutation

Ta � L�1
σaRa, p4.6q

belongs to the group Ih.
The permutations (4.4) and (4.6) play an important role in the theory of quasigroups

and loops. In particular, we have the following

Theorem 4.4. The group Ih of inner permutations relative to an element h of the quasi-

group Qp�q is generated by the set tTa, Ra,b, La,b | a, b P Qu
2.

Proof. Let F be the permutation group generated by the set tTa, Ra,b, La,b | a, b P Qu. Since
the set is a subset of Ih, we have that F � Ih.

To establish the opposite conclusion, �rst note that each permutation α from Ih, as a
permutation from the associated group G, has the form

α � Sε1a1S
ε2
a2
...Sεnan , p4.7q

where Sai � Rai or Lai and εi � �1 (for 1 ¤ i ¤ n). We call the number n the length of
the permutation α in the representation (4.7). Without loss of generality, we may assume
San � Ran and εi � 1, i.e., Sεnαn

� Ran , because otherwise we could add the product R�1
x Rx

to a in (4.7).
We now prove Ih � F by induction on the length n of the permutation α in one of its

representations of the form (4.7).
First, suppose n � 1. We haveαh � h. In this case, the permutation α P Ih must

have the form Rx, i.e., Rxh � h or hx � h, whence x � eh. But eh is the left neutral
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element of a right derivative of a quasigroup Qp
q: eh 
 y � y or x 
 y � y. Consequently,
Rx,y � R�1

x,yRyRx � R�1
y RyRx � Rx, i.e., Rx � Rx,y P F .

Now suppose that the theorem is true for arbitrary inner permutations φ P Ih whose
length in a representation (4.7) is less than n. Let α P Ih have length n. Let us show that
α can be represented in the form

α � α1τ, p4.8q

where α1 is some inner permutation of length n�1, and the permutation τ belongs to F . By
the induction hypothesis, we may then conclude that α1 P F , whence α � α1τ P F . Thus,
to prove Theorem 4.4, we must prove the relationship (4.8).

There are four possible cases, according to the nature of the penultimate factor Sεn�1
an�1

in
(4.7).

Case 1: α � α2RyRx. The length of the permutation α2 is n�2. From the equality (4.4),
it follows that RyRx � Rx
yRx,y. Consequently,

α � α2Rx
yRx,y � α1τ,

where α1 � α2Rx�y and τ � Rx,y. Thus α has the form (4.8).

Case 2: α � α2LyRx. Equation (4.6) implies Rx � LσxTx and equation (4.4) implies
LuLv � Lu�vLu,v. Thus, we obtain

α � α2LyLσxTx � α2Ly�σxLyTx

� α2Rσ�1py�σxqT
�1
σ�1py�σxqLy, σxTx � α1τ,

where α1 � α2Rσ�1py�σxq P F has length n� 1 and τ � T�1
σ�1py�σxqLy, σxTx P F .

Case 3: α � α2R�1
y Rx. We have

α � α2R�1
y Rx � α2pR�1

y Rxq
�1
� α2RzpR

�1
x RyRzq

�1
,

with z taken to be the solution of the equation x � z 
 y in the quasigroup Qp
q. Then

α � α2RzpR
�1
z
yRyRzq

�1
� α2RzR

�1
z, y � α1τ.

Here α1 � α2Rz and τ � R�1
z,y lie in F .

Case 4: α � α2L�1
y Rx. We have

α � α2L�1
y LσxTx � α2pL�1

σxLyq
�1
Tx � α2LzpL

�1
σxLyLzq

�1
Tx,

with z taken to be the solution of the equation σx � y � z in the quasigroup Qp�q. Then

α � α2LzpL
�1
y�zLyLzq

�1
Tx � α2LzL

�1
y,xTx � α2Rσ�1T�1

σ�1L
�1
y,xTx � α1τ.

Here α1 � α2Rσ�1z and τ � T�1
σ�1zL

�1
y,xTx lie in F .

Thus, the proof of the theorem is completed.
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Remark 1. If Qp�q is a loop, then each subloop H contains the neutral element 1. If
we put I1 � I, then I is generated by all the permutations of the forms Ta � L�1

a Ra,
Ra,b � R�1

a,bRbRa, and La,b � L�1
a,bLaLb, since in this case p
q � p�q � p�q.

If Qp�q is also a group, then I is generated only by Ta, since Ra,b � La,b � 1 according to
the equations RaRb � Rba and LaLb � Lab which are equivalent to the law of associativity
in Qp�q). But Tax � a�1xa, since in a group L�1

a � La�1 . Consequently, if Qp�q is a group,
then I is its group of inner automorphisms.

Remark 2. Let Ih1 and Ih2 be the groups of inner permutations with respect to the
elements h1 and h2. Then Ih1 and Ih2 are isomorphic. Indeed, suppose h2 � h1h, so
h2 � Rhh1. Take α P Ih2 . Then R

�1
h αRh P Ih1 . In fact, R

�1
h αRhh1 � R�1

h αh2 � R�1
h h2 � h1.

Consequently, R�1
h Ih2Rh � Ih1 . The reverse inclusion is similar, so Ih � R�1

h Ih2Rh, and in
particular, Ih1 and Ih2 are isomorphic.

Let h be an element of a subquasigroup Hp�q of a quasigroup Qp�q. Suppose thatH is
invariant under Ih:

IhH � H, p4.9q

i.e., for arbitrary α P Ih and arbitrary h1 P H, we have αh1 P H. The inclusion (4.9) is
equivalent to the equality IhH � H, since αH � H implies H � α�1H, whence H � IhH.

Remark 3. If a subquasigroup H is invariant under Ih for some h P H, then it is also
invariant under Ih1 for each h1 P H. Indeed, according to the previous remark, Ih1 �

R�1
h2
IhRh2 , where h1h2 � h. Consequently, Ih1H � H, since H is invariant under Rh2 and

Ih.

Lemma 4.3. Let H be a subquasigroup invariant under Ih, where h is a �xed element

from H. Then for arbitrary a, b P Q the equalities

σaH � Ha,

apbHq � pa � bqH,

pHaqb � Hpa 
 bq

,.
- p4.10q

hold.

Indeed, using (4.6) we have Ha � RaH � LσaTaH � LσapTaHq � LσaH, since Ta P Ih
and, consequently, TaH � H. Thus, the �rst of the equalities (4.10) is proved. Further,

apbHq � LaLbH � La�bLa,bH � La�bH � pa � bqH.

The third of the equalities (4.10) is proved in similar fashion.
The converse assertion is also true: If the equalities (4.10) hold, then the subquasigroup

H is invariant under Ta, La,b, Ra,b and, consequently, is invariant under Ih.
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Corollary 1.

pxHqy � RhxpHL
�1
h yq. p4.11q

Indeed, using the equalities (4.10) we have

pxHqy � pHσ�1xqy � Hpσ�1x 
 yq � σpσ�1x 
 yqH.

We determine the isotope p
qpσ
�1,1,σ�1q. Given p
q � p�qh and p�q �h p�q, we have p
q �

p�qpLh,1,Lhq (see (3.8) and (3.9)). Thus,

p
qpσ
�1,1,σ�1q � p�qpLh,1,Lhqpσ

�1,1,σ�1q � p�qpLhσ
�1,1,Lhσ

�1q

� p�qp1,Rh,RhqpLhσ
�1,R�1

h ,R�1
h ,Lhσ

�1q � p�qpRh,R
�1
h ,1q.

This means that σpσ�1x � yq � Rhx �R
�1
h y, whence

pxHqy � pRhx �R
�1
h yqH � RhxpR

�1
h yHq

� RhxpHσ
�1R�1

h yq � RhxpHL
�1
h yq.

Corollary 2.

aH � pa �HqH, Ha � HpH 
 aq. p4.12q

In fact, pa�HqH consists of all the elements of the form pa�h1qh2, where h1, h2 P H. But the
equality apbHq � pa � bqH implies pa � h1qh2 P aph1Hq. Thus, pa �HqH � aH. Conversely,
let x P aH, say x � ah3 with h3 P H. Now h3 can be represented in the form h3 � h4h.
Thus, x � aph4hq � pa � h4qh and therefore x P pa � h4qH � pa �HqH. The second of the
equalities (4.12) is proved similarly.

Corollary 3.

Rha �H � paHqH, H � Lha � HpHaq. p4.13q

Derivation of the equalities (4.13) is based on equation (4.10), and is performed in similar
fashion to the proof of Corollary 2.

Lemma 4.4. If a subquasigroup H is invariant under a group of inner permutations Ih,

then

aH � bH � pad bqH, p4.14q

where (dq � p�qRh .
We use the equality (4.11):

aH � bH � RharH � L�1
h pbHqs � RharH � L�1

h pHσ�1bqs.

But L�1
h pHaq � H 
 a. Indeed,

LhpH 
 aq � HpH 
 aq � Ha

(by Corollary 2). Conversely, if x P Ha, then x � h1a � phh2qa � hph2 
 aq P LhpH 
 aq.
Therefore,Ha � LhpH 
 aq, whence Ha � LhpH 
 aq and L�1

h pHaq � H 
 a. We complete
the proof of the relationship (4.14) using Corollary 2:

aH � bH � RharHpH � σ�1bqs � RhapHσ
�1bq � RhapbHq

� pRha � bqH � R�1
h pRha �Rhbq � pad bqH.
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Lemma 4.5. Suppose that a subquasigroup H is invariant under Ih, for some h P H.

Then two cosets aH and bH are either disjoint, or coincide.

Indeed, consider c P aH X bH. Then there exist elements h1 and h2 in H such that
c � ah1 and c � bh2. We have

c � ah1 � aph11hq � pa � h11qh and

c � bh2 � bph12hq � pb � h12qh.

Therefore, a �h11 � b �h12. Hence pa �h
1
1qH � pb �h12qH, so aph11Hq � bph12Hq, and aH � bH.

The signi�cance for quasigroups of the groups of inner permutations follows from the
following theorem.

Theorem 4.5. A subquasigroup H is normal if and only if it is invariant under the group

Ih of inner permutations, for any element h of H.3

Proof. Su�ciency: Let H be invariant under Ih. We de�ne an equivalence relation aθb by
aH � bH, and show that θ is a normal congruence on Qp�q.

1. θ is a groupoid congruence in Qpdq.
Suppose aθa1 and bθb1. Then

pad bqH � aH � bH � a1H � b1H � pa1 d b1qH,

i.e., pad bqθpa1 d b1q.
2. The permutation Rh is admissible with respect to θ.
Suppose aθb. Then by Corollary 3 of Lemma 4.3, we have

Rha �H � paHqH � pbHqH � Rhb �H,

i.e., RhaθRhb.
Conversely, suppose RhaθRhb. Now Rha � H � RhapH � L�1

h hq � paHqh. Similarly, we
obtain Rhb �H � pbHqh. From Rha �H � Rhb �H we thus obtain paHqh � pbHqh, whence
aH � bH or aθb. Thus Rh is admissible with respect to θ.

3. θ is a groupoid congruence on Qp�q.
This assertion follows from the fact that Rh is an admissible permutation for the con-

gruence θ, and from (the remark to) Lemma 4.2.
4. θ is a normal congruence on Qp�q.
Suppose yxθzx, with y � Lhy

1 and z � Lhz
1 . We may rewrite R�1

h pyxq as R�1
h pyxq �

R�1
h LhL

�1
h � pLhy

1xq � σpy1 
 xq. Since yxθzx, we then have R�1
h pyxqθR�1

h pzxq, whence
R�1
h pyxqH � R�1

h pzxqH and σpy1
xqH � σpz1
xqH. Hence, by (4.10) we obtain Hpy1
xq �
Hpz1 
 xq. Using (4.10) again, we �nd pHy1qx � pHz1qx, whence Hy1 � Hz1. Consequently,
σy1H � σz1H, i.e., σy1θσz1 or R�1

h Lhy
1θR�1

h Lhz
1. Taking into consideration the values for

y1 and z1, we have R�1
h yθR�1

h z, whence yθz.
If xyθxz, then yθz. This part is easier. Let y � Rhy

1 and z � Rhz
1. Then x�Rhy

1θx�Rhz
1,

so R�1
h px � Rhy

1qθR�1
h px � Rhz

1q and x � y1θx � z1. Consequently, px � y1qH � px � z1qH and
xpy1Hq � xpz1Hq, whence y1H � z1H, i.e., y1θz1, Rhy

1θRhz
1 and yθz.
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Thus, we have shown that θ is a normal congruence on Qp�q. Since the subquasigroup
H is a θ-class, it is a normal subquasigroup.

Necessity: Let H be a class of a normal congruence θ. We show that if φ P Ih and
h1 P H, then φh1 P H. It is su�cient to prove our assertion for the case where φ is one of
the generators of the group Ih.

1. Suppose that φ � Ta, and let Tah1 � x. Thus L�1
σaRah

1 � x, so σa � x � h1 � a and
R�1
h Lha � x � h1a. Let a � L�1

h Rhb. We obtain bx � h1L�1
h Rhb. But h1L�1

h RhbθhL
�1
h Rhb �

LhL
�1
h Rhb � Rhb, i.e., bxθRhb � bh. Since θ is a normal congruence, we conclude that xθh,

i.e., x P H.
2. Suppose that φ � Ra,b, and let Ra,bh

1 � x. Thus R�1
a
bRbRah

1 � x, so Ra
bx � RbRah
1

and ph1aqb � pxa 
 bq. Since ph1aqbθphaqb � hpa 
 bq, we have hpa 
 bqθxpa 
 bq, whence hθx
and x P H. Similarly, it is proved that La,bH � H.

Normal subquasigroups may also be characterized as follows (compare [25, p.256]).

Theorem 4.6. A necessary and a su�cient condition for a subquasigroup H to be normal

is the following. Let a and b be two arbitrary �xed elements from Q. Then, if in the equality

pah1qpbh2q � pad bqh3, p4.15q

two of the three elements h1, h2, h3 belong to H, then the third one also belongs to H.

Proof. The necessity of condition (4.15) for normality follows immediately from Lemma 4.4.
Thus, given the condition, it su�ces to show that H satis�es the equations (4.10).

Let us prove the �rst of the equations (4.10). An arbitrary element from Ha has the
form h1a. We can write h1 as fhh2, where fh is the left local neutral element for h, and set
a � a0h. Then

h1a � pfhh2qpa0hq � pfh d aqh3 � R�1
h pRhfh �Rha0qh3

� R�1
h phaq � h3 � R�1

h Lha � h3 � σa � h3.

Conversely, if h3 is an arbitrary element from H, then going in the opposite direction we
obtain σa � h3 � pfh d a0qh3. In view of the hypothesis of the theorem, for given h, h3
there exists an element h2 from H such that pfh d a0qh3 � pfhh2qpa0hq. Consequently,
σa � h3 � h1a. Thus, Ha � σa �H.

The second of the equations (4.10) is proved similarly. Consider

apbh1q � pa0hqpbh1q � pa0 d bqh2

� R�1
h pRha0 �Rhbqh2 � R�1

h pa �Rhbqh2 � pa � bqh2.

Reading the equations in each direction (h1 to h2, and back) yields the required equality of
sets.

Finally, we consider the last of the equations (4.10). We have

ph1aqb � pσah11qb � pσah11qpb0hq � pσad bqh2 � h3σ
�1pσad b0q.

But σ�1pσad b0q � σ�1R�1
h pRhσa �Rhb0q � L�1

h pLha � bq � a 
 b, so ph1aqb � h3pa 
 bq, and,
consequently, pHaqb � Hpa 
 bq. Similarly, we obtain the reverse inclusion, and from there
we have the third of the equations (4.10).
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Corollary. If Qp�q is a loop with neutral element 1 and h � 1, then p
Ä
q � p�q, and

we have the following assertion: A subloop H is normal if and only if, in the equation

ah1 � bh2 � ab � h3, whenever two of the three elements h1, h2 and h3 belong to the subloop

H, then the third also belongs to H.
The theory of normal subquasigroups and homomorphisms of quasigroups can be devel-

oped further, but we will not do this here. We merely note the following proposition which
follows directly from Theorem 4.5: Any nonempty intersection of normal subquasigroups is

also a normal subquasigroup.4

4�. Homotopy

Isotopy is a natural generalization of isomorphism. The concept of a homotopy of two
quasigroups introduced by Albert [1] provides an analogous natural generalization of a
homomorphism.

First, we agree on some designations. A surjection α : QÑ Q1 means a mapping of the
set Q onto the set Q1. In this case, one can write αpQq � Q1. If βpQ1q � Q2, then the
surjections β and α can be multiplied, and the product βα yields the equality βαpQq � Q”,
i.e., βαpQq � βrαpQqs. Not all surjections can be multiplied, as is clear from the de�nition.
Two surjections α, β : P Ñ Q are called equivalent if there exist permutations U of P and
V of Q such that

α � V βU .

De�nition 3. A quasigroup P pBq is homotopic to a quasigroup QpAq if there exists a
triple T � pα, β, γq of mutually equivalent surjections from P to Q such that

γBpx, yq � Apαx, βyq

for arbitrary x, y P P . In this case, the quasigroup QpAq is called a homotopic image of the
quasigroup P pBq.

As for isotopy, we will also write B � AT � Apα,β,γq as a shorthand implying that B acts
on P and A acts on Q. In particular, if α � β � γ, then we write* B � Apγ,γ,γq � Aγ. The
triple T is called a homotopy, and the surjections α, β, γ are the components of T .

The product of homotopies T and S is de�ned in the same way as the product of
isotopies, if, of course, the product of components of T and S makes sense. As for isotopies,
the equality pAT qS � ATS is true. Furthermore, B � AT

�1
follows from B � AT if the

components of T are invertible mappings from P to Q.
It is now easy to prove the following theorems.

Theorem 4.7. A quasigroup P pBq is homotopic to a quasigroup QpAq if and only if there

are respective isotopes P pB0q of P pBq and QpA0q of QpAq such that B0 � Aγ0 for some γ,

(i.e., if P pB0q is homomorphic to QpA0q).

*In this case, the quasigroup P pBq is said to be homomorphic to the quasigroup QpAq.
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Proof. Let B � AT , where T � pα, β, γq. By the de�nition of a homotopy, α � V1γU1 and
β � V2γU2, where U1, U2 are permutations of the set P , and V1, V2 are permutations of the
set Q. Therefore,

B � Apα, β, γq � ApV1γU1, V2γU2, γq � ApV1, V2, 1qpγ, γ, γqpU1, U2, 1q,

whence
BpU1, U2, 1q�1

� ApV1, V2, 1qγ.

The required quasigroups are

B0 � BpU�1
1 , U�1

2 , 1q and A0 � ApV1, V2, 1q.

The converse is also easy to see.

Theorem 4.8. If a loop P pBq is homotopic to a quasigroup QpAq, then the loop P pBq is

homomorphic to a loop isotopic to the quasigroup QpAq.

Indeed, let B � Apα, β, γq or γBpx, yq � Apαx, βyq. Let x � e be the neutral element
of the loop P pBq. Then γy � Apαe, βyq � LAαeβy, where L

A
αe is a left translation in QpAq.

Consequently β � pLAαeq
�1γ. Similarly, we obtain α � pRA

βeq
�1γ. Then

γBpx, yq � ArpRA
βeq

�1γx, pLAαeq
�1γys � Aβe, αepγx, γyq,

i.e.,
B � Aγβe, αe

(for the de�nition of Au, v, see Chapter I).

Corollary. If a group P pBq is homotopic to a loop QpAq, then P pBq is homomorphic to

QpAq. Consequently, QpAq is a group.

Indeed, according to Theorem 4.8, the group P pBq is homomorphic to a loop QpCq which
isotopic to a loop QpAq. Thus, QpCq must also be a group, and since QpCq is isotopic to a
loop QpAq according to Albert's theorem, we conclude that QpAq is also a group.

Remark. A non-associative loop P pBq can be homotopic, and even homomorphic, to a
group QpAq (see the example from 1� in this chapter).
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Notes

1Examples can be found in the articles of Bates and Kiokemeister r38s, Cowell r45s, Evans r44s; but

they are rather challenging. On the other hand, it is very easy to construct an example of a groupoid with

division which is not a quasigroup. Let Q be the set of non-negative real numbers, and let x � y � |x� y|,

where |x| is the absolute value of the number x P Q. Then Qp�q is the desired example.
2Theorem 4.4 was proved for loops by Bruck [31], and in alternative fashion by Osborn. Here Osborn's

proof is extended to quasigroups.
3From Theorem 4.5 and Lemma 4.5 it follows that if Qp�q is a �nite quasigroup, then the order of a

normal subquasigroup Hp�q is a divisor of the order of the quasigroup (as a weak analogue of the Lagrange

Theorem for groups). If Hp�q is a subquasigroup which is not normal, then its order does not have to divide

the order of the quasigroup. A counterexample is furnished by the non-associative loop Qp�q of order 5,

presented with its Cayley table in Chapter I, 1�. Let H � t1, au, where a is an arbitrary element of Q with

a � 1. Then Hp�q is a subloop of order 2.

Following Bruck [31], we say that a �nite loop Qp�q possesses Property pLq (weak Lagrange property)

if the order of an arbitrary subloop is a divisor of the order of the loop, and Qp�q has Property pL1q if an

arbitrary subloop of the loop Qp�q exhibits Property pLq. A necessary and a su�cient condition for a �nite

loop Qp�q to have Property pL1q is: There exists a chain Q � Q0 � Q1 � Q2 � ... � Qn � 1 in Qp�q, where

each subloop Qi is a normal subloop in Qi�1 (for 1 ¤ i ¤ n), and each Qi�1{Qi has Property pL1q.
4The theory of normal subquasigroups has been studied by many authors. In addition to Bates and

Kiokemeister, we note the works by Albert [1, 2], Baer [36], Garrison [40], Murdoch [53], and also Bruck

[31]. Albert studies normal subquasigroups with the help of the associated group G (see Chapter I, 2�). In

particular, he proved that a subquasigroup H of a quasigroup Qp�q is normal if and only if H � Γ1, where

Γ is a normal subgroup of the associated group G.
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Chapter V. Quasigroups and loops with

the inverse property (IP -quasigroups)

1�. De�nitions and elementary properties

Up to this point, we have been analyzing quasigroups and loops in reference to the asso-
ciativity property that groups possess. However, groups have another important property,
the inverse property : Each element x is matched by its inverse x�1, such that the equations
xx�1 � x�1x � 1 hold. Using associativity, we then obtain

x�1pxyq � y and pyxqx�1 � y. p5.1q

The equations p5.1q may be interpreted as a de�nition of a rather wide class of quasigroups
and loops.

De�nition 1. A quasigroup Qp�q is said to possess the right inverse property if it is
equipped with a self-map Ir of the set Q such that

pyxqIrx � y p5.2q

for elements x, y of Q. The left inverse property is de�ned similarly. In this case, we have
the equation

Ilxpxyq � y p5.3q

involving a self-map Il of Q.

The conjunction of the right and left inverse properties is identi�ed as the inverse prop-

erty. Quasigroups with the left (right) inverse property are called left (right) IP -quasigroups,
and a quasigroups with the inverse property are called an IP -quasigroups1. A loop with
the inverse property is called an IP -loop for brevity.

Let Qp�q be a loop with neutral element 1. The equations ax � 1 and ya � 1 have unique
solutions. The element x is called the right inverse element for a, and is denoted by a�1,
while the element y is called the left inverse element for a and is denoted by �1a. Thus,

aa�1 � 1 and �1aa � 1.

If Qp�q is an IP -loop, then
Irx � x�1 and Ilx �

�1 x. p5.4q
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For this purpose, it su�ces to set y � 1 in p5.2q and p5.3q. It is convenient to use the index
notations of p5.4q for Irx and Ilx in any IP -quasigroup. In this notation, the equations
p5.2q and p5.3q are rewritten as

pyxqx�1 � y and �1xpxyq � y. p5.5q

Now, we will examine a series of simple properties which immediately follow from the
de�nition of an IP -quasigroup.

1. The mapping Ir : x Ñ x�1 is a permutation of the set Q, with I2r � 1. Indeed,
yx � x�1 � y implies pyx � x�1qpx�1q�1 � ypx�1q�1 or yx � ypx�1q�1, whence px�1q�1 � x.
Similarly, the mapping Il : xÑ�1 x is a permutation of the set Q, with I2l � 1.

2. The solution of the equation ax � b is �1ab, while the solution of the equation ya � b

is ba�1. Indeed, ap�1abq ��1 p�1aqp�1abq � b.

3. We have the equations

pxyq�1 ��1 y ��1 x and �1pxyq � y�1 � x�1. p5.6q

Set xy � z, so y ��1 xz, where �1x � yz�1. Then z�1 ��1 y�1x, i.e. pxyq�1 ��1 y�1x. The
second of the equations p5.6q is proved similarly.

4. For each a in Q, the equations

LIla � L�1
a and RIra � R�1

a

hold. They follow from the respective equations p5.2q and p5.3q.
5. In an arbitrary IP -quasigroup the equations

IrRaIl � L�1
a , IlLaIr � R�1

a , p5.7q

IlRaIr � LIra, IrLaIl � RIla p5.8q

hold. Indeed, we have

IrRaIlx � p�1xaq�1 � p�1aq ��1 p�1xq ��1 ax � LIlax � L�1
a x.

The remaining equations from p5.7q and p5.8q are proved similarly.
6. The right and left inverses of an element x coincide in each IP -loop:

�1x � x�1. p5.9q

For this, it su�ces to set y � x�1 in the second of the equations p5.5q.
7. The following equalities hold in each IP -loop:

aa�1 � a�1a � 1,

pbaqa�1 � a�1pabq � b,

pa�1q�1 � a, pabq�1 � b�1a�1,

,.
- p5.10q

L�1
a � La�1 , R�1

a � Ra�1 ,

IRaI � L�1
a , ILaI � R�1

a ,

*
p5.11q
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where Ix � x�1.
8. Equation p5.9q holds in commutative IP -quasigroups. Indeed, pbaqa�1 � b, so by the

commutativity a�1pabq � b. Comparison of this expression with (5.3) yields �1a � a�1.
9. Let ex, fx be the respective right and left local units of an element x of an IP -

quasigroup. Then:

xx�1 � fx,
�1xx � ex, p5.12q

e�1
x � ex,

�1fx � fx. p5.13q

For the translations Lx, Rx we have

L�1
x � L�1x , R

�1
x � Rx�1 . p5.14q

The equations p5.12q and p5.14q follow directly from the de�nition of an IP -quasigroup. For
p5.13q, we have

pxexqe
�1
x � x.

On the other hand, xex � x, so xe�1
x � x, whence e�1

x � ex.

2�. Crossed product of quasigroups. An example of an

IP -quasigroup

So far, the only examples of IP -quasigroups that we have noted are groups. Here, we will
construct an example of an IP -quasigroup where Il � Ir. By (5.9), such a quasigroup
cannot be an IP -loop, and certainly not a group. To construct the example, we will use
the so-called crossed product of quasigroups. It is suggested by the theory of quasigroup
extensions.

Let P p�q be a quasigroup de�ned on a set P � tu, v, w, . . . u, Suppose that we have a
system Σ of quasigroup operations on a given set Q. Consider a mapping P 2 Ñ Σ which
assigns the operation Apu,vq to an ordered pair pu, vq from P 2. Consider the set M � P �Q,
and an operation

pu, aq � pv, bq �
�
uv,Apu,vqpa, bq

�
p5.15q

on the set M . The groupoid Mp�q is called the crossed product

p�q �  �,Σ ¡

of the quasigroup P p�q and the system QpΣq of quasigroups.
A crossed product Mp�q of quasigroups is also a quasigroup. Indeed, consider x � pu, aq

and y � pv, bq in M . We will show that there exists a unique element z � pw, cq in M such
that x � z � y. We have

pu, aq � pw, cq � pv, bq

or �
uw,Apu,vqpa, cq

�
� pv, bq,
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whence
uw � v and Apu,wqpa, cq � b. p5.16q

The element w is uniquely de�ned by the �rst equation from p5.16q, so we have a uniquely
de�ned operation Apu,wq P Σ. The second equation from p5.16q then speci�es c uniquely.
The equation z � x � y for z is solved similarly.

The following statement can be proved in similar fashion.
The crossed product Mp�q is a loop if and only if the following conditions hold:

1q P p�q is a loop with neutral element 1;
2q There exists an element e P Q such that

Apu,1qpa, eq � Ap1,uqpe, aq � a

for arbitrary a P Q and u, v P P .
In this case, the pair p1, eq is the neutral element of the loop Mp�q.

Further it is possible to prove the following statement.

Theorem 5.1. Let θ be a congruence (a normal congruence) on a quasigroup P p�q. Con-

sider the relation θ on M with

pu, aqθpv, bq if and only if uθv.

Then θ is a congruence (a normal congruence) on Mp�q.

For example, we show, that if θ is a normal congruence on P p�q, then x � zθ̄y � z implies
xθ̄y. Indeed, let x � pu, aq, y � pv, bq, z � pw, cq. Then

pu, aq � pw, cqθ̄pv, bq � pw, cq,

puw,Au,wpa, cqqθ̄puw,Au,wpb, cqq,

so uwθvw. Consequently, uθv, whence xθy.

Corollary 1. If t2 � t in P p�q, then N � tpt, aq | a P Qu is a normal subquasigroup of

Mp�q.

Indeed, it is easy to verify that N is a subquasigroup in Mp�q. Further, we take the
equality relation on P p�q as θ. Then θ is a normal congruence inMp�q. In view of Lemma 4.1
, N is a normal subquasigroup, because pt, aq � pt, aqθpt, aq.

Corollary 2. If P p�q is a loop with neutral element 1, then N � t1u � Q is a normal

subquasigroup in Mp�q.

The crossed product may be used to construct various examples of quasigroups.
1) The direct product is a special case of the crossed product: if Apu,vq � p
q for each

u, v P P , then Mp�q is the direct product of the quasigroups P p�q and Qp
q:

pu, aq � pv, bq � puv, a 
 bq.
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2) An example of an IP -quasigroup with Ir � Il. Consider the direct product of a group
P p�q and the quasigroup QpAq, where Apa, bq � θa �b and θ is an automorphism of order 2 of
a group Qp�q. We show thatMp�q, withM � P �Q and p�q �  �, A ¡, is an IP -quasigroup
with

Irpu, aq � pu�1, θa�1q,

Ilpu, aq � pu�1, a�1q.

*
p5.17q

Indeed, we have

Ilpu, aq � ppu, aq � pv, bqq � pu�1 � uv, θa�1 � θa � b � pv, bq

� rpv, bq � pu, aqs � Irpu, aq � pvu, θb � aq � pu�1, θa�1q

� pvu � u�1, θpθb � aq � θa�1q � pv, θ2b � θaθa�1q � pv, θ2bq � pv, bq.

Therefore,Mp�q is an IP -quasigroup, with Ir � Il. The inequality follows from p5.17q, since
θ � 1.

3�. Isotopes of IP -quasigroups. Moufang quasigroups

First of all, we note that the concept of an IP -quasigroup can be de�ned in terms of the
inverse operations from Chapter I, De�nition 3: a quasigroup QpAq is an IP -quasigroup if

and only if there exist two permutations Ir and Il such that

A�1 � ApIl,1,1q and �1A � Ap1,Ir,1q. p5.18q

Indeed, according to the de�nition of an IP -quasigroup QpAq we have

ArApb, aq, Iras � b,

whence Apb, aq � �1Apb, Iraq and A � p�1Aqp1,Ir,1q. Therefore,

�1A � Ap1,Ir,1q�1

� Ap1,I�1
r ,1q � Ap1,Ir,1q.

The �rst of the equations p5.18q is proved similarly. The equations p5.18q imply the following.

Lemma 5.1. An IP -quasigroup A and its inverse quasigroups are all isotopic to each

other.

Indeed, let
Pl � pIl, 1, 1q and Pr � p1, Ir, 1q. p5.19q

Then the equations p5.18q become

A�1 � APl and �1A � APr .

Using Corollary 1 of Lemma 1.3, we obtain
�1pA�1q ��1 pAPlq � p�1AqP

l
l � APrP l

l ,
�1pAq�1 � pAPrq�1 � pA�1qP

r
r � APlP

r
r ,

A
 � r�1pA�1qs�1 � pAPrP l
l q�1 � pAT q�1 � pA�1qT

r
� APtT r

.

We recall that T r � pα, β, γqr � pα, γ, βq and T l � pα, β, γql � pγ, β, αq.
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Corollary. If A is an IP -loop, then all the inverse loops of A coincide.

The inverse loops for the loop A are de�ned by the equalities p1.18q:

Aρ � pA�1qPA and Aλ � p�1AqSA ,

where PA � pI�1
A , 1, 1q, SA � p1, IA, 1q and Apx, IAX q � 1. But by Properties 1 and 5 of

IP -loops, we have Ir � Il � IA � I and

PA � pI�1, 1, 1q � pI, 1, 1q.

By p5.19q we obtain PA � Pl and P 2
A � 1. So,

Aρ � pA�1qPA � AP
2
A � A.

We �nd Aλ � A similarly, whence Aρλ � A, Aλρ � A, etc. The converse is easy to see: If A
is a loop and Aρ � Aλ � A, then A is an IP -loop.

Now, let B be an isotope of an IP -quasigroup A

B � AS.

Then by Corollary 1 of Lemma 1.3,

B�1 � pASq�1 � pA�1qS
r

� APlS
r

� pBS�1

qPlS
r

� BS�1PlS
r

. p5.20q

If B is also an IP -quasigroup, then we must have B�1 � BpI
1

l ,1,1q � BP
l
1 , where I

1

l is some
permutation. Consequently,

BS�1PlS
r

� BP
l
1 � pBS�1

qSP
1

l ,

i. e., APlS
r
� ASP

1

l , whence
APlS

rpP
1

l q
�1S�1

� A. p5.21q

Let S � pλ, µ, νq then

Tl � PlS
rpP

1

l q
�1S�1

� pIl, 1, 1qpλ, µ, νqpλ
�1, µ�1, ν�1q �

� pIlλI
1�1
l λ�1, νµ�1, µν�1q.

Thus, Tl must be an autotopy of the quasigroup A. Considering �1B, we similarly obtain
that Tr � pνλ�1, IrµI

1�1
r µ�1, λν�1q is also an autotopy of the quasigroup A. Thus, we have

obtained the following.

Theorem 5.2. The following property is necessary and su�cient for an isotope of an IP -

quasigroup A also to be an IP -quasigroup: There exist two involutions, permutations I
1

r and

I
1

l of order 2, such that Tl � pIlλI
1�1
l λ�1, νµ�1, µν�1q and Tr � pνλ�1, IrµI

1�1
r µ�1, λν�1q are

autotopies of the quasigroup A.

We have already seen that the condition is necessary. The proof of su�ciency does not
present any di�culties: we proceed in the opposite direction from the equation p5.21q to the
equation p5.20q, using the conditions of the theorem.
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Let us apply Theorem`5, 2 to the case when B is a loop. Thus, we will �nd conditions
under which an isotope B of an IP -quasigroup A is an IP -loop.

It su�ces to consider the case where B is a principal isotope of A. Then by Lemma 1.1.
the isotopy must have the form:

B � ApR�1
c ,L�1

d ,1q.

By the equations p5.14q, we obtain R�1
c � Rc�1 and L�1

d � L�1d . Thus, the loop B must
have the form:

B � ApRa,Lb,1q,

where a � c�1 and b ��1 d. If B is an IP -loop, then by Theorem 5.2 there exist two
permutations I

1

l and I
1

r such that

Tl � pIlRaI
1

lR
�1
a , L�1

b , Lbq and Tr � pR�1
a , LrLbI

1

rL
�1
b , Raq

are autotopies of the quasigroup A. In other words,

Lbpxyq � ϕx � L�1
b y

Rapxyq � R�1
a x � ϕy,

*
p5.22q

where ϕ � IlRaI
1

lR
�1
a and ψ � IrLbI

1

rL
�1
b . Since L�1

b y � L�1by �
�1 and R�1

a x � Ra�1x �

xa�1, the equations p5.22q imply

b � xy � ϕx ��1 by,

xy � a � xa�1 � ψy.

*
p5.23q

Replacing the element y with by in the �rst of the equations p5.23q,

bpx � byq � ϕx � y. p5.24q

Let y � b�1. Then
bpx � bb�1q � ϕx � b�1.

Therefore,
ϕx � rbpx � bb�1qsb � pb � xfbqb,

whence, replacing ϕx with pb � xfbqb in p5.24q, we obtain

bpx � byq � trbpx � fbqsbu y. p5.25q

Similarly, the second of the equalities p5.23q gives

pxa � yqa � xrapeay � baqs. p5.26q

If the equality p5.25q holds for each x and y, the element b is called a left Moufang element.
If the equality p5.26q holds, the element a is called a right Moufang element We obtain the
following.
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Corollary. The isotope B � ApRa,Lb,1q will be an IP -loop if and only if a and b are

respectively right and left Moufang elements of the quasigroup QpAq.

It may turn out that all the elements of an IP -quasigroup Qp�q are right and left Moufang
elements. Such a quasigroup is called a Moufang quasigroup. Thus, we arrive to the following
de�nition:

De�nition 2. A quasigroup Qp�q is called a Moufang quasigroup if

pxy � zqy � xrypeyz � yqs, p5.27q

and
ypx � yzq � rpy � xfyqysz, p5.28q

for x, y, z P Q, recalling pyey � y and fyy � yq 2.

Theorem 5.3. Every Moufang quasigroup Qp�q is an IP -quasigroup.

Indeed, for every y P Q there exists a element y
1

such that eyy
1

� y � ey. Let

xy � y
1

� x
1

.

If we show that x
1

� x, it will follow that Qp�q is a right IP -quasigroup. Indeed, using
p5.27q we have

x
1

y � pxy � y
1

qy � xrypeypy
1

� yqs � xpyeyq � xy,

whence x
1

� x. The fact that Qp�q is a right IP -quasigroup is proved similarly.
Each element of a Moufang quasigroup is simultaneously a left and a right Moufang

element. Thus, if we use the corollary to Theorem 5.2, we obtain the following statement:

Corollary. If a loop is an isotope of a Moufang quasigroup, then it is an IP -loop.

Suppose that a Moufang quasigroup Qp�q is a loop, with ey � fy � 1 as the neutral
element. Then, the identities p5.27q and p5.28q become

pxy � zqy � xpy � zyq, p5.29q

and
ypx � yzq � pyx � yqz. p5.30q

Later (see Chapter VI, ¶1�), it will be proved that the identities p5.29q and p5.30q are
equivalent.

De�nition 3. A loop Qp�q is a Moufang loop if it satis�es one of the identities p5.29q or
p5.30q. The identities p5.29q and p5.30q are known as Moufang identities.

From the de�nition of a Moufang loop, we immediately have the following.
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Theorem 5.4. If each loop isotopic to a loop Qp�q is an IP -loop, then Qp�q is a Moufang

loop.

Indeed, a Moufang loop is a Moufang quasigroup. We can now give a sharper charac-
terization of Moufang quasigroups.

Theorem 5.5. Each loop isotopic to a Moufang quasigroup is a Moufang loop.

Now consider a Moufang quasigroup Qp�q. Let x � y � R�1
a x �L�1

b y. Then Qp�q is a loop
with neutral element e � ba. For brevity we will write Ra � R and Lb � L. Then

xy � Rx � Ly.

Rewriting p5.27q in terms of the operation p�q produces

RrRpRx � Lyq � Lzs � Lz � Rx � LRy � LrRpRey � Lzq � Lys.

Replacing the respective elements x, y, z here with R�1x, L�1y, L�1z gives

RrRpx � yq � zs � y � x � LRL�1y � LrRpReL�1y � zq � ys. p5.31q

Set x � e, Then p5.31q yields

RpRy � zq � y � LRL�1y � LrRpReL�1y � zq � ys.

Thus, equation p5.31q transforms into

RrRpx � yq � zs � y � x � rRpRy � zq � ys. p5.32q

Taking y � e in p5.32q gives

RpRx � zq � x �RpRe � zq.

De�ne τz � RpRe � zq. Clearly, τ is a permutation of the set Q. Then

RpRx � zq � x � τz

or
Rpx � zq � R�1x � τz. p5.33q

Using p5.33q, we can simplify p5.32q as

rpx � yq � τzs � y � x � rpy � τzq � ys.

Consequently,
rpx � yq � zs � y � x � rpy � zq � ys p5.34q

represents a reformulation of the Moufang quasigroup identity p5.27q in terms of the loop
operation p�q.
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If we use the operation p�q in p5.28q, then we obtain

y � rx � py � zqs � ry � px � yqs � z, p5.35q

in similar fashion, making use of the relation

Lpx � yq � θx � L�1y, p5.36q

where θx � Lpx � Leq, the analogue of τz � RpRe � zq..
A loop Qp�q with the identity p5.34q is called a right Bol loop, while a loop Qp�q with

the identity p5.35q is called a left Bol loop.
These right and left Bol identites di�er slightly from the Moufang identities. It will be

shown below that every Moufang loop is both a left and a right Bol loop. However, neither
of the left or right Bol identities alone is su�cient to yield a Moufang loop. Nevertheless:

If the identities p5.34q and p5.35q are both satis�ed in a loop Qp�q, then it will be a

Moufang loop.
Indeed, according to Theorem 5.3, the loop Qp�q will be an IP -loop. Then, using the

equality p5.34q, we have

y � pz � yq � y � rpy�1 � yq � zs � y � y � y�1 � rpy � zq � ys,

where y�1 � y � e. Thus,
y � pz � yq � py � zq � y.

This latter equality (known as the �exible law) transforms the identity p5.34q into p5.29q.
In the opposite direction, we have the following statement.
Let Qp�q be a Moufang loop, and let R be a permutation of Q such that

Rpx � yq � R�1x � τy and Lpx � yq � θx � L�1y p5.37q

for certain permutations τ, θ of Q. Then Qp�q is a Moufang quasigroup. 3

The proof reduces to the veri�cation of the equations p5.27q and p5.28q. The two sides
of p5.27q appear as

pxy � zqy � RrRpRx � Lyq � Lzs � Ly

� rpRx � Lyq � τLzs � Ly � Rx � rLypτLz � Lyqs

and
xrypeyz � yqs � Rx � L tRy � LrRpRey � Lzq � Lysu

� Rx � tθRy � rRpRey � Lzq � Lysu .

Thus equation p5.27q holds if and only if

Ly � pτLz � Lyq � θRy � rpey � τLzq � Lys,

or
y � pz � yq � θRL�1y � rpeL�1

y
� zq � ys. p5.38q

78



In order to prove p5.38q we �nd eu, using

ueu � u, Ru � Leu � u,

Leu � pRuq�1 � u � IRu � u, eu � L�1pIRu � uq.

But p5.36q implies
L�1px � yq � θ�1x � Ly, p5.39q

because if pθ, L�1, Lq P Ap0q, then pθ�1, L, L�1q P Ap0q, where Ap0q is the autotopy group of
the loop Qp�q. Therefore,

eu � θ�1IRu � Lu,

and consequently
eL�1y � θ�1IRL�1y � y.

Now we will prove the equality
θ�1 � IθI. p5.40q

Indeed, we set x � y�1 and Le � θy�1 � L�1y in the second equation of p5.37q. Because a
Moufang loop is an IP -loop, we obtain

θy�1 � Le � pL�1yq�1

and
pθy�1q�1 � pLe � pL�1yq�1q�1 � L�1y � pLeq�1. p5.41q

On the other hand, from p5.39q with y � e, we �nd

L�1x � θ�1x � Le,

whence
θ�1x � L�1x � pLeq�1. p5.42q

We conclude that pθx�1q�1 � θ�1x, i.e., the equation p5.40q holds by comparison of p5.41q
and p5.42q. Now we can complete the proof of equation p5.38q:

θRL�1y � rpeL�1y � zq � ys � θRL�1y �
 
rpθ�1IRL�1y � yq � zs � y

(
� θRL�1y �

 
IθI � IRL�1y � ry � pz � yqs

(
� θRL�1y � tIθRL�1y � ry � pz � yqsu � y � pz � yq.

Consequently, p5.38q has been proved, along with the equationp5.27q. The equation p5.28q
can be proved in similar fashion.

4�. Autotopies of IP -quasigroups and IP -loops

We begin with a general statement that applies to any quasigroup QpAq. For σ P S3,
recall the notion of the corresponding quasigroup σA inverse to the quasigroup A (see Chap-
ter I, 4�).
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Lemma 5.2. If T is an autotopy of a quasigroup A, then σT is an autotopy of the quasi-

group σA.

Indeed, let T be an autotopy of a quasigroup A, so

AT � A.

Then, using Lemma 1.3, we have

σpAT q � pσAqσ
T

,

whence
pσAqσ

T

�σA. p5.43q

We apply Lemma 5.2 to an IP -quasigroup A. By Lemma 5.1, the quasigroup σA is
isotopic to the quasigroup A,

σA � AS, p5.44q

by an autotopy S. Let T be any autotopy of A. The equations p5.43q and p5.44q imply

pASqσT � AS,

whence
ASpσT qS

�1

� A.

In other words, SpσT qS�1 is an autotopy of A.
If Aσ � A�1, then S � Pl � pIl, 1, 1q and σpα, β, γq � pα, β, γq. Consequently,

SpσT qS�1 � PlpσT qP
�1
l � pIl, 1, 1qpα, β, γqpI

�1
l , 1, 1q � pIlαI

�1
l , γ, βq.

But I2l � 1, so
SpσT qS�1 � pIlαI

�1
l , γ, βq.

Summarizing, we have the following.

Lemma 5.3. Let QpAq be an IP -quasigroup. If T � pα, β, γq P AA, where AA is the

autotopy group of the quasigroup QpAq, then:

pIlαIl, γ, βq P AA, pγ, IrβIr, αq P AA.

Corollary 1. Let QpAq be an IP -quasigroup. If T � pα, β, γq P AA, then:

pβ, IrγIr, IlαIlq P AA since pIlαIl, γ, βq P AA;

pIlβIl, IlαIl, IrγIrq P AA since pβ, IrγIr, IlαIlq P AA;

pIlγIl, α, IrβIrq P AA since pγ, IrβIr, αq P AA; and

pIrβIr, IrαIr, IlγIlq P AA since pIlγIl, α, IrβIrq P AA.
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Corollary 2. Let A be an IP -loop and pα, β, γq P AA. Then pIαI, γ, βq, pγ, IβI, αq,

pβ, IγI, IαIq, pIγI, α, IβIq, and pIβI, IαI, IγIq are also autotopies of A.

Consider an IP -loop Qp�q. If T � pα, β, γq P AA and

α1 � l, β1 � k,

then, as shown in Chapter 2, 3�, we have

T � pR�1
k , L�1

l , 1qγ

and
α � R�1

k γ, β � L�1
l γ. p5.45q

The equality p�qT � p�q implies
p�qpR

�1
k L�1

l ,1q � p�qγ
�1

,

i.e. the isotope p�qpR
�1
k L�1

l ,1q is an IP -loop which is isomorphic to p�q. Thus, as shown in
the preceding section, a � k�1 � pβ1q�1 is a right, and b � l�1 � pα1q�1 is a left Moufang
element of the loop Qp�q, respectively. In other words, the identities

pxa � yqa � xpa � yaq, p5.46q

and
bpx � byq � pbx � bqy. p5.47q

hold in the loop Qp�q.
As previously noted, the identities p5.29q and p5.30q are equivalent in a loop Qp�q. We

now con�rm the validity of this assertion. To that end, we prove a more general result.

Theorem 5.6. The set Ml of all left Moufang elements of an IP -loop Qp�q is a subloop

of Qp�q. The subloop Mlp�q coincides with the subloop Mrp�q of right Moufang elements.

Let a be a right Moufang element. Then p5.46q implies that RapRax � yq � x �LaRay, so
Ta � pR�1

a , LaRa, Raq is an autotopy of the loop Qp�q. By Corollary 2 of Lemma 5.3, it is
seen that T

1

a � pIR�1
a I, Ra, LaRaq is also an autotopy. Consequently, pRa1q

�1 � a�1 is also
a right Moufang element.

Now consider a1, a2 PMr. We show that a1a2 PMr. The product

Ta1Ta2 � pR�1
a1
R�1
a2
, La1Ra1La2Ra2 , Ra1Ra2q,

is an autotopy of Qp�q. Then by Corollary 2 of Lemma 5.3, we have T
2

�

pIRa2Ra2I, R
�1
a1
R�1
a2
, ILa1Ra2La2Ra2Iq P Ap�q, so pR�1

a1
R�1
a2
1q�1 P Mr. But pR�1

a1
R�1
a2
1q�1 �

pRa�1
1
Ra�1

2
q�1 � pa�1

2 a�1
1 q�1 � a1a2, so a1a2 P Mr. In this way, we have shown that Mr is a

subloop of the loop Qp�q4.
Now consider a PMr. Equation p5.46q implies

rpxa � yqas�1 � rxpa � yaqs�1,
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whence
a�1py�1 � a�1x�1q � pa�1y�1 � a�1qx�1

or
a�1py � a�1xq � pa�1y � a�1qx.

This means that a�1 P Ml. Because a�1 can be an arbitrary element from Mr, we have
shown that Mr �Ml. Similarly, we can prove that Mr �Ml, so Mr �Ml.

Remark. In view of Theorem 5.6, we may set Ml �Mr �M .

Corollary 1. In an IP -loop Qp�q the identities

pxy � zqy � xpy � zyq p5.48q

and

ypx � yzq � pyx � yqz p5.49q

are equivalent.

Indeed,Ml � Q follows from the identity p5.48q, from which the equalityMr � Q follows,
i.e., the identity p5.49q holds. Similarly, it is proved that p5.48q implies p5.49q.

Remark. Consider an IP -loop Qp�q. Because the concepts of right and left Moufang
elements in IP -loops coincide, then an element a P Q, which satis�es either of the equations
p5.46q or equality p5.47q for every x, y P Q, is called a Moufang element, and M is the said
to be the Moufang subloop of the IP -loop Qp�q.

Corollary 2. If T � pα, β, γq is an autotopy of an IP -loop Qp�q, then α1, β1, γ1 are

Moufang elements.

Indeed, k�1 � pβ1q�1 is a Moufang element, i.e., k�1 P M . But then also k P M .
Similarly, we obtain l PM . Further, we have γ1 � γp1 � 1q � α1 � β1 � lk, so γ1 PM .

We note that if
T � pα, β, γq

is an autotopy of an IP -loop Qp�q, then all three components of the autotopy T are quasi-
automorphisms of Qp�q. This statement directly follows from Lemma 5.3.

Autotopies of an IP -loop can be described using pseudo-automorphisms (see Chapter III,
4�). We note that

φ1 � 1 and φI � Iφ p5.50q

in the IP -loop Qp�q, where φ is an arbitrary left (right) pseudo-automorphism. The �rst
of the equalities p5.50q follows from Lemma 3.1. To prove the second, recall the de�nition
(3.20) of a left pseudo-automorphism:

φxpφy � cq � φpxyq � c.

82



Let y � x�1. Then
φxpφx�1 � cq � φpxx�1q � c � φ1 � c � c,

whence becauseQp�q is an IP -loop we obtain φx�1 � pφxq�1, i.e., the second of the equalities
p5.50q.

There is no need to distinguish between left and right pseudo-automorphisms in IP -
loops. We have

Lemma 5.4. The respective groups of all right and all left pseudo-automorphisms coincide

in an IP -loop Qp�q.

Proof. Let φ be a left pseudo-automorphism with companion a. Then by (3.20),
pφ,Raφ,Raφq is an autotopy of Qp�q. By Corollary 2 of Lemma 5.3, S �

pIRaφI, IφI, IRaφIq is also an autotopy of the loop Qp�q. Because φI � Iφ and I2 � 1, the
autotopy S takes the form S � pIRaφI, φ, IRaφIq. Further, using the equation p5.11q, we
�nd S � pLa�1φ, φ, La�1φq, so φ is a right pseudo-automorphism with companion a�1.

Remark. Consider a pseudo-automorphism φ. The element a from pφ,Raφ,Raφq is called
a left companion, and the element a�1 from pLa�1φ, φ, La�1φq is called a right companion.

Lemma 5.5. If T � pα, β, γq is an autotopy of an IP -loop Qp�q, and α1 � 1, then α is a

pseudo-automorphism of the loop Qp�q with left companion β1 � k.

Indeed, let p�qT � p�q, where T � pα, β, γq Then, as proved in Chapter II, 3�, the autotopy
T takes the form

T � pR�1
k , L�1

l , 1qγ,

where β1 � k, α1 � l and
β � L�1

l , γ, α � R�1
k γ. p5.51q

But Ll � Lα1 � L1 � 1, so β � γ. Consequently, in view of p5.51q, we obtain

T � pα, β, γq � pα, γ, γq � pα,Rkα,Rkαq,

so α is a pseudo-automorphism with a companion k.

Corollary. The left and right companions of pseudo-automorphisms of IP -loops are Mo-

ufang elements 5.

Indeed, suppose that φ is a pseudo-automorphism of an IP -loop Qp�q with a right com-
panion c, i.e., T � pLcφ, φ, Lcφq is an autotopy of the loop Qp�q. By Corollary 2 of Theo-
rem 5.6, the element Lcφ1 � Lc1 � c must be a Moufang element.

Let us begin to identify the structure of IP -loop autotopies.
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Let T � pα, β, γq be an autotopy of an IP -loop Qp�q. Then from Corollary 2 of
Lemma 5.3 we have that T1 � pIαI, γ, βq belongs to the group of autotopies Ap�q. Con-
sequently, T1T�1 P Ap�q. But

T1T
�1 � pIαI, γ, βqpα

�1, β�1, γ�1q � pIαIα�1 , γβ�1, βγ�1q,

whence in view of equationp5.45q we have

T1T
�1 � pIαIα�1 , Ll, L

�1
l q.

Applying Corollary 2 of Lemma 5.3 to T1T�1 yields

T2 � pL�1
l , ILlI, IαIα�1q P Ap�q,

which by virtue of p5.11q implies

T2 � pL�1
l , R�1

l , IαIα�1q,

and hence
T�1
2 � pLl, Rl, αIα

�1Iq � pLl, Rl, Sq P Ap�q.

Let us determine S. We have

Sx � Spx1q � Llx �Rl1 � lx � l � RlLlx,

i.e., S � RlLl. Moreover, we have

S � RlLl � LlRl,

because RlLlx � l � xl � l1 � xl � L11 �Rlx � Sp1 � xq � Sx. Thus,

T�1
2 � pLl, Rl, LlRlq P Ap�q.

Finally, we consider the autotopy T2T :

T2T � pL�1
l , R�1

l , R�1
l L�1

l qpα, β, γq � pL�1
l α,R�1

l β,R�1
l L�1

l γq.

The permutation L�1
l leaves 1 invariant:

L�1
l α1 � L�1

l l � 1.

By Lemma 5.5, the permutation θ � L�1
l α is a pseudo-automorphism with companion

R�1
l β1 � c,

a Moufang element. Therefore, the autotopy T2T must have the form

T2T � pθ, Rcθ, Rcθq.

We then have
T � T�1

2 pθ, Rcθ, Rcθq

or
T � pα, β, γq � pLl, Rl, RlLlqpθ, Rcθ, Rcθq

T � pLlθ, RlRcθ, LlRlRcθq.
p5.52q

Thus, the following theorem has been proved.
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Theorem 5.7. Each autotopy T of an IP -loop Qp�q takes the form

T � pLlθ, RlRcθ, LlRlRcθq,

where θ is a pseudo-automorphism, c is a companion of θ, and l is a Moufang element.

Applied to a group Qp�q, we have

T � pLlθ, Rdθ, LlRdθq � pLl, Rd, LlRdqθ,

in Theorem 5.7, where RlRc � Rlc � Rd, and θ is a automorphism.

5�. WIP -loops6

In an IP -loop the identities
ypxyq�1 � x�1,

pxyq�1x � y�1

*
p5.53q

hold.
In connection with these identities, Baer introduced the following notion r35s:

De�nition 4. A loop Qp�q is called a loop with the weak inverse property or WIP -loop if
it satis�es the identity

y � Ipxyq � Ix, p5.54q

where Iy � y�1 is an inverse element for y: yy�1 � 1.

By the equality p5.53q, each IP -loop is a WIP -loop. Let us consider some simple
properties of WIP -loops:

a) The permutation I2 is an automorphism of a WIP -loop.
Indeed, Ipy � Ipxyqq � I2x, so

Ipxyq � Ipy � Ipxyqq � Ipxyq � I2x,

whence in view of p5.54q we obtain

Iy � Ipxyq � I2x. p5.55q

From this, the statement easily follows:

I2x � I2y � I2x � IpIpxyq � I2xq � IpIpxyqq � I2pxyq.

b)
I�1pxyq � x � I�1y. p5.56q

We obtain this equality by applying the automorphism I�2 to p5.55q. Similarly, it is
proved that p5.56q implies p5.54q.

c) A loop Qp�q is a WIP -loop if and only if xy � z � 1 implies x � yz � 1.
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Indeed, if xy �z � 1, then z � Ipxyq, and x �yz � 1 implies yz � Ix. Thus, y �Ipxyq � Ix.
The converse statement is also easily proved.

d)
L�1
y � IRyI

�1, R�1
y � I�1LyI. p5.57q

Indeed, using translations, the equality p5.54q takes the form

LyIRyx � Ix,

which implies the �rst of the equalities p5.57q.
e) A WIP -loop Qp�q is characterized by the equality

r�1p�qs�1 � p�qpI
�1,1,I�1q � p�qS, p5.57q

or
�1rp�q�1s � p�qp1,I,Iq.

Note that p5.54q implies y ��1 p�qpIx, Ipxyqq, whence we obtain

r�1p�qs�1pIx, yq � Ipxyq,

i.e., the equality p5.58q.
f) If T � pα, β, γq is an autotopy of a WIP -loop Qp�q, then

T1 � pI �1γI, α, I�1βIq and T2 � pβ, IγI�1, IαI�1q

are also autotopies.
Using Lemma 5.2 we have that σT � pα, β, γq is an autotopy for r�1p�qs�1 � σp�q, whence

by p5.58q we �nd
rp�qSsT

lr

� p�qS.

Thus,
T1 � ST lrS�1 � pI�1, 1, I�1qpγ, α, βqpI, 1, Iq � pI�1γI, α, I�1βIq

is an autotopy of theWIP -loop Qp�q. Applying the transformation T Ñ T1 to T1, we obtain
the autotopy T2.

g) The equations ax � b and ya � b have respective solutions x � IpI�1b � aq and
y � I�1pa � Ibq.

This follows from the equalities p5.54q and p5.56q.
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Notes

1The concepts of IP -quasigroup and IP -loop were introduced by Bruck [24, 25]. Elementary properties

of IP -quasigroups can be found in [24]. One special kind of IP -loop was studied by Ginzburg [41]
2One can show that the identities (5.27) and (5.28) in a quasigroup Q (*) are equivalent. Thus, a

Moufang quasigroup can be de�ned as a quasigroup satisfying just one of the identities (5.27) or (5.28).
3This statement generalizes a result of Bruck [24, Theorem 3], where xy � Rx � Ly.
4The de�nition of a subloop requires veri�cation that for given a, b, the equations ax � b and ya � b are

solvable. But because Qp�q is an IP -loop, closure under inversion su�ces for this purpose.
5The converse statement, generally speaking, is not true, i.e., not every Moufang element is a companion

(left or right) of some pseudo-automorphism. Indeed, in a Moufang loop Qp�q (see De�nition 3), every

element is a Moufang element. If they were all left companions of pseudo-automorphisms, then, by virtue of

Lemma 5.4., the loop Qp�q would be a G-loop (see De�nition 4, Chapter III). In particular, non-associative

commutative Moufang loops would be G-loops, contradicting Theorem 10.1.
6Loops with the weak inverse property (WIP -loops) were studied in detail by Osborne r57s. In particular,

an example of a WIP -loop which is a G-loop (see Chapter III, 4�) is constructed in r57s. This example is

reproduced in Chapter X, where other properties of WIP -loops are also proved.
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Chapter VI. Moufang Loops

1�. The main properties of Moufang loops

The most studied class of nonassociative loops is the class of Moufang loops1. As we saw
above (see Chapter V, 3�, (5.29) and (5.30) and Corollary 1 of Theorem 5.6), a loop Qp�q is
called a Moufang loop if it satis�es one of the (Moufang identities)

xpy � xzq � pxy � xqz, p6.1q

pzx � yqx � zpx � yxq. p6.2q

By Theorem 5.3, every Moufang loop is an IP -loop. In addition, in a Moufang loop the
following identities hold:

x � xz � xx � z (left alternativity), p6.3q

zx � x � z � xx (right alternativity), p6.4q

xy � x � x � yx (�exibility). p6.5q

Equations (6.3) and (6.4) follow from (6.2) and (6.1) with y � 1, while equation (6.5) follows
from (6.1) with z � 1.

From the Moufang identities (6.1) and (6.2) in a Moufang loop Qp�q we obtain the
equalities

RypRyx � zq � x � LyRyz, and Lypx � Lyzq � RyLyx � z,

whence it follows that
Sy � pR�1

y , LyRy, Ryq p6.6q

and
Ky � pRyLy, L

�1
y , Lyq p6.7q

are autotopies of Qp�q. But if Sy P Ap�q, then Corollary 2 of Lemma 5.3 implies Py �

pIR�1
y I, Ry, LyRyq P Ap�q.
In the third and fourth relations of (5.11),

R�1
a � ILaI, and L�1

a � IRaI

hold. Therefore, the autotopy Py has the form

Py � pLyRy, Ly, Ryq, p6.8q
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whence
Lyx �Ryz � LyRypx � zq.

Consequently,
yx � zy � ypxz � yq. p6.9q

This is the third identity that characterizes a Moufang loop, since it is equivalent to the

identity (6.1). Indeed, �exibility follows from (6.9) with z � 1. Next, a loop Qp�q satisfying
the identity (6.9) is an IP -loop: If we set y � �1x in (6.9), where �1x � x � 1, we obtain

z � �1x � �1xpxz � �1xq,

or, by �exibility,
z � �1x � p�1x � xzq � �1x,

whence z � �1x � xz. Setting y � z�1 in (6.9), we similarly obtain xz � z�1 � x. Thus, Qp�q
is an IP -loop, and all the transitions from Sy to Py are invertible. The identity (6.9) is also
called a Moufang identity. We have proved the following lemma [31].

Lemma 6.1. A Moufang loop if and only if p6.9q holds in Qp�q.2

Thus, the Moufang identities (6.1), (6.2) and (6.9) are equivalent, and each of these
identities can be taken as the basis for a de�nition of a Moufang loop.

Now, let Qp�q be a Moufang loop, and let Qp�q be an arbitrary loop which is isotopic to
Qp�q:

p�q � p�qT .

Since Qp�q is a Moufang loop (and consequently also a Moufang quasigroup), then every
loop isotopic to Qp�q is an IP -loop. Therefore, Qp�q is an IP -loop.

Let Qp�q be an arbitrary loop is isotopic to the loop Qp�q:

p
q � p�qS.

Then p�q � p�qS � pp�qT qS � p�qTS, i.e. Qp�q is also an IP -loop as an isotope of the Moufang
loop Qp�q. But then Qp�q is a Moufang quasigroup, i.e. a Moufang loop. Thus, we have
proved the following theorem.

Theorem 6.1. Each loop isotopic to a Moufang loop is itself a Moufang loop.

Theorem 6.1 can be made more speci�c.

Theorem 6.2. Let Qp�q be a Moufang loop. Then each of its loop isotopes is isomorphic

to a loop Qp�q with
x � y � xl � l�1y,

where l is a particular element of Q.

89



Proof. By Chapter I, 3�, a loop Qp
q isotopic to the loop Qp�q has the form p
q � p�qγa,b,
whence

p
qγ
�1

� p�qa,b � p�qpR
�1
a ,L�1

b ,1q.

Consider the loop p�q � p
qγ
�1Re , where e � ba. Then

p�q � p�qpR
�1
a ,L�1

a ,1qRe � p�qpRa�1Re,Lb�1Re,Req,

or in expanded form
x � y � R�1

e pRa�1Rex � Lb�1Reyq.

Therefore,
x � y � rpxe � a�1qpb�1 � yeqse�1. p6.10q

However, uv � e�1 � rpue � e�1qvse�1, and by the Moufang identity (6.2)

uv � e�1 � ue � e�1ve�1.

Applying the latter equality to (6.10),

x � y � rpxe � a�1qespe�1rpb�1 � yeqe�1sq.

Now, using (6.2) and (6.9),

x � y � px � ea�1qrpe�1b�1qpye � e�1qs.

But
ea�1 � pba � a�1qpbaq � bpbaq � b2a � l,

so
e�1b�1 � pbeq�1 � pb � beq�1 � l�1.

Thus,
x � y � xl � l�1y.

Since the loop p
q is isomorphic to the loop p�q, namely p
q � p�qR
�1
e γ, the proof of the

theorem is complete.

The question of the nuclei of a Moufang loop arises, and is answered by a more general
theorem.

Theorem 6.3. The nuclei of any IP -loop Qp�q coincide.

Indeed, suppose a P Nl:
ax � y � a � xy. p6.11q

Then by (5.6) we obtain
y�1 � x�1a�1 � y�1x�1 � a�1,

i.e., a�1 P Nr, whence also a P Nr. Thus,

Nl � Nr.
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The reverse inclusion is proved similarly, and then

Nl � Nr.

From (6.11), the equality
y � paxq�1pax � yq

or
y � pa�1x�1qpax � yq p6.12q

is obtained. Suppose x � ppaq�1 and y � pa � q, so xy � q. Substituting these expressions
of x and y into (6.12), we obtain

pa � q � ppa � a�1qpaqq

or
pa � q � p � aq. p6.13q

Since p and q, along with x and y, may simultaneously be arbitrary elements of Q, we have
shown that Nl � Nm. Since the transition from (6.11) to (6.13) is reversible, we have also
shown that Nm � Nl, whence Nl � Nm.

Thus, in any IP -loop, we may simply speak of the nucleus N � Nl � Nm � Nr.

2�. Inner permutations of a Moufang loop

Consider the inner permutations of a Moufang loop Qp�q with neutral element 1. We will
consider only I � I1, the group of inner permutations relative to 1, so we have (see Chap-
ter IV, 3�):

Rx,y � R�1
xyRyRx,

Lx,y � L�1
xyLxLy,

Tx � L�1
x Rx.

,/.
/- p6.14q

The equalities (6.14) are obtained from (4.4) and (4.6), setting h � 1. In this case we have
a 
 b � a � b � ab � compare (4.3).

Remark. In an arbitrary lP-loop (and in particular in any Moufang loop), the inner per-

mutations Rx,y and Lx,y are related by the relationship

Lx,y � IRy�1 ,x�1 I, p6.15q

using Ix � x�1. Indeed, according to (5.11),

La � IR�1
a I � IRa�1I,

whence

Lx,y � IRxyI � IR
�1
x I � IR�1

y I � IRxyR
�1
x R�1

y I � IR�1
y�1x�1Rx�1Ry�1I � IRy�1 ,x�1 I.
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Theorem 6.4. Each inner permutation of a Moufang loop Qp�q is a pseudo-automorphism

of Qp�q [31].
It su�ces to prove the theorem for the inner permutations Tx, Rx,y, and Lx,y.
We consider the autotopies Sy, Ky and Py of the loop Qp�q de�ned by the equalities (6.6)

� (6.8). Then P�1
y S�1

y is also an autotopy of Qp�q. But

P�1
y S�1

y � pL�1
y , R�1

y , R�1
y L�1

y qpRy, R
�1
y L�1

y , R�1
y q

� pTy, L
�1
y R�2

y , L�1
y R�2

y q,

since LyRy � RyLy by the �exibility (6.5). Applying Lemma 5.5, we conclude that Ty is a
pseudo-automorphism.

Now

SxyS
�1
y S�1

x � pR�1
xy , LxyRxy, RxyqpRy, L

�1
y R�1

y , R�1
y qpRx, L

�1
x , R�1

x , R�1
x q,

SxyS
�1
y S�1

x � pR�1
xyRyRx, λ, µq,

for certain permutations λ, µ of Q. Consequently,

SxyS
�1
y S�1

x � pRx,y, λ, µq, p6.16q

Because Sxy S�1
y S�1

x is an autotopy of the loop Qp�q, and Rx,y1 � 1, we can apply Lemma 5.5
again: Rx,y is a pseudo-automorphism of the loop Qp�q. Similarly, we can prove that Lx,y is
also a pseudo-automorphism of the loop Qp�q.

Corollary 1. Lemma 5.5 implies that L�1
y R�2

y 1 is a left companion for Ty, i.e., y�1p1y�2q �

y�3, and the right companion is the element y3 (see the remark to Lemma 5.4).
Further, by virtue of Lemma 5.5, λ � µ in (6.16), and the pseudo-automorphism Rx,y

has ω � µ1 as its left companion. As it is evident from (6.16), µ � RxyR
�1
y R�1

x , and
consequently,

ω � RxyR
�1
y R�1

x 1 � RxyRy�1Rx�11 � px�1y�1qpxyq.

The element ω � px�1y�1qpxyq is called the commutator of the elements x and y, denoted
by px, yq. Thus, Rx,y has the commutator px, yq as its left companion.

Corollary 2. Since Rx,y is a pseudo-automorphism, IRx,y � Rx,yI. Then, using (6.15),
we have

Lx,y � Ry�1,x�1 . p6.17q

Corollary 3. In a commutative Moufang loop, each inner permutation is an automor-

phism.3

Indeed, by commutativity Tx � L�1
x Rx � R�1

x Rx � 1. The inner permutation Rx,y is a
pseudo-automorphism with left companion px, yq � px�1y�1qpxyq � pyxq�1pxyq. But in a
commutative Moufang loop px, yq � 1, so Rx,y is an automorphism. By (6.17), Lx,y is also
an automorphism.

92



Lemma 6.2. The nucleus N of a Moufang loop is a normal subloop.

According to Theorem 4.5, we must prove that N is invariant with respect to the group
I of inner permutations. Let φ P I. As was proved above (see Theorem 6.4), φ is a pseudo-
automorphism with a right companion c, i.e., pφ,Rcφ,Rcφq is an autotopy of the loop Qp�q.
Let a P N . Then

ax � y � a � xy.

Consequently,

φpax � yq � c � φpaxq � pφy � cq � φarφpxyq � cs � φa � rφx � pφy � cqs,

whence
φpaxq � pφy � cq � φa � rφx � pφy � cqs, p6.18q

If y � φ�1c�1, then from (6.18) we obtain

φpaxq � φa � φx, p6.19q

so (6.18) takes the form

pφa � φxqpφy � cq � φa � rφx � pφy � cqs.

Replacing φx and φy � c with x and y respectively, we �nd

pφa � xqy � φa � xy,

i.e., φa P N . This completes the proof of the lemma.
A pseudo-automorphism φ in a Moufang loop has the following property:

φpxyxq � φx � φy � φx. p6.20q

Indeed, there exists an element c such that

φpxyq � c � φx � pφy � cq,

i.e., c is a right companion of the pseudo-automorphism φ. Then

φpxyxq � c � φx � pφpyxq � cq � φx � pφy � pφx � cqq � pφx � φy � φxq � c.

This equalities imply (6.19).
Following Bruck [31], we present the following.

De�nition 1. A self-map φ of a Moufang loop satisfying (6.20) and φ1 � 1 is called a
semi-endomorphism.

Thus, in a Moufang loop: Every pseudo-automorphism (and, hence, every inner permu-

tation) is a semi-automorphism.4

Note that each semi-endomorphism of a Moufang loop satis�es

φx�1 � pφxq�1. p6.21q
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Indeed, if we set y � x�1 in (6.20), then we obtain

φx � φpxx�1xq � φx � φx�1 � φx,

whence φx�1φx � 1, pφxq�1 � φx�1.
The autotopies of a Moufang loop are described by Theorem 5.7: Each autotopy T of

the Moufang loop has the form

T � pLxθ, RxRcθ, LxRxRcθq,

where x is an arbitrary element of Q, and θ is an arbitrary pseudo-automorphism of the

loop Qp�q with a right companion c.

3�. Moufang's Theorem

The purpose of this section is to prove the following (Moufang's theorem).

Theorem 6.5. If three elements a, b, c of a Moufang loop are connected by the law of

associativity,

ab � c � a � bc,

then the subloop H generated by the elements a, b, c is associative.

We will prove this theorem following Bruck [31]. For this, we need a series of lemmas.

Lemma 6.3. Let Qp�q be a Moufang loop, S a non-empty set of semi-endomorphisms, F

the set of all elements of Q which are invariant under each semi-endomorphism from S,

and M the set of all elements m such that mf P F for each element f of F . Then: 1q

1 P M � F ; 2q F � F�1 � tf�1 | f P F u and fFf � F for every f P F ; and 3q M is a

subloop of the loop Qp�q.

Proof. 1. By the de�nition of a semi-endomorphism φ we have φ1 � 1, that is, 1 P F
and, evidently, 1 PM . But then M1 � F , i.e., M � F .

2. If f P F , then in view of (6.21) we have

φf�1 � pφfq�1 � f�1, i.e., f�1 P F.

Let f1 be an arbitrary element of F . Then

φpff1fq � φfφf1φf � ff1f, i.e., ff1f P F.

Conversely, suppose that fxf � f1. Then x � f�1f1f
�1, i.e., x P F . The equality fFf � F

follows.
3. Suppose that m1,m2 PM . Then m � m1pm2pm1f

�1q�1qm1 P F , since

m1 P M � F, m1f
�1 P F, and m2pm1f

�1q�1 P F.
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But
m � pm1m2qrpm1f

�1q�1m1s � pm1m2qpfm
�1
1 �m1q � pm1m2qf,

that is, m1m2 PM . Further
fpmfq�1f P F

or fpf�1m�1qf P F and m�1f P F , whence m�1 PM . Consequently, M is a subloop of the
loop Qp�q.

The concept of an associator pa, b, cq plays an important role in Moufang loop theory.
It is de�ned by

ab � c � pa � bcq � pa, b, cq,

where a, b, c are three elements arbitrary of the loop. The following two lemmas give some
properties of Moufang loop associators.

Lemma 6.4. If pa, b, cq � 1, then pa
1

, b
1

, c
1

q � 1, where a
1

, b
1

, c
1

are obtained from a, b, c

with some permutation, or replacement of some elements from a, b, c by their inverses.

Proof. 1. Let pa, b, cq � 1. Then Ua � a, V b � b, Wc � c, where U , V , W are certain
inner permutations. Indeed, ab � c � a � bc can be rewritten in the form Rb,ca � a, where
Rb,c � R�1

bc RcRb. Since Rb,c is a pseudo-automorphism, Rb,ca
�1 � pRb,caq

�1 � a�1, that is,
a�1b � c � a�1 � bc or pa�1, b, cq � 1. The equations

pa, b�1, cq � pa, b, c�1q � 1.

are proved similarly.
2. From ab � c � a � bc it follows that

c�1 � b�1a�1 � c�1b�1 � a�1 or pc�1, b�1, a�1q � 1.

From 1 we get pc, b, aq � 1. Further, from ab � c � a � bc we have

bc � a�1 � a�1pa � bcqa�1 � a�1pab � cqa�1 � a�1pab � cqa�1 � pa�1 � abq � pca�1q � b � ca�1,

that is, pb, c, a�1q � 1, whence pb, c, aq � 1. From pc, b, aq � pb, c, aq � 1 it follows that
pa

1

, b
1

, c
1

q � 1, for a
1

, b
1

, c
1

an arbitrary permutation of the elements a, b, c.

Lemma 6.5. Suppose that elements a, b, c, d satisfy the equation px, y, zq � 1. Then the

following equations are equivalent:

1�q pab, c, dq � 1;

2�q ppabq2, c, dq � 1;

3�q ppa, bq, c, dq � 1;

4�q pcd, a, bq � 1;

5�q pbc, d, aq � 1.
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Proof. 1�q ñ 2�q. The equality 1�q is equivalent to Upabq � ab, where U � Rc,d is an
inner permutation (see the proof of Lemma 6.4) and, consequently, as proved above, U is a
semi-automorphism. Thus,

Upabq2 � Upab � 1 � abq � Upabq � U1 � Upabq � pUpabqq2 � pabq2,

whence 2�qfollows.
2�q ñ 3�q. Let p � pa, bq � pa�1b�1qpabq, that is,

ab � pbaqp, aba � pba � pqa � b � apa.

We have
b � apa � b � aba � b � pabaqpa�1 � abq � ab � aa�1 � ab � pabq2,

whence
Upabq2 � Ub � Upapaq � Ub � Ub pUaUpUaq Ub.

But Ua � a, Ub � b, since px, c, dq � 1 for x � a, b. Consequently, pabq2 � bpaUp � aqb,
whence Up � p, that is, we obtain 3�q.

3�q ñ 4�q. In Corollary 1 to Theorem 6.4, it was proved that V � Ra,b is a pseudo-
automorphism with left companion p � pa, bq. Therefore, V pcdqp � V c � pV d � pq, whence
V pcdq � p � c � pdpq. Here again V c � c, V d � d, since pc, a, bq � pd, a, bq � 1q. But
pp, c, dq � 1 by 3�q and, applying Lemma 6.4, we obtain V pcdq � p � cd � p, which implies
V pcdq � cd, that is, the equality 4�q.

4�q ñ 1�q. It is enough to replace a, b, c, d by c, d, a, b respectively.
1�q, 4�q ñ 5�q. Note

pa � bcqd � pab � cqd � ab � cd

by 1�q. Further, using the equality 4�q and pb, c, dq � 1, we �nd

ab � cd � apb � cdq � apbc � dq.

In this way, pa � bcqd � apbc � dq, that is, pa, bc, dq � 1. Using Lemma 6.4, we obtain 5�q.
5�q ñ 1�q. Applying the transition 1�q ñ 5�q to pbc, d, aq � 1, we �nd the relationship

pcd, a, bq � 1 which is equivalent to the equality 1�q.

Further, we use the following notation. Let A,B,C � Q. Then AB denotes the set of
all products of the form ab for a P A, b P B, and pA,B,Cq is the set of all associators of the
form pa, b, cq for a P A, b P B, c P C.

Let A be a subset of Q, and let P be a Moufang subloop of Qp�q containing a subset of
A. We denote the set of all elements x P P such that pA, x, P q � 1 by A

1

. Then we have
the following

Lemma 6.6. The sets A
1

and A� � pA
1

q
1

are subloops of the loop Qp�q. Also

pA,A, P q � 1 p6.22q

implies

pA�, A�, P q � 1. p6.23q
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Proof. Let B � A
1

, so
pA,B, P q � 1, p6.24q

By Lemma 6.4, we obtain B�1 � B. Suppose a P A, b1, b2 P B, and x P P . By p6.24q, we
have pa, b1, b2q � 1, and therefore

g � rpa � b1b2qxsb2 � rpab1 � b2qxsb2 � pab1qpb2xb2q.

But b2xb2 P P (since B � P ), so pa, b1, b2, xb2q � 1 and

g � arb1pb2xb2qs � arpb1b2 � xqb2s.

Since b1, b2 P P , we obtain pa, b2, b1b2 � xq � 1 by (6.24). Thus, by Lemma 6.4, we obtain
pa, b1b2 � x, b2q � 1, i.e.,

g � rapb1b2 � xqsb2.

Consequently,
pa � b1b2qx � apb1b2 � xq,

i.e., b1, b2 P B. Thus, B is a subloop and A� � B
1

� pA
1

q
1

is also a subloop of the loop Qp�q.
If pA,A, P q � 1, then A � A

1

. But pA
1

, pA
1

q
1

, P q � 1 or

pA
1

, A�, P q � 1. p6.25q

In particular, pA,A�, P q � 1, that is A� � A
1

. If now we place the subloop A� in p6.25q

instead of A
1

, then we obtain p6.23q.

Corollary 1. If we place A� � P in p6.23q instead of P , we obtain pA�, A�, A�q � 1, so

A� is an associative subloop.

Corollary 2. If A satis�es the equality p6.22q, then A � A�. Indeed, it follows from p6.24q

and Lemma 6.4 that pB,A, P q � 1. Thus, A � B
1

, i.e., A � pA
1

q
1

or A � A�.
Proof of Moufang's Theorem.5 Let ab � c � a � bc, and let D be the set of three elements

a, b, c. We de�ne the following two subsets in Q:

F � tx | pD,D, xq � pab, c, xq � 1u, p6.26q

M � tm | mF � F u.

By Lemma 6.3, M � F , and M is a subloop of the loop Qp�q. As the set S from
Lemma 6.3, we take tRd,d1 | d, d

1

P Du. Since pd, d
1

, xq � 1 or px, d, d
1

q � 1, we have
Rd,d1x � x. By Lemma 6.4, we can permute the elements a, b, c in the de�nition of F .

1. By p6.26q and the alternative law, we have

pd, d,Dq � pd, d, F q � pD,D, F q � 1,

where d stands for any of a, d, c. Besides,

pd, d,DF q � 1.
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We apply Lemma 6.5 to d, d,D, F . Then

pd2, D, F q � pdD, d, F q � pDd, d, F q � 1. p6.27q

Combining p6.26q with p6.27q, we obtain

pDD,D, F q � 1. p6.28q

2. From the hypothesis of the theorem and p6.26q, we obtain

pD,D,Dq � pD,D, F q � 1.

We apply Lemma 6.5 to D,D,D, F . Then p6.28q implies

pD,D,DF q � 1. p6.29q

3. The equalities
pd, d,DDq � pd, d, F q � 1

are immediate, and from p6.28q we have

pDD, d, F q � 1.

Therefore, we can apply Lemma 6.5 to d, d,DD,F , and from the obvious equality pd, d,DD �
F q � 1 we obtain

pDD, d, dF q � 1. p6.30q

4. In particular, the equalities p6.29q and p6.30q imply

pD,D, cF q � 1 and pab, c, cF q � 1,

whence by the de�nition of F , we �nd that cF � F , i.e., c P M . Similarly, we obtain
a, d P M , i.e., D � M . Since M � F , p6.26q implies pD,D,Mq � 1. The assertion of
Moufang's Theorem now follows from Lemma 6.6, if we take P � M , A � D and apply
Corollaries 1 and 2 of this lemma.

Corollary. Any two elements a, b of a Moufang loop generate an associative subloop.

Indeed, it su�ces to apply Moufang's Theorem to the equality aa � b � a � ab.
A loop in which any two elements generate an associative subloop is said to be diasso-

ciative [31]. Thus, the preceding corollary can also be formulated as follows: Moufang loops

are diassociative.

4�. Commutative Moufang loops

In this section we consider commutative Moufang loops. They can be characterized by the
single identity

x2 � yz � xy � xz. p6.31q
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for a loop Qp�q. Indeed, let y � 1 in p6.31q, so

x2 � z � x � xz. p6.32q

If z � 1, then
x2y � xy � x. p6.33q

Comparing p6.32q and p6.33q, we obtain

x � xy � xy � x,

whence, replacing xy with y, we deduce the commutativity of the loop Qp�q. By commuta-
tivity in p6.31q and p6.32q, we �nd

x2 � yz � xpx � yzq � xpyz � xq � xy � zx,

i.e., Qp�q is a Moufang loop.

De�nition 2. An endomorphism φ of a loop Qp�q with nucleus N � Nl � Nm � Nr is
called central if φx P N and φx � y � y � φx for every x and y P Q.

Lemma 6.7. In a commutative Moufang loop Qp�q, the mapping x Ñ x3 is a central

endomorphism.

In other words, we must prove that x3 lies in the nucleus N of the loop Qp�q, and that

pxyq3 � x3y3. p6.34q

By the corollary of Moufang's Theorem, the subloop generated by the elements x and y is
associative and, naturally, commutative, so that p6.34q holds in it. Further, by Corollary 1
to Theorem 6.4, the inner permutation Tx is a pseudo-automorphism with left companion
x�3, that is, the equality

Txpy � zq � x
�3 � TxypTxz � x

�3q

holds. But in a commutative loop Tx � 1, so

pyzqx�3 � ypzx�3q,

i.e., x�3 P N . Consequently, x�3 is central.
Every loop isotopic to a commutative Moufang loop has the property of the mapping

xÑ x3 formulated in Lemma 6.7. This assertion comes from the following theorem.

Theorem 6.6. If the mapping xÑ x3 is a central endomorphism in a Moufang loop Qp�q,

then the property also holds in every loop isotopic to the loop Qp�q.

Proof. Suppose that for every x, y P Qp�q, we have x3 P N , pxyq3 � x3y3, and x3y � yx3.
Further, let Qp�q be a loop isotopic to the loop Qp�q. By Theorem 6.2, we may assume that
the operation p�q has the form

x � y � xl � l�1y.
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Then
xp2q � x � x � xl � l�1x � x2 p6.35q

and
xp3q � px � xq � x � x2l � l�1x � x3. p6.36q

Here we make use of the corollary to Moufang's Theorem: the elements x, l generate an
associative subloop. We have

xp3q � y � x3 � y � x3l � l�1y � x3pl � l�1yq � x3y. p6.37q

Similarly, it is proved that x � yp3q � xy3. By (6.37) we conclude that

xp3q � y � y � xp3q.

Further we have

pxp3q � yq � z � px3y � lqpl�1zq � x3pyl � l�1zq � x3py � zq � xp3q � py � zq,

i.e., xp3q P Np�q for every x P Q.
Finally, we prove that xÑ xp3q is an endomorphism of the loop Qp�q:

px � yqp3q � pxl � l�1yq3 � x3l3 � l�3y3 � x3y3.

Here we use the fact that x3 P N for every x P Q. Taking into account (6.37) and (6.36),
the proof of the equality px � yqp3q � xp3q � yp3q is complete.

Now we establish a property of commutative Moufang loops that will be needed later.

Theorem 6.7. If two commutative Moufang loops Qp
q and Qp�q are isotopic, then they

are isomorphic.

By Theorem 6.2, the loop Qp
q is isomorphic to a commutative Moufang loop Qp�q with
x � y � xl � l�1y. Since x � y � y � x, we have xl � l�1y � yl � l�1x � xl�1 � ly, whence after
replacing x and y respectively with xl and yl we obtain

xl2 � y � x � l2y.

Consequently, l2 lies in the nucleus N of the loop Qp�q. But by Lemma 6.7, l3 P N , so also
l P N . Thus, x � y � xl�1 � ly � xy, and the loop p
q is isomorphic to the loop p�q � p�q.

The following theorem provides a source of commutative Moufang loops.

Theorem 6.8. Suppose that the mapping xÑ x3 is a central endomorphism of a Moufang

loop Qp�q. Then the groupoid Qp�q with

x � y � x�1yx2 p6.38q

is a commutative Moufang loop.
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Proof. The groupoid Qp�q has the same neutral element 1 as Qp�q. The equation a � y � b

has a unique solution. The unique solvability of the equation x � a � b will then follow from
the commutativity of the operation p�q. So, let us prove that x � y � y � x. By the corollary
of Moufang's Theorem, brackets are not necessary in the proof.

The de�nition of Qp�q implies

x � y � x�1yx�1 � x3.

Then
y � x � y�1xy�1 � y3 � y�1xy�1 � x � x�1y3 � py�1xq2x�1y3

� py�1xq3x�1yx�1y3 � x�1yx�1 � y3py�1xq3

� x�1yx�1py � y�1xq3 � x�1yx�1 � x3 � x � y.

Consequently, x � y � y � x.
We now prove the validity of the identity (6.31) in Qp�q. Indeed,

px � yq � px � zq � px � yq�1px � zqpx � yq�1px � zq3

� px�1yx�1 � x3q�1px�1zx�1 � x3qpx�1yx�1 � x3q�1px � yq3

� rpxy�1xqpx�1zx�1qpxy�1xqsx�3px � yq3

� pxy�1x � x�1qpzx�1 � xy�1xqy3 � pxy�1qpzy�1 � xqy3

� xpy�1zy�1qx � y3 � xpy�1zy�1 � y3qx.

Consequently,
px � yq � px � zq � xpy � zqx.

On the other hand,

px � xq � py � zq � x2 � py � zq � x�2py � zqx4 � x�2py � zqx � x3 � xpy � zqx.

Thus, the identity (6.31) is satis�ed in Qp�q: The proof of the theorem is complete.

Consider an isotope of a commutative Moufang loop Qp�q. Theorem 6.2 provides an
isomorphic copy Qp�q of the isotope. By Theorem 6.6 applied to Qp�q, the mapping x Ñ
xp3q � x�x�x is a central endomorphism of Qp�q. Therefore, using (6.38) in Qp�q, we obtain
a new commutative Moufang loop Qp�q. The following theorem explains the connection
between Qp�q and Qp�q.

Theorem 6.9. The commutative Moufang loops Qp�q and Qp�q are isomorphic.

By Theorem 6.2, Qp�q has the form

x � y � xl � l�1y

for a certain element l of Q, and the neutral element 1 of Qp�q is also the neutral element of
the loop Qp�q. We now �nd the inverse element xp�1q of an element x in Qp�q. Indeed,

x � x�1 � 1 or xl � l�1xp�1q � 1
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lead to
xp�1q � lpxlq�1 � l � l�1x�1 � x�1.

As shown above (6.35), we have xp2q � x � x � x2. Now we can determine x � y as

x � y � xp�1q � py � xp2qq � x�1 � py � x2q � px�1lqrl�1pyl � l�1x2qs

� px�1lqrpl�1 � yl � l�1qx2s � px�1lqpl�1y � x2q � px�1lqpl�1y � x�1 � x3q

� px�1lqpl�1y � x�1qx3 � px�1pl � l�1yqx�1qx3 � x�1yx�1x3 � xy.

Here, the Moufang identities and diassociativity are used several times.

5�. Examples of Moufang loops

We present some speci�c examples of Moufang loops.
1. Let Qp�, �q be an alternative ring, where the alternative identities (6.3) and (6.6) are

satis�ed:
x � xy � x2y,

yx � x � yx2.

+
p6.39q

Flexibility follows from the second of the identities (6.39) on replacing x with y � x (the
process of polarization):

rypy � xqspy � xq � yrpy � xqpy � xqs

ñ py2 � xqpy � xq � ypy2 � xy � yx� x2q

ñ y2 � y � yx � y � y2x� yx � x � y � y2 � y � xy � y � yx � y � x2. p6.40q

By (6.39), we have y2 � y � y � y2. Cancelling in (6.40), we obtain

yx � y � y � xy.

To simplify the subsequent calculations, we assume that 2 is invertible in Qp�, �q.6 Po-
larization of (6.39) implies the identity

xy � z � xz � y � x � yz � x � zy � 0. p6.41q

We denote the left side of (6.41) by fpx, y, zq, and obtain the following expressions:

fpz, x, yxq � zx � yx� pz � yxqx� zpx � yxq � zpyx � xq,

fpz, x, yqx � pzx � yqx� pzy � xqx� pz � xyqx� pz � yxqx,

fpzx, x, yq � pzx � xqy � pzx � yqx� zx � xy � zx � yx,

fpz, x, xyq � zx � xy � pz � xyqx� zpx � xyq � zpxy � xq,

�fpz, x2, yq � �zx2 � y � zy � x2 � z � x2y � z � yx2,

�zfpx, x, yq � �zpxx � yq � zpxy � xq � zpx � xyq � zpx � yxq.

,/////////.
/////////-

p6.42q
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We now sum the equalities (6.42), and cancel terms on the right hand side of the sum. By
(6.41), the left side of the sum is zero. We obtain

0 � 2pzx � yqx� 2zpxy � xq.

Since 2 is invertible, this implies

pzx � yqx� zpxy � xq � 0

or
pzx � yqx � zpxy � xq,

the Moufang identity (6.1). Consequently, if Qp�, �q is an alternative �eld (here, assuming
2 is invertible), then the set Q∖ t0u of non-zero elements is a Moufang loop. In particular,
the set of all non-zero elements of the octonion algebra (appearing as the �Cayley-Dickson
algebra� in the book of Kurosh [47]) forms a non-commutative Moufang loop under multi-
plication. Moreover, the 8 standard basis elements of the octonion algebra, along with their
negatives, also form a non-commutative Moufang loop of order 16.7

2. Commutative Moufang loops can be constructed using Theorem 6.8. Let Qp�q be a
group where xÑ x3 is a central endomorphism. Then Qp�q with

x � y � x�1 � yx2

is a commutative Moufang loop. Consider the conditions under which the loop Qp�q is
associative:

px � yq � z � x � py � zq,

or, by commutativity,
x � pz � yq � z � px � yq.

Thus,
x�1pz�1yz2qx2 � z�1px�1yx2qz2,

whence
x�1z�1yz�1x�1z3x3 � z�1x�1yx�1z�1x3z3.

Consequently,
x�1z�1yz�1x�1 � z�1x�1yx�1z�1.

We replace x�1 and z�1 with x and z respectively, obtaining

xzyzx � zxyxz. p6.43q

If the equality (6.43) does not hold in the group Qp�q, then Qp�q is a non-associative com-
mutative Moufang loop.

The equality (6.43) can be represented in the form

x�1z�1xzy � yxzx�1z�1
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or
px, zqy � ypx�1, z�1q, p6.44q

where px, zq � x�1z�1xz is the commutator of the elements px, zq. In the given group Qp�q,
the equality

px, zq � px�1, z�1q,

holds. Indeed, x3z � zx3 implies

x�1zx2 � x2zx�1.

But
x�1zx2 � x � z � z � x � z�1xz2,

whence we obtain

x�1z�1xz � x�1pz�1xz2qz�1 � x�1px2zx�1qz�1 � xzx�1z�1.

Thus, the equality (6.44) takes the form

ppx, zq, yq � 1, p6.45q

i.e., Qp�q is metabelian*.
Now we give an example of a non-metabelian group Qp�q in which x Ñ x3 is a central

endomorphism. As Levi and van der Waerden proved [48], there exists a group Qp�q in which
x3 � 1 for every x P Q with n generators, and the orders of the group Qp�q, the commutator
subgroup Kp�q and the center Zp�q are respectively equal to

�
n
1

�
�
�
n
2

�
�
�
n
3

�
,
�
n
2

�
�
�
n
3

�
, and�

n
3

�
. In such a group the mapping x Ñ x3 � 1 is a central endomorphism and, obviously,

the group is not metabelian.

6�. Bol loops

We have seen the de�nition of Bol loops in the proof of Theorem 5.5.

De�nition 3. A loop Qp�q is a left Bol loop if

px � yxqz � xpy � xzq p6.46q

for every x, y, z P Q.
A right Bol loop is de�ned by the identity

zpxy � xq � pzx � yqx. p6.47q

*A group Qp�q is metabelian if its commutator subgroup K (the subgroup generated by all commuta-

tors of the elements of the group) is contained in the center Z (the subgroup consisting of all elements

commuting with every element from Q). It is easy to see that the condition K � Z is equivalent to the

condition (6.45) [46].
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If there is no special quali�cation, then by a Bol loop we default to a left Bol loop.8

We consider some elementary properties of Bol loops.
1. Every Moufang loop is a left or right Bol loop. This assertion follows from the fact

that in every Moufang loop, �exibility (6.5) holds: xy � x � x � yx. Thus, the Moufang
identity pxy � xqz � xpy � xzq turns into (6.1). In other words, a Bol loop Qp�q is a Moufang
loop if and only if it is �exible.

2. A left Bol loop is a left IP -loop. We set y � �1x in (6.46), where �1xx � 1. Then

px � �1xxqz � xp�1x � xzq, and xz � xp�1x � xzq,

so
z � �1x � xz. p6.48q

3. �1x � x�1 follows from (6.48) with z � x�1.
4. The left alternative law x � xy � xx � y in a Bol loop follows from (6.46) with y � 1.
5. A left Bol loop satis�es the right alternative law if and only if it is a Moufang loop.

Indeed, suppose the right alternative law holds in a Bol loop Qp�q. Setting z � x in
(6.46), we have

px � yxqx � xpy � xxq � xpyx � xq.

Flexibility follows on replacing yx with y. Consequently, by Property 1 the loop Qp�q is a
Moufang loop.

6. A loop Qp�q that satis�es both the left and the right Bol identities is a Moufang loop.

In this case, both alternative laws are satis�ed in Qp�q, and in view of Property 5, Qp�q
is a Moufang loop. (See also the proof of Theorem 5.5).

7. If a (left) Bol loop Qp�q is an IP -loop, then it is a Moufang loop.

Indeed, in an IP -loop the equality

pxyq�1 � y�1x�1

holds. Consequently,
rpx � yxqzs�1 � z�1px�1y�1 � x�1q

and
rxpy � xzqs�1 � pz�1x�1 � y�1qx�1,

whence
z�1px�1y�1 � x�1q � pz�1x�1 � y�1qx�1.

Replacing x�1, y�1, z�1 respectively with x, y, z we obtain (6.47). It remains to apply
Property 6.

8. In a (left) Bol loop, the solution of the equation ax � b is x � a�1b, while the solution

of ya � b is y � a�1pab � a�1q.

The �rst assertion holds by Property 2. Now, suppose ya � b. If the solution y exists,
then we have pa � yaqa�1 � ab � a�1, whence ay � ab � a�1 by the left Bol law (6.46). Thus,
y � a�1pab � a�1q.

We may now verify that y � a�1pab � a�1q is indeed a solution of the equation ya � b:

ya � pa�1pab � a�1qqa � a�1pab � a�1aq � a�1pabq � b.
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Theorem 6.10. A loop isotopic to a Bol loop is also a Bol loop.

Let Qp�q be a Bol loop, and let Qp�q be a principal isotope of Qp�q. Thus, there exist
permutations α and β of the set Q such that the equality

xy � αx � βy

holds.
In the left Bol identity (6.46), we pass to the operation p�q

αpαx � βpαy � βxq � βzq � αx � βpαy � βpαy � βxqq.

We replace αx, αy, and βz respectively with x, y, and z:

αpx � βpy � βα�1xqq � z � x � βpy � βpx � zqq.

Setting z � 1, we obtain

αpx � βpy � βα�1xqq � x � βpy � βxq.

Taking this equality into account, we may transform (6.46) into

px � βpy � βxqq � z � x � βpy � βpx � zqq.

Now we set x � 1:
βpy � β1q � z � βpy � βzq,

i.e.,
βpy � βzq � λy � z,

where λy � βpy � β1q. Consequently, (6.46) takes the form

px � pλy � xqq � z � x � pλy � px � zqq.

Since λ is a permutation of the set Q, we may replace λy with y:

px � py � xqq � z � x � py � px � zqq,

so Qp�q is a (left) Bol loop.
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Notes

1Moufang loops were introduced by R. Moufang in [54], in connection with certain questions arising in

the theory of non-Desarguesian projective planes. She also proved the main theorem (Theorem 6.4) for

Moufang loops. A very detailed study of Moufang loops was carried out by Bruck. His main results are

included in the monograph [31]. Chapters VII and VIII of [31] are devoted entirely to Moufang loops,

and Chapter VIII is devoted to commutative Moufang loops, where the Bruck-Slaby theorem is proved: A

commutative Moufang loop generated by n ¡ 1 elements is centrally nilpotent of class at most n� 1. The

results presented here are mainly contained in Chapter VII of Bruck's book [31].
2The equivalence of the three basic identities (6.1), (6.2), (6.9) is proved by Bol and Bruck [31].
3A loop in which every inner permutation is an automorphism is called an A-loop (see Bruck, Paige [30]).

If Qp�q is diassociative, i.e., any two elements of the loop generate an associative subloop (see the corollary

of Theorem 6.4), and Qp�q is an A-loop, then the conclusion of the Moufang theorem (Theorem 6.4) holds

in Qp�q. Moreover [56], if Qp�q is also commutative, then Qp�q is a Moufang loop. Some diassociative loops

are considered by Ginzburg [42].
4The concept of a semi-automorphism can be introduced in any quasigroup: φ is a semi-automorphism

of a quasigroup Qp�q if φpxy � xq � pφxφyqφx. Semi-automorphisms in quasigroups were considered by

Sade [71].
5In the proof of Moufang's Theorem (Theorem 6.5), we follow Bruck [31]. Moufang proved Theorem 6.5

by induction. For the commutative case, Bruck has a very simple proof [29]. The reader will �nd the

connection between Moufang loops and projective planes, for example, in Hall's book [85].
6The fully general assertion is true: In every alternative ring, the identities (6.1) and (6.2) are satis�ed

(Bruck, Kleinfeld [28]).
7An example of a Moufang loop having 81 elements is constructed by Bol. This loop is generated by

three elements.
8Examples of Bol loops that are not Moufang loops are given by Bol [23] and Bruck [31] (see also the

example from Chapter IX, 2�).
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Chapter VII. TS-quasigroups.

Prolongation of quasigroups

1�. De�nitions and examples

Totally symmetric (TS-)quasigroups [24] constitute a class of IP -quasigroups which are not
loops.

De�nition 1. A quasigroup Qp�q is called a TS-quasigroup1 if the equality xy � z implies
the equality x1y1 � z1 for any arbitrary permutation x1, y1, z1 of the elements x, y, z.

The de�nition of a TS-quasigroup is equivalent to the following de�nition: a quasigroup
Qp�q is called a TS-quasigroup if the identities

xy � yx p7.1q

and
xpxyq � y p7.2q

hold in Qp�q.
Indeed, the �rst de�nition implies the second: If xy � z, then yx � z. If xy � z, then

y � xz, so xpxzq � z. Conversely, suppose (7.1) and (7.2) hold in Qp�q. If xy � z, then
zx � xy � x � x � xy � y, implementing the permutation x Ñ z Ñ y Ñ x. On the other
hand, (7.1) alone implements xÑ y Ñ x. Together, these two permutations generate S3.

If QpAq is a TS-quasigroup, then all six inverse operations for A coincide:

A � A�1 ��1 A ��1 pA�1q � p�1Aq�1 � A�. p7.3q

Moreover, it is easy to see that equalities (7.3) give a new de�nition of total symmetry which
is equivalent to the previous de�nitions.

Indeed, the equality A � A� is just the equality (7.1), and A � A�1 is just the equal-
ity (7.2). At the same time, the equalities A � A�1 � A� imply the remaining equalities.
Indeed,

A � A�1 � pA�q�1 � pr�1pA�1qs�1q�1 ��1 pA�1q,

i.e.
A � �1pA�1q.
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Since A�1 � A, the latter equality takes the form

A ��1 A.

Finally,
p�1Aq�1 � A�1 � A.

We also have the following characterization of TS-quasigroups.
A TS-quasigroup is an IP -quasigroup with Ir � Il � 1.
Indeed, if Ir � 1, then ArApx, yq, ys � x or �1Apx, yq � Apx, yq, i.e.

�1A � A. p7.4q

Similarly, Il � 1 implies
A�1 � A. p7.5q

But then all the equalities (7.3) follow from (7.4) and (7.5).
We give two more de�nitions:

De�nition 2. A TS-loop is called a Steiner loop.

De�nition 3. An idempotent TS-quasigroup is called a Steiner quasigroup.
Note that a Steiner loop is not a Steiner quasigroup.
Thus, Steiner quasigroups are particular cases of TS-quasigroups where the law of idem-

potency
x2 � x

holds. Steiner quasigroups are closely related to the so-called Steiner triple systems2 which
are de�ned as follows. Let Q be a set, and let Qp3q be the set of all unordered triples pa, b, cq
with a, b, c P Q. A subset S � Qp3q is called a Steiner triple system (STS) if: 1) pa, b, cq P S
implies that a, b, c are not pairwise equal; 2) for any pair of distinct elements a, b P Q, there
exists a unique triple pa, b, cq P S.

Example. Let Q be the set of integers from 1 to 7. Then

S � tp1, 2, 3q, p1, 4, 5q, p1, 6, 7q, p2, 4, 6q, p2, 5, 7q, p3, 4, 7q, p3, 5, 6qu

is a Steiner triple system.
Let us prove the following proposition: On a non-empty set Q, there exists a one-to-one

correspondence between Steiner quasigroups and Steiner triple systems.
Indeed, suppose we have an STS S on Q. Then we de�ne the operation p�q on Q as

follows:
1. If a � b, then there exists a unique triple pa, b, cq P S. We de�ne ab � c.
2. a2 � a.
Obviously, p�q is a commutative operation and, moreover, ab � c implies a1b1 � c1, where

a1, b1, c1 is an arbitrary permutation of the elements a, b, c, since by the de�nition of Steiner
triples pa1, b1, c1q is considered to be equal to the triple pa, b, cq.
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Conversely, if Qp�q is a Steiner quasigroup, then we de�ne a system S of unordered triples
pa, b, cq in the following way: pa, b, cq P S if and only if ab � c for a � b. The idempotency
of the quasigroup Qp�q implies the distinctions c � a, c � b as well, i.e., the triples from S

consist of pairwise unequal elements, and each pair a, b of distinct elements belongs to one
and only one triple from S.

Example. For the STS given above, the Steiner quasigroup Qp�q has the following Cayley
table:

1 2 3 4 5 6 7

1 1 3 2 5 4 7 6

2 3 2 1 6 7 4 5

3 2 1 3 7 6 5 4

4 5 6 7 4 1 2 3

5 4 7 6 1 5 3 2

6 7 4 5 2 3 6 1

7 6 5 4 3 2 1 7

A group Gp�q of exponent two (i.e., in which every non-identity element is of order two)
is an example of a Steiner loop. The group is commutative, and x � xy � x2y � y, i.e., it is
a TS-loop (Steiner loop).

2�. Autotopy of TS-quasigroups

Let A be the group of autotopies of some TS-quasigroup Qp�q. We have the following.

Lemma 7.1. If T P A, then T � P A, where T � is one of T r, T l, T rl, T ln, T lrl � T rlr � T �

(see Corollary 1 to Lemma 1.3).
Indeed, according to Lemma 5.2, T r and T l are autotopies of the respective quasigroups

p�q�1and �1p�q. But in a TS-quasigroup, p�q � p�q�1 ��1 p�q, so T r and T l are autotopies of
the quasigroup p�q. Then pT rql is also an autotopy of the quasigroup p�q, and so on.

Corollary. The sets of left, right, and principal components of all autotopies coincide.

If α is an arbitrary component of an autotopy T , then it is a principal component of
an arbitrary autotopy of the TS-quasigroup, i.e., it is a quasi-automorphism of the TS-
quasigroup Qp�q (see Chapter II, 3�). We denote the group of all quasi-automorphisms
of the TS-quasigroup Qp�q by K. Let us consider the groups L , R, and Φ of regular
permutations. For TS-quasigroups we have the following.

Lemma 7.2. The groups L , R, Φ of regular permutations are related by

L � R � Φ � Φ�, p7.6q

and φ� � φ for all φ P Φ.
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Indeed, by the de�nitions of L and R, the equality R � L holds for arbitrary commu-

tative quasigroups. Further, consider λ P L . Then pλ, 1, λq P A. According to Lemma 7.1,
we obtain pλ, 1, λqr � pλ, λ, 1q P A, i.e., λ P Φ, whence L � Φ.

Let φ P Φ, i.e., φx � y � xφ�y, where φ� P Φ�*. If x � y, then φx � x � x � φ�x � φ�xx,
whence φ� � φ.

Corollary 1. If φ P L , then pφ, φ�1, 1q P A.

Indeed, φ P Φ is equivalent to pφ, pφ�q�1, 1q P A. But φ� � φ, so pφ, φ�1, 1q P Φ.

Corollary 2. Let φ P Φ. Then φ P L if and only if φ2 � 1.

Indeed, let φ P L , i.e., pφ, 1, φq P A. But φ P Φ, and according to Corollary 1,
pφ, φ�1, 1q P A. However, pφ, 1, φq P A implies pφ, φ, 1q P A. Now whenever two components
of two autotopies coincide, their third components also coincide.* Thus, pφ, φ�1, 1q P A

and pφ, φ, 1q P A imply φ�1 � φ or φ2 � 1.

Corollary 3. The group Φ is abelian.

Indeed, let φ, ψ P Φ, so pφ, φ�1, 1q P A and pψ, ψ�1, 1q P A. Consequently,
pφψ, φ�1ψ�1, 1q P A. On the other hand, φψ P Φ, so pφψ, pφψq�1, 1q P Φ. Using the
previous remark, we conclude that pφψq�1 � φ�1ψ�1, whence φψ � ψφ.

Corollary 4. The group L � R is abelian.

This follows from the relationships (7.6) and Corollary 3 of Lemma 7.2.

Lemma 7.3. If T � pα, β, γq P A, then λµ�1 P Φ, where λ and µ are arbitrary components
of the autotopy T .

Indeed, T �T�1 is an autotopy of the TS-quasigroup Qp�q. But

T �T�1 � pβ, α, γq pα, β, γq�1 � pβα�1, αβ�1, 1q,

so βα�1 P Φ, and so on.

Lemma 7.4. If α is a quasi-automorphism of a TS-quasigroup Qp�q, then there exists a

unique quasi-automorphism α1 such that pα, α, α1q P A.

Indeed, suppose α P K, i.e., there exists an autotopy T of the form pα, β, γq. According to
Lemma 7.3, φ � βα�1 P Φ, and according to Corollary 1 of Lemma 7.2, S � pφ, φ�1, 1q P A.
Then by Lemma 1 for the penultimate equality, we have

T � pα, β, γq � pα, βα�1α, γq � pα, φα, γq � p1, φ, φ�1qpα, α, φγq

� pφ, φ�1, 1qpα, α, φγq � Spα, α, φγq,

whence
pα, α, βα�1γq � S�1T P A.

*For the proof of this statement, see Chapter II, 3�.
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Any component of an autotopy is uniquely de�ned by the remaining two components of the
autotopy, so α1 � βα�1γ is uniquely de�ned by the quasi-automorphism α. The proof of
the lemma is completed.

Corollary. The group Φ is a normal subgroup of the group K of all quasi-automorphisms

of a TS-quasigroup Qp�q.

Indeed, suppose φ P Φ and α P K. Then there are autotopies Tα � pα, α, α1q and
S � pφ, φ�1, 1q. But

T�1
α STα � pα�1, α�1, α

1�1qpφ, φ�1, 1qpα, α, α1q � pα�1φα, α�1φ�1α, 1q

is also an autotopy, so α�1φα P Φ.

3�. Isotopes of TS-quasigroups

In this section we study conditions under which an isotope of a TS-quasigroup belongs to
one or another class of quasigroups. It su�ces to consider principal isotopes. Let Qp�q be a
quasigroup, and Qp�q a principal isotope:

x � y � Ux � V y p7.7q

1. It was shown above that an arbitrary TS-quasigroup is an IP -quasigroup. We
investigate conditions under which Qp�q is also an IP -quasigroup.

Theorem 7.1. The principal isotope (7.7) of a TS-quasigroup Qp�q is an IP -quasigroup

if and only if U, V P K and U2, V 2 P Φ.

We use Theorem 5.2 for the proof: There must exist involutions I
1

l , I
1

r of Q such that

Tl � pIlλI
1�1
l λ�1, νµ�1, µν�1q P A and

Tr � pνλ�1, IrµI
1�1
r µ�1, λν�1q P A

*
p7.8q

for the isotope is to be an IP -quasigroup. In our case λ � U , µ � V , ν � 1, and Ir � Il � 1.
Since I

12
r � I

12
l � 1, we obtain

Tl � pUI
1

lU
�1, V �1, V q and Tr � pU�1, V I

1

rV
�1, Uq

for (7.8). Lemmas 7.1 and 7.3 imply that U, V P K and U2, V 2 P Φ.
By Lemma 7.4, there exists a quasi-automorphism V 1 such that S � pV 1, V, V q P A.

Consequently, TlS�1 P A. But

TlS
�1 � pUI

1

lU
�1, V

1�1, V �2, 1q,

whence UI
1

lU
�1V

1�1 � V 2. Thus
I
1

l � U�1V 2V 1U. p7.9q
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In similar fashion we �nd
I
1

r � V �1U2U 1V.

Thus, I
1

l and I
1

r are quasi-automorphisms of the TS-quasigroup Qp�q.
Conversely, let U and V satisfy the conditions of the theorem, and let I

1

l be de�ned by
the equality (7.9) Then

I
1

lx � px � yq � UpU�1V 2V 1UxqpUx � Uyq � V 2V 1Ux � V pUxUyq. p7.10q

Since pV 1, V, V q P A, we have V pxyq � V 1x �V y. Similarly, since U2 P Φ, then pV 2, V �2, 1q P

A, whence pV 2, 1, V �2q P A, and so V 2x � y � V �2pxyq. Thus, from (7.10), we obtain

I
1

lx � px � yq � V 2rV 1Uxq � pV 1Ux � V 2yqs � V �2pV 2yq � y.

The right inverse property in the quasigroup Qp�q is proved in similar fashion.
2. We investigate conditions under which the isotope Qp�q is also a TS-quasigroup. As

we have seen, TS-quasigroups are IP -quasigroups, and Ir � Il � 1 must hold. Using the
previous result, we �nd that Tl and Tr have the form

Tl � p1, V �1, V q, Tr � pU�1, 1, Uq,

whence we conclude that U, V P Φ. It is easy to see that the condition U, V P Φ is su�cient.
Thus, if U, V P Φ, then

U�1V �1pxyq � Ux � V y. p7.11q

Indeed, since U, V P Φ, then pU, 1, U�1q P A and (1, V, V �1q P A, whence pU, V, U�1V �1q P A.
Let us show that Qp�q is a TS-quasigroup. Since the group Φ is abelian (see Corollary 3

to Lemma 7.2), we have

x � px � yq � Ux � V pUx � V yq � Ux � V U�1V �1pxyq

� Ux � U�1pxyq � UU�1px � xyq � x � xy � y.

Further, we have x � y � y � x. Indeed,

x � y � Ux � V y � U�1V �1pxyq � U�1V �1pyxq � Uy � V x � y � x.

Thus, we have proved the following.

Theorem 7.2. The principal isotope (7.7) of a TS-quasigroup Qp�q is an IP -quasigroup

if and only if U, V P Φ.

3. We investigate conditions under which the isotope Qp�q is a Steiner quasigroup. By
Theorem 7.2, U and V must lie in Φ. Then, by (7.11), we have

x � x � Ux � V x � U�1V �1pxxq � U�1V �1x2. p7.12q

But in a Steiner quasigroup x � x � x, so by (7.12), we have

V Ux � x2. p7.13q
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By (7.11), we have
x � y � U�1V �1pxyq,

whence
V Upx � yq � xy,

or by (7.13),
px � yq2 � xy. p7.14q

Replacing y with x � y, we have

rx � px � yqs2 � xpx � yq and y2 � xpx � yq,

whence
x � y � xy2 p7.15q

Combining (7.14) and (7.15), the identity�
xy2

�2
� xy. p7.16q

is obtained.
Conversely, suppose the identity (7.16) holds in a TS-quasigroup Qp�q. Replacing x by

x2, we obtain
px2y2q2 � x2y.

Interchanging x and y,
py2x2q2 � y2x.

Consequently, x2y � y2x. Now set

xd y � x2y � y2x. p7.17q

From (7.17) it follows that the operation pdq is commutative and

xd pxd yq � y.

Indeed,
xd pxd yq � x2pxd yq � x2px2yq � y.

Thus Qpdq is a TS-quasigroup. Moreover, Qpdq is a Steiner quasigroup, since x d x �

x2x � x. If we now take an arbitrary principal isotope Qp�q of a TS-quasigroup Qp�q

in which the identity (7.16) holds, and Qp�q is a Steiner quasigroup, then, repeating the
arguments from the �rst part of ¶3, we �nd thatQp�q is related toQp�q by the equality (7.15).
Comparing (7.15) and (7.17), we conclude that p�q � pdq. Thus, we have proved the
following theorem.

Theorem 7.3. The principal isotope (7.7) of a TS-quasigroup Qp�q is a Steiner quasigroup

if and only if the identity (7.16) holds in Qp�q. In this case, all the principal isotopes coincide.

To conclude this section, we prove the following.
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Theorem 7.4. A Steiner quasigroup is isotopic to a commutative WIP -loop.

Indeed, �x an arbitrary element 1 of Q. Consider the isotope

x � y � 1pxyq.

Note that Qp�q is a commutative loop with neutral element 1. In the loop Qp�q, the inverse
element for x is Ix � 1x, since

x � 1x � 1rxp1xqs � 1 � 1 � 1.

Finally, we have

y � Ipx � yq � y � r1p1 � xyqs � y � xy � 1py � xyq � 1x � Ix,

so Qp�q is a WIP -loop.

4�. Admissible quasigroups

Steiner quasigroups and Steiner loops are very closely related, but the nature of this con-
nection is distinct from isotopy or transition to an inverse operation. Before we examine
this simple connection for Steiner quasigroups, we investigate a new method for obtaining
quasigroups related to a given one. First of all, it is necessary to study certain concepts
which are often encountered, in particular in Chapter IX.

De�nition 4. Let Qp�q be a quasigroup. A permutation θ of the set Q is called complete3

for Qp�q if the self-map
θ1x � x � θx p7.18q

on the set Q is also a permutation of Q. A quasigroup is said to be admissible if it has at
least one complete permutation.

Examples. 1. Idempotent quasigroups Qp�q (i.e., satisfying the identity x � x � x) are

admissible, with θ1 � θ � 1.
2. Finite groups of odd order are admissible. Indeed, the identity permutation θ � 1 is

complete for a group Qp�q of odd order m � 2n� 1. Since Q is �nite, it su�ces to prove the
injectivity: x2 � y2 implies x � y. We have

x � xm�1 � x2n�2 � px2qn�1 � py2qn�1 � y2n�2 � ym�1 � y.

3. Admissible groups of even order exist. The Klein Vierergruppe Q � t0, a, b, cu with
Cayley table

0 a b c

0 0 a b c

a a 0 c b

b b c 0 a

c c b a 0
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is admissible. Indeed, the permutation θ �
�
0 a b c

0 b c a



is complete for Qp�q, with θ1 ��

0 a b c

0 c a b



.

4. An example of an imadmissible group. The symmetric group S3 of degree 3 is not
admissible. Indeed, S3 has a normal divisor H of order three, with coset H 1 giving the
disjoint union S3 � H Z H 1. Suppose θ is a complete permutation of S3, so that θ1S3,
being equal to S3, has 3 elements from H.

Now if x P H and θx P H, then θ1x � x � θx P H; let there be k such elements. Also, if
y P H 1 and θy P H 1, then θ1y � y � θy P H; there are again k such elements. Thus, θ1S3 has
2k elements from H, a contradiction.

We examine some simple properties of admissible quasigroups.
1. If a quasigroup Qp�q is admissible, it may have multiple complete permutations.

In fact, the following assertion is true: Let θ be a complete permutation and let T �

pα, β, γq be an autotopy of the quasigroup Qp�q. Then βθα�1 is also a complete permutation

for Qp�q.

Indeed,
γθ1x � γpx � θxq � αx � βθx,

whence, replacing x by α�1x, the equation

γθ1α�1x � x � βθα�1x

is obtained.
2. Suppose that a quasigroup Qp�q is adrmissible. Then its inverse quasigroups are also

admissible.

Indeed, x � θx � θ1x implies xzθ1x � θx, where pzq � p�q�1; thus θ1 is a complete
permutation for Qpzq.

The equality x � θx � θ1x also implies the equalityθ1x{θx � x, whence x{θθ
1�1x � θ

1�1x,
i.e.,θθ

1�1 is a complete permutation for Qp{q, where p{q � �1p�q. It follows that the remaining
quasigroups from Σp�q are admissible.

3. The following theorem characterizes admissibility of a quasigroup Qp�q.

Theorem 7.5. A quasigroup Qp�q is admissible if and only if is isotopic to an idempotent

quasigroup.4

Indeed, Qp�q is admissible if and only if there exist permutations θ and θ1 such that the
equality (7.18) holds. We de�ne an isotope Qp�q by

x � y � θ
1�1px � θyq.

Then x � x � θ
1�1px � θxq � θ

1�1θ1x � x, i.e., Qp�q is idempotent.
Conversely, let Qp�q be isotopic to an idempotent quasigroup Qp�q with x � y � γpα�1x �

β�1yq, thus by isotopy T � pα, β, γq. Let x � y. Then x � x � x � γpα�1x � β�1xq, whence
α�1x �β�1x � γ�1x. Replacing x by αx, we obtain x �β�1αx � γ�1αx, so β�1α is a complete
permutation for Qp�q.
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Corollary. Isotopes of admissible quasigroups are admissible.

4. If Qp�q is an admissible group with complete permutation θ, and x � θx � θ1x, then the

groupoid QpAq, with

Apx, yq � xθ1px�1yq. p7.19q

is a quasigroup.

Indeed, the equation Apa, yq � b is equivalent to the equation aθ1pa�1yq � b, which
has a unique solution y � aθ

1�1pa�1bq. We show that the equation Apx, aq � b is also
uniquely solvable. In fact, this equation is equivalent to the equation xθ1px�1aq � b or
x � x�1a � θpx�1aq � b, whence aθpx�1aq � b. Solving the equation, we have consecutively

a�1b � θpx�1aq, θ�1pa�1bq � x�1a, and x � pθ�1pa�1bqa�1q�1

as the unique solution of the equation Apx, aq � b.
5. Consider the isotope

Bpx, yq � Apx�1, yq � x�1θ1pxyq

of the quasigroup A from (7.19). Then: The system

xy � a,

Bpx, yq � b

*

of equations has a unique solution for arbitrary a, b P Q.

Indeed, Bpx, yq � x�1θ1pxyq � x�1θ1a � b, so the element x is uniquely speci�ed. Then,
the element y is uniquely speci�ed by the equation xy � a we �nd y.

We have arrived at the following important concept.

De�nition 5. Two quasigroups QpAq and QpBq are orthogonal if the system

Apx, yq � a,

Bpx, yq � b

*

of equations is uniquely solvable for arbitrary a, b P Q.5

Thus, the previous result can be formulated in the following form: An admissible group

has a quasigroup which is orthogonal to it.

The converse statement is also true: If there exists a quasigroup QpBq which is orthogonal
to a group Qp�q, then Qp�q is admissible.

Indeed, for arbitrary c P Q, the permutation θx � B�1px, cq of Q is complete for Qp�q.
We consider the self-map θ1x � xθx, and show that θ1x � d has a unique solution for an
arbitrary element d P Q.

The equation θ1x � d is equivalent to the equation xB�1 � px, cq � d. Let B�1px, cq � y.
Then we obtain the system

xy � d,

Bpx, yq � c

*
p7.20q

of equations which, by the orthogonality of QpBq and Qp�q, has a unique solution. In
particular, there exists a unique x which satis�es the system (7.20), and, consequently, the
equation θ1x � d.
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5�. Prolongations of quasigroups6

Now let us move to the construction of quasigroups which was discussed at the beginning
of the previous section. Let Qp�q be an admissible quasigroup with a complete permutation
θ:

xθx � θ1x.

On the set Q1 � QY tku, where k R Q, we de�ne an operation p�q as follows:

x � y �

$'''''&
'''''%

xy, if x, y � k, y � θotx,

k, if x, y � k, y � θx,

θ1x, if x � k, y � k,

θ1θ�1y, if x � k, y � k,

k, if x � y � k.

,/////.
/////-

p7.21q

We show that Qp�q is a quasigroup. Consider the equation a � x � b.
If a � k, then x � k if b � k, while if b � k, the equation k � x � b is equivalent to the

equation θ1θ�1x � b, de�ning x uniquely as θθ
1�1b.

Now, suppose a � k. For b � k, the de�nition of the operation p�q implies x � θa. If
b � k, but b � θ1a, then a � x � θ1a is solved uniquely by x � k. If b � k and b � θ1a, then
a � x � b becomes ax � b, whence x is again de�ned uniquely.

The unique solution of x � a � b is handled in similar fashion.

De�nition 6. The quasigroup Q1p�q constructed by (7.21) is called the prolongation p�q �
p�, θq of the quasigroup Qp�q by the permutation θ.

If Q is a �nite quasigroup, then a prolongation Q1p�q is obtained as follows. In the
Cayley table for Qp�q, we replace products x � θx with k. We add a row and a column to
the resulting table, each labeled by k, which consist respectively of elements θ1θ�1x and
θ1x px � kq. Finally, we assume k � k � k. For example,

� 0 1 2 3 4

0 0 1 2 3 4

1 3 2 0 4 1

2 1 4 3 0 2

3 4 3 1 2 0

4 2 0 4 1 3

� k 0 1 2 3 4

k k 1 2 4 3 0

0 3 0 1 2 k 4

1 2 3 k 0 4 1

2 1 k 4 3 0 2

3 0 4 3 1 2 k

4 4 2 0 k 1 3

In this example θ �
�
0 1 2 3 4

3 1 0 4 2



and θ1 �

�
0 1 2 3 4

3 2 1 0 4



.

Note the consecutive appearance of the elements 3 2 1 0 4 (from the bottom row
of θ1) in bolded form down the rows of the �rst square. These are the products x � θx. The
element k appears at the corresponding places in the second table.
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If Qp�q is an idempotent quasigroup, the prolongation p�q � p�, 1q (with 1 as the identity
permutation of the set Q) has the simple form

x � y �

$'''''&
'''''%

xy for x � k, y � k, x � y,

k for x � y � k,

x for x � k, y � k,

y for x � k, y � k,

k for x � y � k.

,/////.
/////-

p7.22q

In this case Q1p�q is a loop with neutral element k.

The converse statement is true: if a prolongation Q1p�q of a quasigroup Qp�q is a loop,

where p�q � p�, θq, then Qp�q is an idempotent quasigroup and θ � 1, i.e., the prolongation
Q1p�q has the form (7.22).

Indeed, let e be a neutral element of a loop Q1p�q. If e � k, then e � k � k would imply
the result θ1e � k which is impossible, since θ1e P Q and k P Q. Thus, e � k. By the
de�nition of p�q we have θ1x � x and θ1θ�1y � y for arbitrary x, y P Q, i.e., θ1 � 1 and
θ1θ�1 � 1, whence θ � 1.

Theorem 7.6. A prolongation of a quasigroup is isotopic to a group Qp�q if and only if

the group Qp�q has exponent two.

Proof. Suppose that Qp�q is an admissible quasigroup with a full permutation θ, and let
Qp
q be a prolongation using θ. Suppose that p
q is isotopic to a group p�q:

x 
 y � γ̄�1pᾱx � β̄yq,

where ᾱ, β̄, and γ̄ are permutations of the set Q1 � Q Y tku. Then the de�nition of the
prolongation p
q � p�, θq implies

k � x 
 θx � γ̄�1pᾱx � β̄θxq,

x 
 k � θ1x � γ̄�1pᾱx � β̄kq,

k 
 x � θ1θ�1x � γ̄�1pᾱk � β̄xq, and

k � k 
 k � γ̄�1pᾱk � β̄kq,

whence we obtain
ᾱx � β̄θx � γ̄k, p7.23q

ᾱx � β̄k � γ̄θ1x, p7.24q

ᾱk � β̄x � γ̄θ1θ�1x, and p7.25q

ᾱk � β̄k � γ̄k.

We have x � k in all the equalities (7.23) � (7.25). We �nd ᾱx and β̄x from (7.23) and
(7.24), and substitute into (7.25):

γ̄k � ᾱx � β̄θx � γ̄θ1x � pβ̄kq�1 � pᾱkq�1 � γ̄θ1θ�1pθxq
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� γ̄θ1x � pᾱk � β̄kq�1 � γ̄θ1x � γ̄θ1x � pγ̄kq�1 � γ̄θ1x,

whence �
γ̄θ1x � pγ̄kq�1

�2
� 1, p7.26q

where 1 is a neutral element of the group Q1p�q. Replace in (7.26) θ1x with x:

pγ̄x � pγ̄kq�1q2 � 1.

This equality holds true for arbitrary x � k. But if x � k, then γ̄k � pγ̄kq�1 � 1, so the
restriction x � k can be removed. Since xÑ γ̄x � pγ̄kq�1 is a permutation of the set Q1, we
have shown that the group Qp�q has exponent two.

The following lemma is needed for the proof of Theorem 7.7 below.

Lemma 7.5. Consider a group Qp�q of order n ¡ 8. If at least n�3 non-identity elements

have order two, then all n� 1 non-identity elements have order two.

Consider p P Q with p2 � 1. Then pp�1q2 � 1. Consequently, all the other non-identity
elements of Q should have order two. The element p2 either does have order two, i.e., p4 � 1,
or does not have order two: pp2q2 � 1. In the latter case, since p2 � p or p � 1 is impossible,
we have p2 � p�1, i.e., p3 � 1. So the group Qp�q contains a cyclic subgroup H � xpy of order
three or four. In each case, H is a normal subgroup of group Qp�q. Indeed, pxpx�1q2 � 1 for
arbitrary x, since pxpx�1q2 � xp2x�1 � 1, and consequently xpx�1 P H. The index of the
normal subgroup H in Qp�q is more than two, since the order of Qp�q is more than eight.

We further note that
xpx�1 � p�1 p7.27q

for arbitrary x R H, since then x2 � 1 and xp R H ñ pxpq2 � 1 ñ xpx � p�1.
Since the index of H in Qp�q is more than two, the order of the quotient group Q{H �

tx̄ | x P Qu is more than two, so there exist two elements x̄ and ȳ distinct from 1̄ such that
x̄ȳ � 1̄. In other words, in Qp�q there are two elements x and y not belonging to H whose
product does not belong to H. Thus x2 � y2 � pxyq2 � 1, whence, in particular, it follows
that xy � yx.

On the other hand, (7.27) implies

pxyqppxyq � p�1

or
pxyqppxyq � pxyqppyxq � xpypyqx � xp�1x � p.

Thus, p � p�1 or p2 � 1, contradicting the choice of p. It follows that all the non-identity
elements of the group Qp�q have an order two.

Remark. If the order of Qp�q is eight or less, the conclusion of the lemma does not hold.
The dihedral group D4 of degree 4 and order 8 serves as a counterexample.
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De�nition. Complete permutations φ and θ of a quasigroup Qp�q are equivalent if

φα � βθ,

where α and β are the respective left and right components of an autotopy T of Qp�q.
If Qp�q is a group, then Theorem 2.5 implies that the components α and β of the autotopy

pα, β, γq have the form
α � Laν and β � Rbν,

where a, b are elements of Q, and ν is an automorphism of the group Qp�q. Thus the
equivalence of complete permutations φ and θ means that

φLaν � Rbνθ

or
φ � Rbνθν

�1La. p7.28q

In (7.28) we have replaced a�1 by a.

Remark. As an example of non-equivalence of complete permutations, take Qp�q as a
non-trivial abelian group of odd order, with a complete non-trivial automorphism φ. Now
θ � 1 is complete. If φ and θ are equivalent, then by (7.28), φ � RbLa � LbLa � Lab. But
φ1 � 1, so Lab1 � 1. Hence b � a�1, i.e., φ � L1 � 1, contradicting the choice of φ.

Theorem 7.7. Suppose that a group Qp�q contains at least one non-identity element of
order di�erent from two. Suppose that θ and φ are complete permutations. Then the
prolongations A � p�, θq and B � p�, φq are isotopic if and only if θ and φ are equivalent.

Proof. 1�q Necessity. We have to establish the equivalence of θ and φ in the presence of
an isotopy

B � AT̄ p7.29q

with T̄ � pᾱ, β̄, γ̄q. For the prolonging element k, set

ᾱk � a, β̄k � b, γ̄k � c, p7.30q

ᾱa0 � k, β̄b0 � k, γ̄c0 � k.

By the de�nition of prolongation, we have the following:

γ̄pxyq � Apᾱx, β̄yq, x � k, y � k, y � φx, p7.31q

c � Apᾱx, β̄φxq, x � k, p7.32q

γ̄φ1x � Apᾱx, bq, x � k, p7.33q

γ̄φ1φ�1x � Apa, β̄xq, x � k, p7.34q

c � Apa, bq. p7.35q
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From (7.35) it follows that if two elements from a, b, c are equal to k, then the third element
is also equal to k. An analogous statement follows for a0, b0, c0.

There are �ve cases to consider:

1) a � b � c � k.
Let ᾱx � αx, β̄x � βx, γ̄x � γx for x � k, so α, β, γ are permutations of the set Q.

Then (7.33) implies
γφ1x � Apαx, kq � θ1αx,

whence
γφ1 � θ1α. p7.36q

From (7.32) we have
k � Apαx, βφxq,

whence
βφ � θα. p7.37q

Let x, y P Q and y � φx. Then from (7.31) we obtain

γpxyq � Apαx, βyq.

Since γpxyq � k, the de�nition of the prolongation A implies

γpxyq � αx � βy

or
γ�1pαx � βyq � xy for y � φx. p7.38q

In the case when y � φx, we have

γ�1pαx � βφxq � γ�1pαx � θαxq � γ�1θ1αx,

since x � θx � θ1x. But by (7.36), γ�1θ1α � φ1. Thus

γ�1pαx � βφxq � φ1x

or
γ�1pαx � βφxq � x � φx. p7.39q

Now (7.38) and (7.39) imply γ�1pαx � βyq � xy for arbitrary x and y, i.e., T � pα, β, γq is
an autotopy of the group Qp�q. The equality (7.37) means that φ and θ are equivalent.

2) c � k, a � k, b � k.
Let γ̄x � γx for x � k. The equalities p7.32q, p7.33q and p7.34q respectively become

Apᾱx, β̄φxq � k,

Apᾱx, bq � γφ1x,

Apa, β̄xq � γφ1φ�1x

,.
- for x � k.

p7.40q

p7.41q

p7.42q
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From (7.41) and (7.42), we have

Apᾱx, bq � Apa, β̄φxq � γφ1x for x � k. p7.43q

Let ᾱx � k. Then x � a0. Consequently, from (7.40) we have

barβφx � θᾱx, x � a0 for x � k. p7.44q

In particular, (7.44) implies barβφx � k for x � a0. Thus, (7.43) implies ᾱx � b � αβ̄φx �

γφ1x for x � k and x � a0, whence by (7.44) we have

ᾱx � b � a � θᾱx for x � k and x � a0.

Take x � ᾱ�1y. Then ᾱ�1y � k and ᾱ�1y � a0, whence y � ᾱk and y � ᾱa0 or y � a0 and
y � k � see (7.30). Thus

y � b � a � θy,

whence
θy � a�1yb, p7.45q

for all y � k, y � a.
The formula (7.45) also holds for y � a. Indeed, for c � k, (7.35) implies Apa, bq � k,

whence θa � b. The same result follows from (7.45) for x � a.
By (7.29), we have

A � BT̄�1

� Bpᾱ�1,β̄�1,γ̄�1q.

If we interchange the roles of A and B, then φ and θ, and also the respective elements a, b,
c and a0, b0,c0, change their roles correspondingly, since c � k Ø c0 � k. Thus, we obtain
a relationship for φ which is analogous to the equality (7.45):

φy � a�1
0 yb0. p7.46q

We now determine the relation between φ and θ. From (7.45) and (7.46), we have

θpayq � yb and φpa0yq � yb0.

Consequently,
θpayqb�1 � φpa0yqb

�1
0 ,

whence
φpa0yq � θpayqb�1b0

or
φy � θpaa�1

0 yqb�1b0 and φ � RcθL
�1
d ,

where d � a0a
�1 and c � b�1b0. But pLd, Rc, LdRcq is an autotopy of the group Qp�q:

Ldx �Rcy � dx � yc � dpxyqc � LdRcpxyq.

Consequently, φ and θ are equivalent.
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3) a � k, b � k, c � k.
Set ᾱx � αx for x � k, and a0 � k. The respective equalities (7.32)�(7.34) become

Apαx, β̄φxq � c,

Apαx, bq � γ̄φ1x,

Apk, β̄xq � γφ1φ�1x

,.
- for x � k.

p7.47q

p7.48q

p7.49q

Suppose x � b0. Then (7.49) implies

θθ1β̄x � γ̄φ1φ�1x for x � b0 and x � k. p7.50q

The equalities (7.47) and (7.48) imply

αx � β̄φx � c and p7.51q

αx � b � γ̄φ1x. p7.52q

The equality (7.51) holds for β̄φx � k or φx � β̄�1k � b0, whence x � φ�1b0. The
equality (7.52) holds for γ̄φ1x � k or φ1x � γ̄�1k � c0, whence x � φ

1�1c0. But the condition
x � b0 from (7.49) is equivalent to the inequality γ̄φ1φ�1x � k, or φ1φ�1x � γ�1k � c0, or
φ�1x � φ

1�1c0. Thus, the inequality x � φ
1�1c0 or φ�1pφxq � φ

1�1c0 is equivalent to the
inequality φx � b0 or x � φ�1b0. Consequently, the equalities (7.51) and (7.52) are true for
x � φ�1b0 (and x � k).

From the equality (7.50), after the substitution x � φy, we obtain

θ1θ�1β̄φy � γφ1y, p7.53q

which holds when φy � b0 and φy � k, i.e., y � k and y � φ�1b0. Thus, from (7.51)�(7.53)
for x � k and x � φ�1b0, we have

θ1θ�1β̄φx � γθ1x � αx � b � cpβ̄φxq�1b.

Replacing β̄φx with z yields
θ1θ�1z � cz�1b. p7.54q

We check for which elements z the equality (7.54) holds. First of all, z � k, this condition
following from x � φ�1b0. Further, x � φ�1β̄z implies z � b, since β�1b � k, and φ�1k

is unde�ned. Thus (7.54) holds for arbitrary z P Q. But the equality Apk, bq � c implies
c � θ1θ�1b. For z � b in (7.54) we get the same result. From the equality (7.54) and the
de�nition of the permutation θ1 we have

θ�1z � θpθ�1zq � cz�1b, θ�1z � cz�1bz�1

or
θ�1z � cb�1pbz�1q2. p7.55q

Arguing as in case 1, we obtain that

φ�1z � c0b
�1
0 pb0z

�1q2. p7.56q
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From (7.55) we �nd
pbz�1q2 � bc�1θ�1z, z�2 � bc�1θ�1pzbq. p7.57q

Similarly, from (7.56) we have
z�2 � b0c

�1
0 φ�1pzb0q. p7.58q

Comparing (7.57) and (7.58), we conclude that

φ�1z � eθ�1pzd�1q,

where e � c0b
�1
0 bc�1 and d � b�1b0. Thus,

φ�1 � Leθ
�1Rd�1 � Leθ�1R�1

d ,

and consequently,
φ � RdθL

�1
e .

Hence it follows that φ and θ are equivalent.
4) b � k, a � k, c � k.
Here, we may argue as in the previous case.
5) a, b, c � k.
Here, we also have a0, b0, c0 � k. We examine the possible respective forms of the

equalities (7.35) in a), (7.33) in b), (7.34) in c), and (7.32) in d) below, ultimately arriving
at the conclusion that this particular case cannot actually arise.

aq Apa, bq � c.

Since all the elements a, b, c di�er from k, this equation cannot hold, because the de�ni-
tion of the prolongation of A implies ab � c and

θa � b, p7.59q

since Apa, bq � Apa, θaq � k.

bq Apᾱx, bq � γ̄φ1x, x � k. p7.60q

Let x � a0. Then Apk, bq � γ̄φ1a0, so

θ1θ�1b � γ̄φ1a0.

Suppose, further, that b � θᾱx, i.e., x � ᾱ�1θ�1b. Then p7.60q implies γ̄φ�1ᾱ�1θ�1b � k,
whence

φ1ᾱ�1θ�1b � c0. p7.61q

This latter equality makes sense, because ᾱ�1θ�1b � k. Indeed, the inequality p7.59q implies
a � θ�1b, ᾱk � θ�1b, and k � ᾱ�1θ�1b. Thus, from p7.60q we have

ᾱx � b � γ̄φ1x when x � k, x � a0, x � ᾱ�1θ�1b. p7.62q
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cq Apa, β̄xq � γ̄φ1φ�1x, x � k. p7.63q

If x � b0, then
Apa, β̄b0q � Apa, kq � γ̄φ1φ�1b0,

whence
φ1φ�1β̄�1θa � c0. p7.64q

The latter equality makes sense because θa � b and, consequently, β̄�1θa � β̄�1b � k.
Therefore, from p7.63q we have

a � β̄x � γ̄φ1φ�1x for x � k, x � b0, x � β̄�1θa. p7.65q

We make the substitution x � φy in the equality p7.65q:

aβ̄φy � γ̄φ1y.

This equality makes sense when

φy � k, φy � b0, φy � β̄�1θa,

or
y � k, y � φ�1b0, y � φ�1β̄�1θa. p7.66q

Thus,
a � β̄φx � γ̄φ1x for x � k, x � φ�1b0, x � φ�1 ¯β�1θa.

dq Apᾱx, β̄φxq � c, x � k. p7.67q

If x � a0, then
Apk, β̄φa0q � c, p7.68q

whence β̄φa0 � k, φa0 � β̄�1k or
φa0 � b0. p7.69q

From p7.68q we obtain
β̄φa0 � θ1θ�1c. p7.70q

If φx � b0 or x � φ�1b0, then
Apᾱφ�1b0, kq � c,

whence
θ1ᾱφ�1b0 � c. p7.71q

In view of p7.69q, the equalities p7.70q and p7.71q make sense. Thus, p7.67q implies

ᾱx � β̄φx � c for x � k, x � a0, x � φ�1b0.
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We note that the conditions x � ᾱ�1θ�1b from p7.62q and x � φ�1β̄�1θa from p7.66q coincide
with the condition x � φ1�1c0, since by p7.61q and p7.64q we have

ᾱ�1θ�1b � φ1�1c0 and φ�1β̄�1θa � φ1�1c0.

Thus, we �nd the equalities

ᾱx � b � γ̄φ1x, for x � a0, x � φ1�1c0,

a � β̄φx � γ̄φ1x, for x � φ�1b0, x � φ1�1c0,

ᾱx � β̄φx � c, for x � a0, x � φ�1b0,

,.
- p7.72q

all subject to the additional condition x � k. We eliminate ᾱx and β̄φx from the equali-
ties p7.72q:

pγ̄φ1x � b�1qpa�1 � γ̄φ1xq � c,

γ̄φ1x � c�1 � γ̄φ1x � c,

pγ̄φ1x � c�1q2 � 1. p7.73q

The latter equality makes sense when x � a0, x � φ�1b0, and x � φ1�1c0. Let

y � γ̄φ1x � c�1. p7.74q

Now x � a0 implies y � γ̄φ1a0 � c
�1. Also x � φ�1b0 implies y � γ̄φ1φ�1b0 � c

�1, and
x � φ1�1c0 implies y � γ̄φ1pφ1�1c0q � γ̄c0 � k.

Moreover, we see that y � 1 by p7.74q, because 1 � γ̄φ1x � c�1 would imply γ̄φ1x � c,
leading to the contradiction φ1x � k. So, the equality p7.73q takes the form y2 � 1, holding
when y � k, y � 1, y � γ̄φ1φ�1b0, and y � γ̄φ1φ�1b0 � c

�1. If we move to the group Qp�q,
then the �rst two limitations can be removed. Consequently, all the non-identity elements
of the group Qp�q, with two possible exceptions, have order two. Applying Lemma 7.5, we
arrive at a contradiction to the hypothesis of the theorem: All the non-identity elements of
Qp�q have order two. Thus, case 5q cannot arise, and the necessity has been proved.

2�q Su�ciency. Let Qp�q be an admissible quasigroup. If complete permutations θ and
φ are equivalent, then the prolongations A � p�, θq and B � p�, φq are isotopic.

Indeed, let θ and φ be equivalent, so there is an autotopy T � pα, β, γq of the quasigroup
Qp�q such that

θ � βφα�1 p7.75q

and
θ1 � γφ1α�1. p7.76q

Then
θ1x � x � θx � x � βφα�1x � αpα�1xq � β pφα�1xq

� γpα�1x � φα�1xq � γφ1α�1x

for x in Q. We de�ne three permutations ᾱ, β̄, γ̄ on the disjoint union Q1 � QY tku, using
ᾱx � αx for x P Q and ᾱk � k. We de�ne β̄ and γ̄ similarly. We show B � AT̄ , where
T̄ � pᾱ, β̄, γ̄q. For this, we consider various possible cases for pairs of elements of Q1.

1q x � k, y � k, y � φx:
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Here, Bpx, yq � xy. If y � φx, then p7.75q implies y � β�1θαx, whence βy � θαx.
Consequently,

AT̄ px, yq � γ̄�1Apᾱx, β̄yq � γ̄�1Apαx, βyq � γ�1pαx � βyq � x � y.

2q x � k, y � k, y � φx:
Here, Bpx, yq � k. On the other hand,

AT̄ px, φxq � γ̄�1Apᾱx, β̄φxq � γ̄�1Apαx, βφxq

� γ̄�1Apαx, θαxq � γ̄�1k � k.

3q y � k, x � k:
Here Bpk, xq � φ1x and

AT̄ px, kq � γ̄�1Apᾱx, β̄kq � γ̄�1Apαx, kq � γ̄�1θ1αx � γ�1θ1αx � φ1x

by p7.76q.
4q x � k, y � k:
Here, Bpk, yq � φ1φ�1y, and for AT̄ we �nd

AT̄ pk, yq � γ̄�1Apᾱk, β̄yq � γ̄�1Apk, βyq � γ̄�1θ1θ�1βy � γ�1θ1θ�1βy.

However, γ�1θ1θ�1β � γ�1pγφ1α�1q pαφ�1β�1qβ � φ1φ�1. Thus, AT̄ pk, yq � Bpk, yq.
5q x � k, y � k.
Here, Bpk, kq � k and AT̄ pk, kq � γ�1Apᾱk, β̄kq � γ�1Apk, kq � γ�1k � k. Thus,

AT̄ � B in all possible cases. This completes the proof of the theorem.

Remark. Note that the su�ciency part of the proof of Theorem 7.7 applies to a general
admissible quasigroup Qp�q, and not just to the groups considered in the context of the
theorem.

Theorem 7.7 enables us to construct non-isotopic quasigroups, and, by Theorem 7.6,
these quasigroups are not isotopic to groups.

So far, we have studied properties of prolongations of groups. To conclude this section,
we return to Steiner quasigroups and prove the following proposition.

Theorem 7.8. Let Qp�q be a Steiner quasigroup. Then the prolongation p�q � p�, 1q of

Qp�q is a Steiner loop on the disjoint union Q1 � QY tku.
Being idempotent, the Steiner quasigroup Qp�q is admissible, and the identity permuta-

tion is complete for Qp�q. The prolongation Q1p�q is a loop with a neutral element k, and is
easily veri�ed to be commutative. We show that

x � px � yq � y. p7.77q

If x � k and y is an arbitrary element from Q1, then p7.77q holds, because k is the neutral
element of a loop Q1p�q. Now, let x � k and y � k. Then

x � px � kq � x � x � k.
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Finally, if x, y, and k are all di�erent, we have

x � px � yq � x � pxyq � x � xy � y.

Thus, Q1p�q is a Steiner loop.
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Notes

1The concept of a TS-quasigroup was introduced by Bruck in r24s, and studied in detail in r25s. The

results of the sections 3� and 4� are taken mainly from these two works of Bruck.
2Steiner triples are studied in combinatorial analysis (see, for example, M. Hall r86s, and also the literature

therein). The connection between Steiner triples and Steiner quasigroups was studied by Bruck r33s and

others.
3The concept of a complete permutation was introduced by Mann r49sin the course of a study of orthog-

onal quasigroups (see De�nition 5).
4Necessary and su�cient conditions for the admissibility of groups were found by Paige r62s and by

M. Hall and Paige r87s. In particular, it was shown that all symmetric groups Sn are admissible for n ¡ 3.

Bateman r37s showed that all in�nite quasigroups are admissible.
5If we take the two Latin squares (see Note 1 of Chapter I) corresponding to �nite orthogonal quasigroups

QpAq and QpBq, and superimpose one on the other, then we obtain a square of the same dimension. In

each cell of this square, there is a pair pa, bq of elements a, b P Q. Orthogonality means that all these pairs

are di�erent. For example:

A 1 2 3

1 3 2 1

2 3 1 2

3 2 3 1

B 1 2 3

1 2 1 3

2 1 3 2

3 3 2 1

1 2 3

1 12 21 33

2 31 13 22

3 23 32 22

The square of pairs obtained in this way is called an Euler square. Thus, the orthogonality of two quasigroups

QpAq and QpBq of order n is equivalent to the existence of an Euler square of order n. Euler posed the �rst

problem in this direction: To construct Euler squares of various orders. In 1779, Euler conjectured that

Euler squares of order n � 4k � 2 do not exist (in particular, of order 6). It was not until 1901 that Tarry

was able to prove that Euler's conjecture holds for n � 6 (the case n � 2 it is trivial). Since then, Euler's

conjecture has been tackled by many researchers. In 1959, Parker r60s proved that there is an Euler square

of order 10. Other details on Euler squares are given by M. Hall r86s, as well as in the literature he cites.

We also mention articles by Stein r74s, Sade r68s, and the author r19s. In particular, these articles consider

quasigroups Qp�q satisfying the identity x � xy � yx. It is easy to see that in this case, the quasigroup Qp�q

and its opposite Qp�q with x � y � yx are orthogonal. Such quasigroups are also considered in r59s.
6Prolongations of quasigroups were �rst considered by Bruck in r24s, but only for the case where Qp�q

is idempotent (see the de�nition of Q1p�q in p7.22q). Theorem 7.8 is also proved there. Prolongation of

quasigroups was also applied by Osborn in r58s.
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Chapter VIII. Distributive quasigroups

1�. Some elementary properties of distributive quasigroups

De�nition 1. A quasigroup Qp�q is said to be distributive1 if the following identities hold:

x � yz � xy � xz, p8.1q

yz � x � yx � zx. p8.2q

The identities (8.1) and (8.2) are respectively called the left and right distributive laws.
Example of a distributive quasigroup. Let pQ,�, �q be an associative division ring. Let

us consider the operation Apx, yq � p1� aqx� ay, a � 0, 1. in Qp�, �q. It is easy to verify
that QpAq is a distributive quasigroup. Other examples are given below.

We consider some simple properties of distributive quasigroups.
a) A distributive quasigroup Qp�q is idempotent, i.e.

x2 � x

for all x P Q. Indeed, setting y � x in (8.1), we obtain x�xz � xx�xz, implying x � xx � x2.
b) The group G associated with a distributive quasigroup Q, p�q is a subgroup of the group

of automorphisms of the quasigroup Qp�q.2

It is su�cient to prove the statement for the translations Ra and La, where a is an arbi-
trary element from Q, as Ra and La generate the group G. The identity of left distributivity
may be rewritten as

Lxpyzq � Lxy � Lxz,

showing that Lx is an automorphism of the quasigroup Qp�q.
c) For an arbitrary element x of a distributive quasigroup, the translations Lx and Rx

commute:

RxLx � LxRxy, p8.3q

Indeed,
RxLxy � pxyqx � pxxqpyxq � xpyxq � LxRxy.

d) Let Qp�q be a distributive quasigroup. Suppose that p�q�1 � pzq is the right inverse

operation for p�q, and that �1p�q � p{q is the left inverse operation for p�q. Then the identities

xpyzzq � pxyqzpxzq,

py{zqx � pyxq{pzxq,

xzpyzq � pxzyqpxzzq,

pyzq{x � py{xqpz{xq

,////.
////-

p8.4q
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hold for all x, y, z P Q.

To prove the �rst equality (8.4), we consider

xpyzzq � pxyqzpxz1q. p8.5q

Such an element z1 exists by the invertibility of p�q. Using the de�nition of the operation
pzq, we obtain

xpxzyqx � y

for all x, y P Q. Thus, from (8.5) we have

xz1 � pxyq rxpyzzqs � x rypyzzqs � xz,

which implies z1 � z. Thus, the �rst of the equalities (8.4) is proved. The remainder of the
equalities (8.4) are proved in similar fashion.

e) Each coset of a subquasigroup H of a distributive quasigroup Qp�q is itself a subquasi-

group.3

Consider a coset aH, and elements a1, a2 P aH. Then there exist elements h1, h2 of H
such that a1 � ah1 and a2 � ah2, so a1a2 � ah1 � ah2 � aph1h2q P aH. Now we show that
the solution x of the equation a1x � a2 belongs to the same coset aH. Write the element
x as ax1 for some element x1 of Q. Then ah2 � a2 � a1x � ah1ax

1 � a ph1x
1q, whence

h2 � h1x
1. Since Hp�q is a subquasigroup, x1 P H and x � ax1 P aH. Similarly, we may

prove that the solution y of the equation ya1 � a2 also belongs to aH.

2�. Connection with commutative Moufang loops

For an element k of Q, consider the principal isotope

x � y � A
�
R�1
k x, L�1

k y
�

p8.6q

of a distributive quasigroup QpAq. The loop Qp�q has a neutral element Apk, kq � k � 1. Let
us call it the loop Qp�q corresponding to the distributive quasigroup QpAq at k, and denote
it by Q rAsk, so p�q � rAsk . We now �x the element k. Further, we set

R � Rk and L � Lk.

The following lemma holds.

Lemma 8.1. The equalities

Rpx � yq � Rx �Ry, Lpx � yq � Lx � Ly,

xpyzq � pRx � yq pLx � zq , and p8.7q

pyzqx � pyRxq pzLxq p8.8q

hold for all x, y, z P Q.
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Proof. 1. Using (8.6) and the commutativity of R and L, we have

Rpx � yq � RA
�
Rx�1, L�1y

�
� A

�
RR�1x,RL�1y

�
� A

�
R�1Rx,L�1Ry

�
� Rx �Ry.

Thus, R is an automorphism of the loop Qp�q. Similarly, L is an automorphism of the loop
Qp�q.

2. The equality (8.6) implies

Apx, yq � Rx � Ly. p8.9q

By (8.9) and the left distributive law for A, we obtain

Rx � LpRy � Lzq � R pRx � LyqL pRx � Lzq

and
RxpLRy � L2zq �

�
R2x �RLy

� �
LRx � L2z

�
.

Making the substitutions x Ñ R�1x, y Ñ L�1R�1y and z Ñ L�2z in the latter equality,
and taking into account that LR � RL, we conclude

xpyzq � pRx � yq pLx � zq .

The proof of the equality (8.8) is similar.
Distributive quasigroups are closely connected with Moufang loops. For distributive

quasigroups, we have the following result.

Theorem 8.1. Every distributive quasigroup is isotopic to a commutative Moufang loop.

The proof of Theorem 8.1 is divided into the three parts.
1. A loop Qp�q corresponding to the distributive quasigroup QpAq is an IP -loop.

Consider the left distributive law for the operation A. Transform it as follows:

A rApk, xq, Apk, yqs � A rk,Apx, yqs ,

A tA rk,Apk, yqs , A rx,Apk, yqsu � A rk,Apx, yqs ,

�1A tA rk,Apx, yqs , A rApx, kq, Apx, yqsu � A rk,Apk, yqs .

Applying the second equality from (8.4) to the left side of the latter equality, we obtain

A
 
�1A rk,Apx, kqs , Apx, yq

(
� A rk,Apk, yqs .

The mapping �1Apk, xq is a permutation. Let us denote it by L0 :

L0x �
�1Apk, xq. p8.10q

Then the equality (8.9) may be rewritten as

A rL0Rx,Apx, yqs � L2y.
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Now we turn to the corresponding loop Qp�q using the formula (8.9). From the latter
equality, we obtain

RL0Rx � LpRx � Lyq � L2y, and RL0RxpLRx � L
2yq � L2y.

Replacing x with L�1R�1x and y with L�2y, we have

RL0RL
�1R�1x � pxyq � y,

or
RL0L

�1x � pxyq � y. p8.11q

Write
RL0L

�1 � Il.

Then the equality (8.11) takes the form

Ilx � pxyq � y. p8.12q

Similarly, we prove that there exists a permutation

Ir � LR0R
�1,

where R0x � A�1px, kq, such that the equality

pyxqIrx � y p8.13q

holds.
The equalities (8.12) and (8.13) imply that Qp�q is an IP -loop (see Chapter V, 1�), and,

according to Property 5q of IP -loops we have

Il � Ir � I,

where Ix � x�1 and x�1x � xx�11 (here, k � 1).
2. A loop Qp�q corresponding to the distributive quasigroup QpAq is a Moufang loop.

To prove this, we use the equality (8.7):

apxyqIrx � pRa � xqpLa � yq. p8.14q

Let us denote the left translation xÑ ax in the loop Qp�q by L̃a, so

ax � L̃ax.

The equality (8.14) implies
L̃apxyq � L̃RaxL̃Lay,

i.e., pL̃Ra, L̃La, L̃aq is an autotopy of the IP -loop Qp�q. But then the element a1 � L̃a1, by
the corollary to Lemma 5.5, is a Moufang element of the IP -loop Qp�q, i.e. the element a1

gives the identity
a1 py � a1zq � pa1y � a1q z p8.15q
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for all y, z P Q (see the �rst Moufang identity (6.1) in Chapter V, 1�). But the element
a1 � L̃a1 � a1 � a may be any element of the IP -loop Qp�q, so the loop Qp�q is a Moufang
loop.

3. The loop Qp�q is commutative.

Putting y � 1 in equality (8.7), we obtain

xz � RxpLxzq. p8.16q

But
x � RxLx,

by the idempotency of the distributive quasigroup QpAq and the equality (8.9). Conse-
quently, the equality (8.16) takes the form

pRxLxqz � RxpLxzq.

The latter equality shows that the triple of elements Rx,Lx, z of the Moufang loop Qp�q

is associative. Then, by Moufang's Theorem (Theorem 6.5), the loop generated by the
elements Rx,Lx, z, for arbitrary elements x, z, is associative, i.e. is a group. Hence in
particular, we obtain

RxpzLxq � pRx � zqLx.

Using the equalities (8.6) and (8.7), we transform both sides of the equality (8.16):

RxpzLxq � p1 �RxqpzLxq � p1 � zqx � zx,

pRx � zqLx � pRx � zqpLx � 1q � xpz � 1q � xz.

Thus,
xz � zx

for all x, z P Q. The proof of the theorem is complete.

Corollary. Every loop which is isotopic to a distributive quasigroup QpAq is a Moufang

loop pQ, �q, and the mapping xÑ x3 is a central endomorphism in it.

The validity of this statement follows from Theorem 6.1, Lemma 6.7 and Theorem 6.6.
Theorem 8.1 implies the following

Theorem 8.2. If QpAq is a distributive quasigroup, the inverse operations A�1, �1A,
�1pA�1q, p�1Aq

�1, A� are all distributive. Further, the corresponding commutative Moufang

loops at the same element k � 1 of Q coincide.

Proof. 1. We prove the statement for the operation A� �rst. It is easy to verify the left
distributive law

A� rx,A�py, zqs � A rApz, yq, xs � A rApz, xq, Apy, xqs � A� rA�px, yq, A�px, zqs .

The right distributive law is veri�ed in similar fashion.
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Now, we show that rA�sk � rAsk. According to the de�nition, we have

rA�skpx, yq � A�
�
R��1

k x, L��1
k y

�
, p8.17q

where R�
kx � A�px, kq and L�

kx � A�pk, xq. Since A�px, yq � Apy, xq, we have R�
kx �

A�px, kq � Apk, xq � Lkx, i.e., R�
k � Lk. Similarly, one can show that L�

k � Rk. Thus,
from the equality (8.17), we obtain

rA�skpx, yq � A�
�
L�1
k x,R�1

k y
�
� A

�
R�1
k y, L�1

k x
�
� rAskpy, xq.

According to Theorem 8.1 rAsk is a commutative Moufang loop; consequently,
rA�skpx, yq � rA�skpy, xq, whence

rA�sk � rAsk.

2. Now, we consider the operation A�1.
The left distributive law for A�1 is proved in the same way as the equalities (8.4). The

proof of the right distibutive law will use Theorem 8.1.
Let A�1px, yq � z. Then Apx, zq � y. By (8.9) we have Rx � Lz � y. Thus

Lz � pRxq�1y and z � L�1pRxq�1L�1y.

But, since R is an automorphism of the loop Qp�q, we have pRxq�1 � Rx�1, so

A�1px, yq � z � L�1Rx�1L�1y.

Using this expression for A�1, it is easy to prove that

A�1 rApy, zq, xs � A
�
A�1py, xq, A�1pz, xq

�
. p8.18q

Indeed,
A�1 rApy, zq, xs � L�1RpRy � Lzq�1L�1x

� L�1R
�
Lz�1 �Ry�1

�
L�1x �

�
Rz�1 � L�1R2y�1

�
L�1x

�
�
L�1R2y�1 �Rz�1

�
L�1x �

�
L�1R2y�1 �RL�1x

��
Rz�1 � LL�1x

�
� R

�
L�1Ry�1 �RL�1x

�
L
�
L�1Rz�1 � L�1x

�
� RA�1py, xqLA�1pz, xq � A

�
A�1py, xq, A�1pz, xq

�
.

Since Q pA�1q is a quasigroup, there must exist an element z1 such that

A�1
�
A�1py, xq, A�1pz, xq

�
� A�1

�
A�1py, z1q, x

�
.

This implies

A
 
A�1py, xq, A�1

�
A�1py, z1q, x

�(
� A�1pz, xq.

By (8.18), we then have

A�1
 
A
�
y, A�1py, z1q

�
, x
(
� A�1pz, xq,
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and
A�1 pz1, xq � A�1pz, xq,

i.e.,
z1 � z.

Thus, the operation A�1 is distributive.
Now, we determine rA�1sk. By the de�nition of the loop rA�1sk, we have�

A�1
�
k
px, yq � A�1

�
R1
k
�1
x, L1

k
�1
y
	
, p8.19q

where

R1
kx � A�1px, kq, and L1

kx � A�1pk, xq.

We �nd R1
k
�1. The equality R1

kx � A�1px, kq implies A px,R1
kxq � k. Replacing x with

R1
k
�1x, we have A

�
R1
k
�1x, x

�
� k, or R1

k
�1x � �1Apk, xq. Thus, by (8.10), we obtain

R1
k
�1
� L0.

From the equality L1
kx � A�1pk, xq we have A pk, L1

kq � x, or LL1
k � 1, i.e., L1

k
�1 � L.

Substituting these expressions for R1
k
�1 and L1

k
�1 into the equality (8.19), we obtain�

A�1
�
k
px, yq � A�1pL0x, Lyq,

whence

A
�
L0x,

�
A�1

�
k
px, yq

�
� Ly

or

RL0x � L
�
A�1

�
k
px, yq � Ly,

so
L�1RL0x � L

�
A�1

�
k
px, yq � y. p8.20q

But RL0L
�1x � Ilx � Ix � x�1, so we obtain the expression

L�1RL0x � L�1RL0L
�1Lx � L�1ILx � L�1pLxq�1 � L�1Lx�1 � x�1

for L�1RL0. The equality (8.20) then takes the form

x�1
�
A�1

�
k
px, yq � y,

whence �
A�1

�
k
px, yq � xy

and �
A�1

�
k
� rAsk.
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3. For the remaining operations, we argue as follows. It is easy to verify that

�1A �
�
pA�q�1

��
.

Since the operation A� is distributive, the operation pA�q�1 is also distributive. Thus, the
operation

�
pA�q�1

��
is also distributive. We also have

�
�1A

�
k
�
��
A��1

���
k
�
�
A��1

�
k
� rA�sk � rAsk.

Thus, the statement of the theorem is true for �1A.
4. Since the operation �1A is distributive, it follows that the operation �1 pA�1q is also

distributive, and

�
�1A�1

�
k
�
�
A�1

�
k
� rAsk.

The result for �1 pA�1q is proved in similar fashion.

Remark. In the previous statements, the element k was �xed, and we showed that rAsk
is a commutative Moufang loop. If we �x another element, say l, then we obtain another
commutative Moufang loop rAsl. But the loops rAsk and rAsl are isotopic (indeed, principal
isotopic) to the distributive quasigroup A. Thus rAsk and rAsl are isotopic. Since rAsk
and rAsl are commutative Moufang loops, then by Theorem 6.7 the loops rAsk and rAsl are

isomorphic.

3�. Middle nuclei of distributive quasigroups

The following question arises: What is the type of a distributive quasigroup? To answer
it, we prove a general statement: If a quasigroup Qp�q is idempotent, then R � L � t1u,
where R and L are the respective groups of right and left regular permutations of the
quasigroup Qp�q.

Indeed, suppose λ P L . Then by the idempotency λpaaq � λa, so pλaqa � λa. But
since pλaqpλaq � λa, we obtain λa � a, i.e., λ � 1. Similarly, we prove that R � t1u.

Thus, the type of a distributive quasigroup is p1,Φ, 1q, where Φ is the group of middle
regular permutations.4 This section examines the group Φ and the relative middle nuclei
Nmpkq � Φk of a distributive quasigroup Qp�q, for an arbitrary element k of Q.

Earlier, in Chapter II, 5�, the de�nition of a Φ-transitive quasigroup was given: A
quasigroup Q is Φ-transitive if the group Φ acts transitively on Q.

De�nition 2. A distributive quasigroup is described as transitive if it is Φ-transitive.

The following theorem characterizes transitivity of a distributive quasigroup.5
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Theorem 8.3. A distributive quasigroup QpAq is transitive if and only if it is medial.

Proof. By Theorem 2.9, a transitive quasigroup is isotopic to a group. Therefore, the
commutative Moufang loop Qp�q corresponding to a distributive quasigroup is an abelian
group. Then, by (8.9), the equality

Apx, yq � Rx � Ly

holds, de�ning A as an idempotent operation. As shown in Section 1�, the translations R
and L of the quasigroup QpAq are automorphisms for Qp�q, and commute: RL � LR. Thus,

A rApx, yq, Apu, vqs � A pRx � Ly,Ru � Lvq � R pRx � Lyq � L pRu � Lvq

�
�
R2x �RLy

�
�
�
LRu � L2v

�
�
�
R2x � LRu

�
�
�
RLy � L2v

�
� RApx, uq � LApy, vq � A rApx, uq, Apy, vqs ,

i.e., QpAq is medial.
Conversely, suppose A is medial and idempotent. Then A is left distributive:

A rx,Apy, zqs � A rApx, xq, Apy, zqs � A rApx, yq, Apx, zqs .

The right distributive law is veri�ed in similar fashion. By Lemma 2.6, the quasigroup QpAq
is transitive.

Theorem 8.3 implies that the existence of non-transitive distributive quasigroups is equiv-
alent to the existence of non-medial distributive quasigroups.

Lemma 8.2. In a distributive quasigroup QpAq, the middle nucleus Φk (relative to an

element k) is a normal subquasigroup.

Indeed, suppose

Apx, yq � Rx � Ly.

Then by (2.22), we have

ΦA � R�1ΦR,

where ΦA and Φ are the respective groups of middle regular permutations of the quasigroup
QpAq and the loop Qp�q.

For the middle nucleus ΦA1 of the quasigroup QpAq relative to the element k � 1, we
have

ΦA1 � R�1ΦR1. p8.21q

But, R1 � Ap1, 1q � 1, and Φ1 � N is the nucleus of the commutative Moufang loop
Qp�q. According to Theorem 6.3, the middle nucleus Nm coincides with the nucleus N of
the loop Qp�q. Furthermore, the nucleus of the loop Qp�q is normal (see Lemma 6.2). Note
that the nuclei of a loop are characteristic subloops, i.e., they are invariant with respect to
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arbitrary automorphisms of the loop. In particular, N is invariant with the respect to R�1

and therefore

ΦA1 � N.

Applying Corollary 1 of Lemma 4.2, we conclude that ΦA1 is a normal subquasigroup of
QpAq.

We derive a series of properties of the nucleus of the commutative Moufang loop Qp�q
corresponding to a distributive quasigroup QpAq.

Lemma 8.3. The solution of the equation Ra � La � x belongs to the nucleus N of the
Moufang loop Qp�q.

Indeed in the commutative Moufang loop Qp�q, the identity

x2pyzq � xy � xz p8.22q

holds for all x, y, z P Q. Applying (8.7) to the identity (8.22),

x2 � yz �
�
Rx2 � y

� �
Lx2 � z

�
,

and, comparing the right sides of the two latter equalities, we obtain

xy � xz �
�
Rx2 � y

� �
Lx2 � z

�
. p8.23q

Making the substitutions y Ñ x�1y and y Ñ Lx�2z, equality (8.23) becomes

�
Rx2x�1y

�
z � y

�
x
�
Lx�2 � z

��
. p8.24q

Set

Rx2x�1y � ϕxy and x
�
Lx�2 � z

�
� ϕ�

xz.

Then the equality (8.24) takes the form

ϕxy � z � y � ϕ�
xz,

i.e., ϕx is a middle regular permutation of the loop Qp�q, and ϕ�
x is adjoint to ϕx. Con-

sequently, the element ϕx1 belongs to the nucleus of the loop Qp�q (see Chapter II, 2�).
Set

πx � ϕx1 � Rx2
�
x�11

�
.

Then
πx � Rx2 � x�1. p8.25q

Since ϕ�
x1 � πx � 1, we �nd one more expression for πx:

πx � x � Lx�2.
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Now, we show that the solution of the equation Ra � La �x is πa. Indeed, (8.25) implies

Ra2 � a � πa, p8.26q

so

Ra2 � La � pa � πaqLa, pRa �RaqLa � pa � Laq � πa,

RapRa � Laq � pa � Laqπa, Ra � a � apLa � πaq.

Consequently,
Ra � La � πa. p8.27q

Corollary 1. π is an endomorphism of the loop Qp�q.

Indeed,

πpxyq � Lpxyq � Rpx � yq � Rx �Ry,

whence

πpxyqpLxLyq � pLxπxqpLy � πyq � rpLxπxqLys πy

� rpLxLyqπxqs πy � pLxLyqpπx � πyq,

so

πpxyq � πx � πy.

Corollary 2. For arbitrary x, y, the equation

Apx, yq � Apy, xqπ
�
xy�1

�
holds.

Indeed,

Apx, yq � Rx � Ly � pLx � πxq
�
Ry � pπyq�1

�
.

But by Corollary 1, π is an endomorphism of the loop Qp�q, so pπyq�1 � πy�1. Thus,

Apx, yq � pLx � πxq
�
Ry � πy�1

�
� pLxRyqπxπy�1 � pRyLxqπ

�
xy�1

�
,

whence

Apx, yq � Apy, xqπ
�
xy�1

�
.
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Corollary 3. The equality

Apx, yq � x�1y2ρ
�
xy�1

�
,

holds, for some central endomorphism ρ of the commutative Moufang loop pQ, �q.

Indeed, multiplying both sides of (8.26) by Rx, we obtain

Rx2 �Rx � xπ � x �Rx, Rx3 � x � πx �Rx,

and
Rx � x�1 �Rx3 � πx�1. p8.28q

By Lemma 6.7, the mapping xÑ x3 is a central endomorphism of the commutative Moufang
loop, with x3 P N , so the mapping ρ de�ned by the equality

ρx � Rx3πx�1

is also a central endomorphism:

ρpxyq � Rpxyq3πpxyq�1 � Rx3Ry3πx�1πy�1 � Rx3πx�1 �Ry3πy�1 � ρx � ρy.

Thus, (8.28) takes the form
Rx � x�1ρx.

By (8.29), we �nd
Lx � Rxπx�1 � x�1ρx � πx�1 p8.29q

and
Apx, yq � Rx � Ly � x�1ρx � y�1ρy � πy�1 � x�1y�1ρxρyπy�1. p8.30q

In particular, setting x � y gives

y � Apy, yq � y�2ρy2πy�1,

which implies

y3ρy�2 � πy�1.

Substituting this expression for πy�1 in (8.30) gives

Apx, yq � x�1y�1 � ρx � ρy � y3 � ρy�2

or
Apx, yq � x�1y2ρ

�
xy�1

�
,

as required to complete the proof of Corollary 3.
The set of all elements of a quasigroup QpAq which commute with a given element k is

called the centralizer Zk of the element k. Then Lemma 8.3 implies
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Corollary 4. A centralizer Zk in a distributive quasigroup QpAq is a commutative normal

subquasigroup.

Let Qp�q be the commutative Moufang loop corresponding to the element k in the quasi-
group QpAq. We show that Zk � π�1t1u, the kernel of the endomorphism π of pQ, �q. As
such, it will be a normal subloop of pQ, �q. Indeed, if a P Zk, then

Apa, kq � Apk, aq.

Thus Ra � La, i.e. πa � 1. The converse statement is immediate.
We now show that Zk is invariant with respect to the automorphisms R, R�1, L, and

L�1. We show that the equalities

Rπ � πR and Lπ � πL. p8.31q

are satis�ed. Indeed, the equality Ra � πaLa implies

R2a � R pπa � Laq � Rπa �RLa. p8.32q

On the other hand,

R2a � RpRaq � πpR � aq �RpLaq � πRa � LRa. p8.33q

Comparing the right sides of (8.32) and (8.33) we obtain the �rst of the equalities (8.31).
The second equality is proved in the same way. Now, suppose πa � 1. Then πRa � Rπa �

R1 � 1, i.e., Ra P Zk. Similarly, we deduce the invariance of Zk with respect to the
automorphisms R�1, L, and L�1.

Since Zk is a normal subloop invariant with respect to R, R�1, L, and L�1, then ac-
cording to Corollary 1 of Lemma 4.2 we conclude that Zk is a normal subquasigroup of the
distributive quasigroup QpAq.

The proof of the commutativity of Zk, based on (8.27), is simple. Let a, b P Zk. Then

Apa, bq � Apb, aqπ
�
ab�1

�
.

But π pab�1q � πa pπb�1q � 1, and consequently, Apa, bq � Apb, aq.
A quasigroup is called anticommutative if the equality Apx, yq � Apy, xq holds only when

x � y.

Theorem 8.4. A �nite anticommutative distributive quasigroup is transitive.6

Indeed, let QpAq be anticommutative. Then πa � 1 holds only for a � 1, because the
equality Ra � La or Apa, kq � Apk, aq holds only if πa � 1 � k. Thus, the endomorphism π

is an automorphism, i.e., for any b P Q, there exists c P Q such that b � πc. But πc belongs
to the nucleus of the loop Qp�q, so each element of Q lies in the nucleus of the loop Qp�q.
Thus Qp�q is a group, and QpAq is a transitive quasigroup.

To conclude, we prove the following lemma, which will be needed later.
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Lemma 8.4. Suppose that Qp�q is a commutative Moufang loop. If there exist two auto-
morphisms R and L such that for each x P Q, the equation Rx �Lx � x holds and RxpLxq�1

lies in the nucleus of Qp�q, then Qp�q corresponds to a distributive quasigroup.

Let RxpLxq�1 � πx. Then Rx � Lxπx, where πx belongs to the nucleus of the loop
Qp�q. We verify (8.7) and (8.8). We have

pRx � yqpLx � zq � rpLx � πxqys pLx � zq � rπxpLx � yqs pLx � zq

� πx � rpL � xyqpLx � zqs � πx
�
Lx2 � pyzq

�
�
�
πxLx2

�
pyzq

�
�
RxpLxq�1 � Lx2

�
pyzq � pRx � Lxqpyzq � xpyzq.

The proof of the equality (8.8) is similar.
Now L and R commute. Indeed, the equality Rx � Lx � x implies RpRx � Lxq � Rx or

R2x �RLx � Rx. On the other hand, substituting Rx for x in the equality Rx �Lx � x, we
obtain R2x � LRx � Rx. Thus, RLx � LRx.

Consider the operation A, de�ned by the formula

Apx, yq � Rx � Ly.

Using (8.7) we can prove the left distributive law:

A rx,Apy, zqs � Rx � LpRy � Lzq � Rx
�
LRy � L2z

�
,

A rx,Apy, zqs �
�
R2x � LRy

� �
LRx � L2z

�
. p8.34q

We then have

A rx,Apy, zqs �
�
R2x �RLy

� �
LRx � L2z

�
� R pRx � LyqL pRx � Lzq

� RApx, yq � LApx, zq � A rApx, yq, Apx, z.qs

The proof of the right distributive law is similar.
Since Rx � Rx � L1 � Apx, 1q and Lx � R1 � Lx � Ap1, xq, we conclude that the loop

pQ, �q corresponds to the distributive quasigroup QpAq.
In the case of transitive distributive quasigroups, the second condition, that RxpLxq�1

belongs to the nucleus, always holds.

4�. Connection with Steiner quasigroups and medial quasi-

groups

Let us recall that a quasigroup is a TS-quasigroup if the equality Apa, bq � c implies the
remaining �ve equalities obtained from the �rst by permutation of the elements a, b and
c. For example, Apa, cq � b, Apb, cq � a, and so on. As was shown in Chapter VII, 1�,

144



this de�nition is equivalent to the following: A quasigroup QpAq is a TS -quasigroup if, for
arbitrary x, y P Q, the identities

Apx, yq � Apy, xq and

A rx,Apx, yqs � y

+
p8.35q

are satis�ed. A Steiner quasigroup is an idempotent TS-quasigroup.
We now study the connection between distributive quasigroups and Steiner quasigroups.
The crucial importance of Steiner quasigroups for the study of distributive quasigroups

results from Theorems 8.5 and 8.6 below, showing that every distributive quasigroup is an
extension of a transitive distributive quasigroup by a distributive Steiner quasigroup.

Distributive Steiner quasigroups were �rst studied by Bruck [25]. Lemma 8.5 below is
due to Bruck.

Theorem 8.5. The quotient QpAq{ΦAk of a distributive quasigroup QpAq by its middle

nucleus ΦAk (relative to any given element k of Q) is a distributive Steiner quasigroup.

Since the middle nucleus ΦAk of the distributive quasigroup QpAq is a normal subquasi-
group, we can consider its corresponding quotient QpAq � ta | a P Qu.

Let show that QpAq is commutative. We use Corollary 2 to Lemma 8.3:

Apx, yq � Apy, xqπ
�
xy�1

�
for x, y P Q. Passing to the cosets, we obtain

Apx, yq � Apx, yq � Apy, xqπ pxy�1q � Apy, xq � π pxy�1q,

so
Apx, yq � Apy, xqπ pxy�1q. p8.36q

But π pxy�1q P ΦAk � 1, so π pxy�1q � 1, whence, substituting in (8.36) we obtain

Apx, yq � Apy, xq.

This commutativity, together with the observation that, by Lemma 6.7, x3 P N or x3 � 1

for any x P Q, enables application of the following simple lemma to complete the proof of
Theorem 8.5.

Lemma 8.5. Consider a commutative distributive quasigroup QpAq. Then QpAq is a

Steiner quasigroup if and only if each non-identity element of the corresponding commutative

Moufang loop pQ, �q has order 3.

Indeed, suppose x3 � 1 for arbitrary x P Qp�q. If QpAq is a commutative, then (8.26)
implies π pxy�1q � 1 for all x, y P Qp�q, i.e., πz � 1 for all z P Qp�q. By (8.26), this means
that R � L. Since x3 � 1, we have xpxxq � 1. Passing to the operation A, we obtain

A
�
R�1x,R�1A

�
R�1x,R�1x

��
� 1.
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But A pR�1x,R�1xq � R�1x, and

A
�
R�1x,R�2x

�
� 1,

whence

A pRx, xq � R21 � 1 � k, A pRx, xq � k, and A rx,Apx, kqs � k.

Since x and k are arbitrary elements of Q, the second equality from (8.35) is proved.
Conversely, suppose that QpAq is a distributive Steiner quasigroup. Since QpAq is com-

mutative, R � L (as proved earlier), and

Apa, bq � Rpabq. p8.37q

Returning to the loop Qp�q, from (8.35) we obtain

R ra �Rpa, bqs � b,

which implies
R�1a � pabq � R�2b. p8.38q

But if a � b in (8.37), we �nd that

Ra2 � a,

or
R�1a � a2. p8.39q

Substituting (8.39) into (8.38) and setting b � 1 we obtain

a2pa1q � 12,

or a3 � 1, establishing the lemma.
A subquasigroup HpAq of a quasigroup QpAq is generated by a subset or alphabet M �

ta, b, c, . . .u if H consists of all words, composed of all letters a, b, c, . . . from the alphabet
M , i.e., elements of the subset M .

The concept of a word is de�ned by a recursion on its length. For the recursion basis,
words of length 1 are just taken as the elements of the subsetM , the letters of the alphabet.
If words of length ¤ n � 1 are already de�ned, then by a word of length n we mean an
expression of the form Aipu, vq, where Ai is one of the operations A, A�1, or �1A, and the
arguments u and v are words of length ¤ n� 1, one of which has length exactly n� 1.

Theorem 8.6. If elements a, b, c, d of a distributive quasigroup satisfy the medial law

equation

A rApa, bq, Apc, dqs � A rApa, cq, Apb, dqs , p8.40q

then these elements generate a transitive distributive quasigroup. In other words, by Theo-

rem 8.3, these elements generate a medial and idempotent quasigroup.

146



Without loss of generality, we consider c � k � 1. Now we turn to the operation p�q :
xy � A pR�1x, L�1yq. The equality (8.40) takes the form:�

R2a � LRb
� �
LR1 � L2d

�
�
�
R2a � LR1

� �
LRb � L2d

�
or �

R2a � LRb
�
L2d � R2a

�
LRb � L2d

�
. p8.41q

Using (8.25), we obtain

LRb � LpLb � πbq � L2b � Lπb � L2b � πLb

and
R2a � RpRaq � RpLa � πaq � RpLa � πaqπpLa � πaq

�
�
L2a � Lπa

�
�
�
πLa � π2a

�
� L2a � π pLa � La � πaq � L2a � πa.

Substituting the values found for LRb andR2a into the equality (8.41), we obtain��
L2a � πa

� �
L2b � πLb

��
L2d �

�
L2a � πa

� ��
L2b � πLb

�
L2d

�
.

Since, for an arbitrary element a, the element πa belongs to the nucleus, this equality may
be rewritten as ��

L2a � L2b
�
L2d

�
pπa � πLbq �

�
L2a

�
L2b � L2d

��
pπa � πLbq .

Dividing both sides by πa � πLb and the automorphism L2, we conclude

ab � d � a � bd.

By Moufang's Theorem, the elements a, b, d generate an associative subloop Hp�q of the loop
Qp�q. It is easy to verify that the subloop H 1p�q of the loop Qp�q generated jointly by the set
Hp�q and the nucleus of the loop Qp�q, is also a group.

Let us denote the subquasigroup of the distributive quasigroup QpAq generated by the
elements a, b, cp� k � 1q, d by H0pAq. We will show that

H0 � H 1.

The elements a, b, d, 1 belong to H 1p�q. Assume that the words of length ¤ n � 1 from
H0pAq already belong to H 1p�q. By Corollary 3 of Lemma 8.3, we have

Apu, vq � u�1v2ρ
�
uv�1

�
, p8.42q

where for each x, the image ρx belongs to the nucleus of the loop Qp�q. By Theorem 8.2,
the commutative Moufang loops corresponding to the distributive quasigroups �1A and A�1

coincide with the same loop p�q that corresponds to the quasigroup A. Thus, for �1A and
A�1, we have analogous formulas:

A�1pu, vq � u�1v2ρ1
�
uv�1

�
�1Apu, vq � u�1v2ρ2

�
uv�1

�
+
, p8.43q
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where ρ1 and ρ2 are central endomorphisms of the loop Qp�q.
Let ω be a word of length n from H0pAq. Then ω has the form

ω � Aipu, vq,

where the arguments u and v are words of the length ¤ n� 1. By the induction hypothesis,
u, v P H 1p�q. By equations (8.42), (8.43), ω P H 1p�q, i.e., H0 � H 1.

Since H 1p�q is a group, H0p�q is also a group. This means that H0pAq is a transitive
subquasigroup of the distributive quasigroup QpAq.

Corollary 1. Any three elements of a distributive quasigroup generate a transitive dis-

tributive subquasigroup.

Indeed, the distributive and idempotent laws imply

A rApa, bq, Apc, cqs � A rApa, bq, cs � A rApa, cq, Apb, cqs ,

so the medial equation (8.34) holds for the quadruplea, b, c, c. Theorem 8.6 then yields the
desired result.

Corollary 2. A non-transitive distributive quasigroup requires at least four generators.

Note that for general distributive quasigroups, the medial law does not hold. (An ex-
ample is given below.) So far, we have seen that validity of the medial law in a distributive
quasigroup is equivalent to its transitivity. Thus, the equation

A rApa, bq, Apc, dqs � A rApa, xq, Apb, dqs

is of great interest. Writing the solution as ra, b, dsc, the medial law takes the form ra, b, dsc �

c for all a, b, c, d P Q.
Fixing an element c as c � k � 1, we write Qk for the subquasigroup of QpAq that is

generated by the set tra, b, dsk | a, b, d P Qu. The following theorem reveals the signi�cance
of the subquasigroup QkpAq.

Theorem 8.7. Let QpAq be a distributive quasigroup. Then the subquasigroup QkpAq is a

Steiner normal subquasigroup, and the quotient QpAq{QkpAq is transitive.

Indeed, let x � ra, b, dsk, so the equation

A rApa, bq, Ap1, dqs � A rApa, xq, Apb, dqs

holds. Turning to the loop Qp�q, we obtain

pR2a �RLbqL2d �
�
R2a �RLx

� �
LRb � L2d

�
. p8.44q

Now, we transform (8.44) in the same way as was done in Theorem 8.6:��
L2a � πa

� �
L2b � πLb

��
L2d �

��
L2a � πa

�
� LRx

� ��
L2b � πLb

�
� L2d

�
,
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��
L2a � L2b

�
L2d

�
pπa � πLbq �

��
L2a � LRx

� �
L2b � L2d

��
pπa � πLbq ,�

L2a � L2b
�
L2d �

�
L2a � LRx

� �
L2b � L2d

�
,

ab � d �
�
a �RL�1x

�
pbdq. p8.45q

At this point, we invoke the following result of Bruck [25].

Lemma 8.6. In a commutative Moufang loop Qp�q, write the solution of the equation

ab � d � paxqpbdq. p8.46q

as ra, b, ds. Then the following statements hold:

1) rωa, b, ds � ra, ωb, ds � ra, b, ωds � ra, b, ds, where a, b, and d are arbitrary elements

of Q, and ω is an element of the nucleus of Qp�q;
2) ra, b, ds3 � 1 for all a, b, d P Q.

Proof. 1. By the de�nition of ra, b, ds, we have

paω � bqd � paraω, b, dsqpbdq. p8.47q

But paω � bqd � pωa � bqd � ωpab � dq. Transforming the right side of (8.47) and dividing it
by ω, we obtain

para, b, dsqpbdqd � paraω, b, dsqpbdq,

which implies raω, b, ds � ra, b, ds. The remaining equalities of the statement may be obtained
in similar fashion.

2. By Lemma 6.7, the mapping x Ñ x3 is a central endomorphism of the loop Qp�q.

Applying the endomorphism to (8.46) yields

a3b3 � d3 �
�
a3ra, b, ds3

� �
b3d3

�
.

Since this equation concerns elements of the group Np�q, the nucleus of the loop Qp�q, it
immediately gives ra, b, ds3 � 1.

Returning to the proof of Theorem 8.7, the equality (8.45) yields RL�1x � ra, b, ds or

ra, b, dsk � LR�1ra, b, ds. p8.48q

By (8.46), we have
φra, b, ds � rφa, φb, φds p8.49q

for an arbitrary automorphism ϕ of the loop Qp�q. In particular,

Rra, b, ds � rRa,Rb,Rds. p8.50q

Applying Lemma 8.3 to the right hand side of (8.50), we obtain

Rra, b, ds � rLa � πa, Lb � πb, Ld � πds. p8.51q
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By Lemma 8.6, 1), we may remove the nuclear elements πa, πb, πd from the right side
of (8.51), so

Rra, b, ds � rLa, Lb, Lds � Lra, b, ds, p8.52q

whence
ra, b, dsk � ra, b, ds

follows by (8.48).
Thus, QkpAq is generated by all the solutions of the equation (8.46), where a, b, and d

are arbitrary elements of Q. The corresponding Moufang loop Qkp�q is generated by the all
expressions ra, b, ds. By (8.48), the subloop Qkp�q is characteristic.* Hence, Qkp�q is invariant
under every inner permutation, since inner permutations of a commutative Moufang loop
are automorphisms, by Corollary 3 to Theorem 6.4. Thus, the subloop Qp�q is normal.
Furthermore, Qkp�q is invariant under the automortpisms R, R�1, L and L�1. Consequently,
QkpAq is a normal subquasigroup. By (8.52), QkpAq is a commutative subquasigroup,
and by Lemma 8.5 and Lemma 8.6, 2), we conclude that QkpAq is a distributive Steiner
subquasigroup.

Now we consider the quotient QpAq � QpAq{QkpAq. By (8.46), we obtain

ab � c � pa � xq
�
b � d

�
.

But x � 1, so x � ra, b, cs P Qk � 1, whence,

�
a � b

�
c � a

�
b � c

�
.

Thus, the corresponding loop QpAq is associative, which implies that it is transitive. The
proof of the theorem is complete.

Theorem 8.7 o�ers an alternative perspective on one direction of Theorem 8.3.

Corollary 1. A medial distributive quasigroup is transitive.

Let QpAq be the quasigroup in question. Then ra, b, dsk � k for a, b, d, k P Q, so Qk

just consists of the neutral element k � 1. Thus the quotient QpAq{QkpAq is isomorphic to
QpAq, which is then transitive by Theorem 8.7.

Corollary 2. Suppose that a distributive quasigroup QpAq has no non-trivial Steiner sub-

quasigroups. Then it is transitive.

In fact, suppose that the only Steiner subquasigroups of the distributive quasigroup
QpAq are trivial. Then, in particular, Qk consists of just one element. Thus, the medial law
holds, and QpAq is transitive by Theorem 8.3 or by Corollary 1.

*I.e., the subloop Qkp�q is invariant under every automorphism of the loop Qkp�q.
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5�. Examples of non-transitive distributive quasigroups

In this section, we present examples of non-transitive distributive quasigroups, i. e., dis-
tributive quasigroups which are not medial. To prepare for the examples, we �rst consider
some properties of commutative distributive quasigroups. In a commutative distributive
quasigroup R � L, so QpAq and Qp�q are connected by

Apa, bq � Rpa � bq. p8.53q

By (8.39),
R�1a � a2, p8.54q

so squaring aÑ a2 is a permutation of the corresponding commutative Moufang loop. It is
easy to see that the converse statement also holds.

If squaring a Ñ a2 is a permutation on a commutative Moufang loop, then the loop

corresponds to a commutative distributive quasigroup.

Indeed, according to the basic identity for commutative Moufang loops, the mapping
R�1a � a2 is an automorphism:

a2b2 � a2pbbq � pabq � pabq � pabq2.

If Ra2 � a, then the �rst hypothesis of Lemma 8.4 holds: Ra �Ra � a. The second condition
also holds: RapLaq�1a � RapRaq�1 is the nuclear element 1. Thus (8.53) determines a
distributive and patently commutative quasigroup.

Theorem 8.8. Every commutative Moufang loop of odd �nite order corresponds to a com-

mutative distributive quasigroup.

Suppose that Qp�q is a commutative Moufang loop of odd �nite order. Then the mapping
a Ñ a2 is a permutation. Indeed, let x Ñ x2 and y Ñ y2, and suppose x2 � y2. Since the
elements x and y generate a commutative group, the equality x2 � y2 implies pxy�1q

2
� 1.

Set z � xy�1. Then z2 � 1. But z3 belongs to the nucleus, so z � z2 � z � z3 is also nuclear.
Since the nucleus of a commutative Moufang loop Ap�q is a normal subloop of the loop, the
order of the nucleus, as a divisor of an odd number, is itself an odd number. Thus, since
z2 � 1, we have z � 1, so x � y: the squaring aÑ a2 is a permutation.

Note that a Moufang loop (not necessarily commutative) of even order cannot be isotopic
to any commutative distributive quasigroup, since no commutative distributive quasigroups
of even order exist [78].

Theorem 8.8 implies that a commutative quasigroup of odd order corresponds to a
transitive commutative distributive quasigroup.

Example of a non-transitive commutative distributive quasigroup. The required example
is furnished by a non-associative commutative Moufang loop in which the mapping xÑ x2

is a permutation. Such an example was presented in Chapter VI, 5�. There, we considered
a group Qp�q in which each element cubed to the identity, and de�ned the operation x � y �
x�1yx2 to obtain a commutative non-associative Moufang loop Qp�q. Consider the operation

Apx, yq � Rpx � yq

151



de�ned by the formula (8.53), where R�1a � a�a � a�1 according to (8.54). Then Ra�1 � a

or Ra � a�1. Hence

Apa, bq � Rpa � bq � pa � bq�1 �
�
a�1ba2

��1
� a�2b�1a.

But a3 � 1, whence a�2 � a, and we obtain the formula

Apx, yq � xy�1x

for the operation A. It is easy to show that the quasigroup QpAq is distributive but non-
transitive. Moreover, it is easy to show that QpAq is a distributive Steiner quasigroup.
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Notes

1The concept of a distributive quasigroup was introduced by C. Burstin and W. Mayer [34]. Some results

of this paper were presented in the book of A.K. Sushkevich [78]. Here we mostly expound results from [16].
2Proposition b) implies that a distributive quasigroup has a transitive group of automorphisms: If a and

b are arbitrary elements from Q, then there exists an automorphism α such that αa � b. We can choose Lc,

where Apc, aq � b, as α. B.Fischer [80] studied the group RpAq generated by all the right translations of a

distributive quasigroup. He proved that if QpAq is a �nite distributive quasigroup, than RpAq is a decidable

group.

Also note that loops with a transitive group of automorphisms (their de�nition is the same as for

quasigroups, with the condition that neither a nor b is the neutral element of a loop) were studied by

Bruck [27]. He proved the following statement: If a loop Qp�q has a transitive group of automorphisms, and

the descending chain condition holds for the normal subloops of Qp�q, then Qp�q is a simple loop (the only

normal subloops are Q and t1u.)
3Generally speaking, cosets of a subquasigroup H of a distributive quasigroup Qp�q need not posses the

weak Lagrange property: aH and bH may have common elements, but not coincide. An example is provided

in [20]).
4In [20] a non-trivial distributive quasigroup Qp�q of type p1, 1, 1q was exhibited. There exist transitive

distributive quasigroups of any order n � 4k � 2 (see the remarks in Chapter IX). Then, taking the cross-

product of a such quasigroup with the quasigroup Qp�q, we obtain distributive quasigroups with a middle

nucleus of any order n � 4k � 2. A distributive quasigroup of type p1, 1, 1q must be a Steiner quasigroup.
5Transitive medial distributive quasigroups were studied in [13]. Fulton and Stein [81] pointed out

the connection between these quasigroups and conic sections. In [58] Osborn considered the relationship

between Euclidean geometry and the medial quasigroup Qp�q with x � y � p1 � aqx � ay, where Qp�, �q is

the �eld of complex numbers, and a � 0, 1. In the same article the prolongation p�, ϵq of the loop Qp�q was

studied, where ϵ is the identity map on C (see De�nition 6 in Chapter VII, 5�). Finite medial distributive

quasigroups were also studied by Sade [65].
6Sorkin [77] showed that a �nite distributive quasigroup is either commutative, or could be obtained

from a commutative quasigroup by a �nite number of extensions by anticommutative quasigroups, i.e., by

medial distributive quasigroups.
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Chapter IX. Left-distributive

quasigroups

1�. Left-distributive quasigroups which are isotopic to

groups

The de�nition of a distributive quasigroup raises a question: Is left distributivity (8.1)
independent of the right distributivity (8.2)? It transpires that this question has a positive
answer: There exists a quasigroup Q pAq in which the left distributive law

A rx,A py, zqs � A rA px, yq , A px, zqs

is satis�ed, but the right distributive law is not. Such quasigroups were constructed by Stein
[75] using a method of Hosszú [83].

De�nition. A groupoid QpAq is called left homogeneous1 over a loop Qp�q if there exists
a permutation φ such that

Apx, yq � x � φpxzyq,

where pzq � p�q�1, i.e., pzq is the right inverse operation for p�q. Analogously, a right homo-

geneous operation over Qp�q is de�ned by

Apx, yq � φpx{yq � y.

In particular, if Qp�q is a group, a Moufang loop, or more generally an IP -loop, then a
left homogeneous operation over Qp�q would take the form

Apx, yq � x � φpx�1yq,

since xzy � x�1y in an IP -loop.
Using the notion of homogeneity, we formulate the following.

Theorem 9.1. A distributive quasigroup is both right and left homogeneous over a com-

mutative Moufang loop.2

Indeed, in the previous chapter it was shown that a distributive quasigroup QpAq is
isotopic to a commutative Moufang loop Qp�q, with

Apx, yq � Rx � Ly
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for x, y P Q, where R and L are automorphisms of the loop Qp�q.
To prove the theorem, recall that Rx, Lx and y generate an associative subloop Hp�q of

Qp�q. The subloop Hp�q contains the element x (as x � Rx �Lx). Consequently, the element
x�1 lies in H. Thus, we have

px�1Lxqy � x�1pLx � yq

Interchanging x with x�1 and y with Ly, we obtain

pxLx�1qLy � xpLx�1Lyq,

Rx � Ly � xLpx�1yq, and

Apx, yq � xLpx�1yq

successively.
The following theorems provide answers to the question raised at the beginning of the

section. Theorem 9.2 makes use of the concept of a full permutation of a quasigroup Qp�q.
Thus, a permutation ϕ of Q is full if, when ϕ1x � ϕx � x holds for any x P Q, then the
self-map ϕ1 of Q is a permutation.

Theorem 9.2. If a left-distributive quasigroup QpAq is isotopic to a group Qp�q, then it is

left homogeneous over the group:

Apx, yq � xθpx�1yq,

with θ as a full automorphism of the group Qp�q. Conversely, if a groupoid QpAq is left

homogeneous over a group Qp�q, namely Apx, yq � xθpx�1yq, where θ is a full automorphism

of the group, then QpAq is a left-distributive quasigroup.3

Proof. First assume, without loss of generality, that a left distributive quasigroup QpAq is
a principal isotope of a group Qp�q, with

Apx, yq � φx � ψy. p9.1q

Note (9.1) with x � φ�11 implies that

Lφ�11 � ψ,

whence ψ, as a left multiplication in the left distributive quasigroup QpAq, is an automor-
phism of QpAq. Again, (9.1) with y � x yields

x � φx � ψx, p9.2q

so ψ is a full automorphism of QpAq. Then

ψpφx � φyq � φpψxq � ψpψyq,

so
ψpxyq � φψφ�1x � ψy.
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This means that ψ is a quasiautomorphism of the group Qp�q. By Lemma 2.5, the permu-
tation ψ can be presented as

ψx � kθx,

where θ is an automorphism of the group Qp�q. Now φ may be recovered from the equality
(9.2) as

φx � xpψxq�1 � xpkθxq�1 � xθx�1k�1.

Thus,
Apx, yq � φx � ψx � xθx�1k�1 � kθy � xθpx�1yq.

Here θ is a full automorphism of the group Qp�q, because

x � φx � ψx � pφx � kqθx � λx � θx

for x P Q.
Conversely, suppose that a groupoid QpAq is left homogeneous over a group Qp�q:

Apx, yq � xθpx�1yq,

with θ as a full automorphism of Qp�q. We �rst show that QpAq is a quasigroup. Clearly
Apa, yq � b is uniquely solvable. It thus su�ces to show that Apx, aq � b is uniquely solvable.
The equation Apx, aq � b is equivalent to xθpx�1aq � b or xθx�1 � bθa�1. Since θ is a full
automorphism, the self-map xÑ xθx�1 is a permutation of the set Q. Thus, there exists a
unique element x0 such that x0θx�1

0 � bθa�1.
We now verify the left distributive law in QpAq:

ArApx, yq, Apx, zqs � Apxθpx�1yq, xθpx�1zqq

� xθpx�1yq � θrpxθpx�1yqq�1xθpx�1zqs � xθpx�1yqθrθpy�1xqx�1 � xθpx�1zqs

� xθpx�1yqθrθpy�1xqθpx�1zqs

� xθpx�1yqθ2py�1zq � xθrx�1yθpy�1zqs � Arx,Apy, zqs.

This completes the proof of the theorem.

Theorem 9.3. Under the equivalent conditions of Theorem 9.2, the quasigroup QpAq is

distributive if and only if the group Qp�q is abelian.

Indeed, if QpAq is distributive, then it is isotopic to a commutative Moufang loop Qp�q.
On the other hand, QpAq is isotopic to a group Qp�q according to Theorem 9.2. Thus, the
commutative Moufang loop Qp�q is isotopic to the group Qp�q, whence Qp�q and Qp�q are
isomorphic. Therefore, Qp�q is an abelian group.

Conversely, let Qp�q be an abelian group. Then

λpxyq � xyθpx�1y�1q � xyθx�1θy�1 � xθx�1yθy�1 � λx � λy,

so the permutation λx � xθx�1 is also an automorphism. The right distributive law is now
easy to check.
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Theorems 9.2 and 9.3 imply the existence of left distributive quasigroups which are
not right distributive. It su�ces to take a noncommutative group Qp�q which has a full
automorphism.

If a group Qp�q is �nite, the concept of a full automorphism coincides with the concept of
a special automorphism, an automorphism θ satisying the implication θc � c ñ c � 1 for
c P Q. In other words, the only element of Qp�q left invariant by θ is the identity element.

Indeed, consider a full automorphism θ, say with λx�θx � x for all x P Q. Suppose θc � c

for some c P Q. Then λc � θc � c implies λc � 1. In particular, λ1 � θ1 � 1 implies λ1 � 1.
Thus, λc � λ1, so c � 1. Conversely, let θ be a special automorphism, and let λx � xθx�1,
λy � yθy�1. Now λx � λy implies xθx�1 � yθy�1 or y�1x � θy�1θx � θpy�1xq. Thus
y�1x � 1 or y � x, by the de�nition of a special automorphism. Because Q is a �nite set,
we conclude that λ is a permutation, and thus θ is a full automorphism.

B. Neumann [55] gives an example of a �nite noncommutative group with a special auto-
morphism. So, the existence of a left distributive quasigroup which is not right distributive
group is established.4

2�. Moufang loop cores

It is natural to ask the question: Do other classes of left distributive quasigroups exist,

not isotopic to groups? We will provide a positive answer, using a concept introduced by
Bruck [31] in the context of Moufang loops.

De�nition 2. Let Qp�q be a loop, and let p�q�1 � pzq. The groupoid Qp�q, with the
operation

x� y � xpyzxq, p9.3q

is called the core of the loop Qp�q.

In the case where Qp�q is a Moufang loop, (9.3) becomes

x� y � xpy�1xq,

unambiguously written as
x� y � xy�1x

using the diassociativity of Moufang loops.

Theorem 9.4. The core Qp�q of a Moufang loop Qp�q is a quasigroup if and only if the

squaring xÑ x2 is a permutation of Q.

If Qp�q is a quasigroup, the equation x� 1 � a with unknown x has a unique solution,
i.e., xp1�1xq � a or x2 � a has a unique solution for any a P Q. Write this unique solution
as a1{2. Conversely, suppose that x2 � a with unknown x is uniquely solvable for any a P Q.
The equation

a� y � b
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is equivalent to the equation
ay�1a � b,

which is, obviously, uniquely solvable; its solution will be

y � ab�1a.

Consider the equation
x� a � b p9.4q

with unknown x Assume a solution exists:

x0 � a � b

or
x0a

�1x0 � b.

Multiplying by a�1 on the right-hand side, we obtain

x0a
�1x0a

�1 � px0a
�1q2 � ba�1,

whence
x0a

�1 � pba�1q1{2 or

x0 � pba�1q1{2a.

Thus, the uniqueness of the solution to equation (9.4) is established.
We now show that x0 from (9.5) de�nitely solves equation (9.4):

x0 � a � x0a
�1x0 � pba�1q1{2a � a�1pba�1q1{2a

� pba�1q1{2 � pba�1q1{2 � a�1 � ba�1 � a � b. p9.5q

The proof of the theorem is complete.

Theorem 9.5. The left distributive law

x� py � zq � px� yq � px� zq p9.6q

(for any x, y, z P Q) holds in the core Qp�q of a Moufang loop.

Proof. In the proof, we use the de�ning identities p6.1q, p6.2q, p6.9q of a Moufang loop, the
identities (6.3)�(6.5), and also the fact that a Moufang loop is an IP -loop. We have

t � px� yq � px� zq � xy�1x� xz�1x � xy�1x � pxz�1xq�1 � xy�1x.

From this it follows that

t � xy�1x � x�1zx�1 � xy�1x � pxy�1x � x�1zx�1qpxy�1xq or

t � txry�1px � x�1zx�1qsu � xy�1x.
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The expression in parentheses is

x � x�1zx�1 � pxx�1 � zqx�1 � zx�1.

Thus,

t � rxpy�1 � zx�1qs � xy�1x � ptrxpy�1 � zx�1qsxuy�1qx

� trxy�1 � pzx�1 � xqsy�1ux � rpxy�1 � zqy�1sx � rxpy�1zy�1qsx

� x � y�1zy�1 � x � x � py � zq�1x � x� py � zq.

The equality (9.6) is proved, and so Qp�q is left-distributive.

Theorems 9.4 and 9.5 imply the following.

Theorem 9.6. Let Qp�q be a Moufang loop in which the square mapping x Ñ x2 is a

permutation. Then the core of Qp�q will be a left distributive quasigroup.

The question arises: Will the left distributive quasigroup that was constructed in The-
orem 9.6 also be right distributive? The answer is given by the following theorem.

Theorem 9.7. A necessary and su�cient condition for the core of a Moufang loop Qp�q

to be distributive is satisfaction of the equation

xy2x � yx2y p9.7q

for any x, y P Q.

Proof. The condition (9.7) is necessary. If x� y � xy�1x, is also right-distributive, then, in
particular, we should have

py � x�1q � 1 � py � 1q � px�1 � 1q, p9.8q

whence yxy � 1 � y2 � x�2 or pyxyq2 � y2x2y2.

yxy � yxy � y2x2y2. p9.9q

Dividing both sides of (9.9) by y from left and right, we obtain the condition (9.7).
The condition (9.7) is su�cient. Indeed, if we work backwards from the equality (9.9),

we obtain (9.8). Let z be an element of Q. The permutation L�
z de�ned by L�

z a � z � a,
is an automorphism of the left distributive quasigroup Qp�q. Applying the automorphism
L�
z to each side of (9.8), we obtain

pL�
z y � L�

z x
�1q � L�

z 1 � pL�
z y � L�

z 1q � pL�
z x

�1 � L�
z 1q. p9.10q

But L�
z 1 � z � 1 � z2, LzV y � zy�1z, and L�

z x
�1 � zxz. Replacing z2, zy�1z, and zxz

respectively with u, v, w, from (9.10) we get pv�wq�u � pv�uq� pw�uq. Because u, v, w
may by any elements of the loop Qp�q, the theorem is proved.

The next question arises: To which loops are left distributive quasigroups isotopic?
When a left distributive quasigroup is the core of a Moufang loop, the following theorem
gives the answer.

159



Theorem 9.8. A left distributive quasigroup QpAq which is the core of a Moufang loop

Qp�q is isotopic to a loop Qp�q with

rx � py � xqs � z � x � ry � px � zqs, p9.11q

i.e., a left Bol loop (see Chapter VI, 6�).

Proof. Consider the principal isotope

x � y � ApR�1x, L�1yq, p9.12q

of a left distributive quasigroup QpAq, where Rx � Apx, 1q and Lx � Ap1, xq. Here, 1 is
the unit of the Moufang loop Qp�q). By de�nition of the core, the two preceding equalities
take the form

Rx � x2 and Lx � x�1.

So, from (9.9) we �nd
Apx, yq � Rx � Ly � x2 � y�1,

whence
x2 � y � xyx. p9.13q

We compute px2 � yq2 � z in the Moufang loop Qp�q:

px2 � yq2 � z � xyz � z � xyx � xyx � pz � xyxq � px � yxqrpzx � yq � xs

� xryx � pzx � yqsx � xrypx � zxqysx � xrypxzxqysx

� xrypx2 � zqysx � xry2 � px2 � zqsx � x2 � ry2 � px2 � zqs,

so
px2 � yq2 � z � x2 � ry2 � px2 � zqs. p9.14q

The unit of the loop Qp�q is the unit of the loop Qp�q, so setting z � 1 in (9.14) gives
px2 � yq2 � x2 � py2 � x2q so, rx2 � py2 � x2qs � z � x2 � ry2 � px2 � zqs. Finally, replacing x2 and
y2 with x and y (recalling from Theorem 9.4 that squaring is a permutation in the current
context), we obtain the desired identity (9.7).

Corollary 1. The loop Qp�q of Theorem 9.8 is a Moufang loop if and only if the condition

(9.7) holds in the Moufang loop Qp�q.

Note that the equality (9.13) could be rewritten as

x � y � x1{2yx1{2. p9.15q

If Qp�q is a Moufang loop, it satis�es the right alternative law

y � px � xq � py � xq � x. p9.16q

Passing to the loop Qp�q using equality (9.15), this becomes

y1{2px1{2xx1{2qy1{2 � py1{2xy1{2q1{2xpy1{2xy1{2q1{2.

160



Replacing y1{2 with y yields
yx2y � pyxyq1{2xpyxyq1{2. p9.17q

Denote yxy by z2. Then y�1z2y�1 � y�1pyxyqy�1 � x. Substituting this value for x into
(9.17), we obtain

ypy�1z2y�1q2y � pz2q1{2 � y�1z2y�1 � pz2q1{2, i.e.,

z2y�2z2 � zy�1z2y�1z or zy�2z � y�1z2y�1.

Finally, replacing y�1 with y and taking into account that y and z are arbitrary elements,
we obtain the identity (9.7).

Since all these transitions from (9.16) to (9.17) are reversible, condition (9.7) implies
(9.16). However, if the left Bol loop Qp�q is right alternative, it is a Moufang loop.

Combining Theorem 9.7 with Corollary 1 of Theorem 9.8, we obtain

Corollary 2. If condition (9.7) holds in a Moufang loop Qp�q, its core is a distributive

quasigroup isotopic to the Moufang loop Qp�q constructed by formula p9.15q.5

From Theorem 8.1, which stated that any distributive quasigroup is isotopic to a com-
mutative Moufang loop, it follows that the operation p�q is commutative.

From all that has been said, it follows that if we take the core Qp�q of a Moufang loop
Qp�q in which squaring xÑ x2 is a permutation and condition (9.7) is not satis�ed, we will
obtain a left distributive quasigroup which is not right distributive. The quasigroup Qp�q
cannot be isotopic to a group, because then, Qp�q would be a group, while in fact it is not
even a Moufang loop.

Example. Take the group Qp�q considered in [89, p.225]. It has order 3αq3, where q is a
prime number of the form 3k � 2. The group has a minimal set ta, b, c, du of generators,
subject to the system

a3
α

� 1, bq � cq � dq � 1,

cb � bcd, , a�1ba � c, a�1ca � b�1c�1,

da � ad, db � bd, dc � cd

of de�ning relations. The relations a�1ba � c and a�1ca � b�1c�1 imply a�2ba2 �

a�1pa�1baqa � a�1ca � b�1c�1. Multiplying from the left by b, we have ba�2ba2 � c�1.
If condition (9.7) were satis�ed in this group, we could interchange ba�2b with a�1b2a�1 in
this latter equation:

c�1 � pa�1b2a�1qa2 � a�1b2a � pa�1baq2 � c2,

whence c3 � 1. This would contradict the minimality of the generating set ta, b, c, du. Thus,
condition (9.7) is not satis�ed in the group, so the core of the group Qp�q is left distributive,
but not right distributive, and is also not isotopic to a group.

As Bruck showed [31], the core of a Moufang loop is an isotopy invariant. In other words,
the following theorem holds.
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Theorem 9.9. Suppose that Moufang loops Qp�q and Qp�q are isotopic. Then their cores

are isomorphic.

Proof. A principal isotopy of the loops Qp�q and Qp�q should have the form

x � y � R�1
a x � L�1

b y,

or
x � y � xu � vy,

because R�1
a � Ra�1 � Ru and L�1

b � Lb�1 � Lv, due to the fact that every Moufang loop
is an IP -loop.

Let Qp`q and Qp�q be the respective cores of Qp�q and Qp�q. Then

x` y � x � yp�1q � x, p9.18q

where y � yp�1q � e and e � ba. Writing the right-hand side of (9.18) in terms of the
operation p�q, we obtain

x` y � px � yp�1qq � x � rpxu � vyp�1qquspvxq

� rxpu � vyp�1quqs � pvxq � xrpu � vyp�1q � uqvsx,

or
x` y � xy1x, p9.19q

where
y1 � pu � vyp�1q � uqv

does not depend on x. Setting y � x in (9.19),

y � y ` y � yy1y,

whence
y1 � y�1

or
x` y � xy1x � xy�1x � x� y,

as required.

3�. Certain results on F -quasigroups

Left-distributive quasigroups are closely related to F -quasigroups (see Chapter III, 5�).
More precisely, a left distributive quasigroup is a (left) F -quasigroup. Indeed, let Qp�q be a
left distributive quasigroup:

x � yz � xy � xz. p9.20q
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It is clear that the mapping Sa : xÑ azx* is a permutation. Replacing z in (9.20) with

Sxz � xzz,

we obtain
xpy � Sxzq � xy � xSxz.

By the de�nition of the operation pzq, we have

xSxz � xpxzzq � z.

Thus, the left distributive law (9.20) takes the form

xy � z � x � ySxz, p9.21q

i.e. a left distributive quasigroup is a (left) F -quasigroup.

Note that in this case the permutations Sx are automorphisms of the quasigroup Qp�q:

Sxpyzq � Sxy � Sxz.

Indeed, it is easy to see that Sx � L�1
x , and left translations of left distributive quasigroups

are automorphisms.
On the other hand, the equality (3.32) established for any F -quasigroup gives the possi-

bility to characterize F -quasigroups by an identity that is very close to the left distributive
law. More precisely, (3.32) implies that

z � ex � Sxz,

so substituting this value for z into (9.21), we obtain

pxyq � pexSxzq � xpy � Sxzq,

or
pxyqpexzq � xpyzq. p9.22q

The equalities (9.21) and (9.22) are easily seen to be equivalent. Furthermore, (9.21)
also implies that an idempotent (left) F -quasigroup is a left distributive quasigroup, since in
this case ex � x.

In Chapter III, 5� it was shown that F -quasigroups are isotopic to F -quasigroups with
a left unit. Assume that Qp�q is an F -quasigroup with a left unit 1. Consider the isotope
Qp�q of the F -quasigroup Qp�q, with

x � y � R�1px �Ryq, p9.23q

where Rx � x1. It is easy to see that Qp�q is a loop, with 1 as its unit element:

x � 1 � R�1px �R1q � R�1px1q � R�1pRxq � x, and

1 � x � R�1p1 �Rxq � R�1pRxq � x,

since R1 � 1 � 1 � 1.

We will need the following result.
*Recall the equivalence of xy � z and xzz � y, i.e., p�q�1 � pzq.
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Lemma 9.1. There exists an automorphism θx,y of the quasigroup Qp�q, depending on the

elements x and y, such that

SxSy � θx,ySy�x

holds for any x, y P Q.

Proof. We determine p�qSxSy , using the equality (3.23) and bearing in mind that in the our
case φx should be the permutation SR�1x (see Chapter III, 4�):

p�qSR�1xSR�1y � p�qy�S�1

R�1y
x,

or
p�qSxSy � p�qRy�S�1

y Rx.

Then
Ry � S�1

y Rx � py1qpS�1
y Rxq � yr1 � SypS

�1
y Rxqs � y �Rx.

Thus,
p�qSxSy � p�qyRx � p�qRR�1pyRxq � p�qRpy�xq � p�qSy�x ,

i.e.
p�qSxSy � p�qSy�x ,

or
p�qSxSyS

�1
y�x � p�q,

from which follows that the operation p�q has the permutation

θx,y � SxSyS
�1
y�x

as an automorphism.

Theorem 9.10. The equalities

px � yq � z � x � py � θy,xzq and p9.24q

xy � x � py � e�1
x q p9.25q

hold for any x, y, z P Q.

Proof. 1. Transform the main equality (3.3) of a F -quasigroup using (9.23):

xy � z � x � ySxz,

RrRpx �R�1yq �R�1zs � Rrx �R�1Rpy �R�1Sxzqs,

Rpx �R�1yq �R�1z � x � py �R�1Sxzq,

or
Rpx � yq � z � x � pRy �R�1SxRzq. p9.26q
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Substituting y � 1 in (9.26), we have

Rx � z � x � pR1 �R�1SxRzq,

Rx � z � x �R�1SxRz. p9.27q

Replacing x with x � y in the latter equality, we have

Rpx � yq � z � px � yq �R�1Sx�yRz. p9.28q

Equating the right hand sides of (9.26) and (9.28) yields

px � yq �R�1Sx�yRz � x � pRy �R�1SxRzq,

whence
px � yq � z � x � pRy �R�1SxS

�1
x�yRzq. p9.29q

Using (9.27), the parenthetical expression from the right-hand side of (9.29) can be simpli�ed
as:

Ry �R�1SxS
�1
x�yRz � y �R�1SyR �R�1SxS

�1
x�yRz � y �R�1SySxS

�1
x�yRz,

or, using Lemma 9.1:

Ry �R�1SySxS
�1
x�yRz � y �R�1θy,xRz � y � θy,xz,

since φR � Rφ for any automorphism φ of the operation p�q. Thus, from (9.29) we obtain

px � yq � z � x � py � θy,xzq.

2. To prove (9.25), we use the second form

xpyzq � pxyqpexzq

of the main equality for an F -quasigroup. Passing to the loop Qp�q, we obtain

Rrx �R�1Rpy �R�1zqs � Rrpxyq �R�1Rpex �R
�1zqs,

whence
pxyq � pex � zq � x � py � zq. p9.30q

In particular, setting z � 1 we have

pxyq � ex � x � y. p9.31q

Multiplying both sides of the equality (9.31) from the right by θ�1
ex,xye

�1
x

* gives

ppxyq � exq � θ
�1
ex,xye

�1
x � px � yq � θ�1

ex,xye
�1
x ,

*Recall that u�1 means the right inverse element for u in a loop Qp�q.
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whence, using identity (9.24), we �nd

pxyq � pex � e
�1
x q � x � py � θy,xθ

�1
ex,xye

�1
x q,

xy � x � py � θy,xθ
�1
ex,xye

�1
x q.

However
θex,xy � θy,x. p9.32q

Indeed, computing the left-hand side of (9.31) using Lemma 9.1, we have

θex,xy � SexSxyS
�1
pxyq�ex

,

whence, by (3.31) and (9.31), we have

θex,xy � Sex � S
�1
ex SySx � S

�1
x�y � SySxS

�1
x�y � θy,x.

Thus, the equality (9.32) is proved, meaning that the equality (9.25) is established.

Note that (9.30) in which xy is replaced with the corresponding expression from (9.25)
gives the following identity in the loop Qp�q:

rx � py � e�1
x qs � pex � zq � x � py � zq.

Corollary. Any F -quasigroup with a left unit is isotopic to a special loop.

.
Recall (see Chapter III, 1�) that a loop Qp�q is special if the equality (9.24) holds there

for any x, y, z P Q, with θx,y is an automorphism.
We show that the loop Qp�q treated in Theorem 9.10 is actually special. In other words,

we show that θx,y is also an automorphism of the loop Qp�q. To do this, note that

θx,yR � Rθx,y

Indeed, because θx,y is an automorphism of the quasigroup Qp�q, we �nd that

θx,yRz � θx,ypz1q � θx,yzθx,y1.

But θx,y1 � 1, so we have
θx,yRz � Rθx,yz.

Thus,
θx,ypu � vq � θx,yR

�1puRvq � R�1pθx,yu �Rθx,yvq � θx,yu � θx,yv.

Remark. The corollary holds for all left F -quasigroups, since each is isotopic to a left
F -quasigroup with a left unit.

4�. Left distributive quasigroups and F -quasigroups

Since each left distributive quasigroup is a left F -quasigroup, Corollary 1 of Theorem 9.10
implies the following.
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Lemma 9.2. Each left distributive quasigroup is isotopic to a special loop.

Let QpAq be a left distributive quasigroup with a �xed element 1. De�ne Lx � Ap1, xq

and Rx � Apx, 1q. Then the isotope

xy � Apx, L�1yq p9.33q

will be a left F -quasigroup with left unit 1. Combining (9.33) and (9.23), we �nd that

x � y � R�1Apx, L�1Ryq, p9.34q

where Qp�q is a special loop according to Theorem 9.10. The isotopy referred to in Lemma
9.2 has the form

Apx, yq � Rpx �R�1Lyq.

Note that L is an automorphism both of the quasigroup QpAq and the loop Qp�q. The
�rst statement follows from the left distributivity of the quasigroup QpAq. To prove the
second statement, we use the equality

LR � RL,

which means that
ArAp1, xq, 1s � Ar1, Apx, 1qs.

The latter equality comes from the left distributivity of the operation A. We have

Lpx � yq � LR�1Apx, L�1Ryq � R�1ApLx, L�1RLyq � Lx � Ly.

The second part of Theorem 9.10, i.e. the equality (9.25), provides a representation of
the left distributive quasigroup QpAq with the help of the loop Qp�q. First we prove that
e�1
x � Lx�1, where xex � x, whence Apx, L�1exq � x by (9.33). From the idempotency of
the left distributive quasigroup we obtain L�1ex � x or ex � Lx, i.e. e�1

x � pLxq�1 � Lx�1.
Then, from the equality (9.25), we have

Apx, L�1yq � x � py � Lx�1q, Apx, yq � x � pLy � Lx�1q,

or
Apx, yq � x � Lpy � x�1q.

Further, we need some properties of the automorphisms θx,y, de�ned in Lemma 9.1 for an
F -quasigroup Qp�q, related to the left distributive quasigroup QpAq by the equation (9.33).

Lemma 9.3. The automorphisms θx,y commute with the translations R and L.

Indeed, writing
θx,ypuvq � θx,yu � θx,yv

in terms of the operation A, we obtain

θx,yApu, L
�1vq � Apθx,yu, L

�1θx,yvq. p9.35q

Note θx,y1 � 1, since θx,y is an automorphism of the quasigroup Qp�q which has 1 as its left
unit 1. Thus, from (9.35) with u � 1, we �nd that θx,yL�1 � L�1θx,y,whence Lθx,y � θx,yL.
The commutativity of R and θx,y was noted earlier, in the course of the proof of the Corollary
to Theorem 9.10).
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Lemma 9.4. In the left distributive quasigroup QpAq, the equation

θy,x � L�1
y LL�1

x Lx�y p9.36q

represents the automorphisms θx,y in terms of left translations.

Writing (9.24) in terms of the operation A using (9.34), we have

R�1Apx � y, L�1Rzq � R�1Arx, L�1RR�1Apy, L�1Rθy,xzqs or

Apx � y, L�1Rzq � Arx,ApL�1y, θy,xL
�2Rzqs,

because θx,y commutes with L and R. Simplifying, we obtain

Apx � y, zq � Arx,ApL�1y, θy,xL
�1zqs.

Thus
Lx�yz � LxLL�1yθy,xL

�1z,

whence
θy,x � L�1

L�1yL
�1
x Lx�yL. p9.37q

But
L�1
L�1y � L�1L�1

zy L. p9.38q

as follows from

L�1
L�1yz � ApL�1y, zq � ApL�1y, L�1Lzq �� L�1Apy, Lzq � L�1LyLz.

The equality (9.37) thus takes the form

θy,x � L�1L�1
y LL�1

x Lx
yL,

whence
Lθy,xL

�1 � L�1
y LL�1

x Lx�y,

or
θy,x � L�1

y LL�1
x Lx�y.

Corollary. The automorphisms θx,y of the F -quasigroup Qp�q are also automorphisms of

the left distributive quasigroup QpAq.

This assertion also follows from Lemma 9.3.

Lemma 9.5. For x, y P Q, we have θLy,Lx � θy,x.

Proof. We use the equality (9.36)

θLy,Lx � L�1
LyLL

�1
LxLLx�Ly � L�1

LyLL
�1
LxLLpx�yq.

By (9.38), we have
LLy � LLyL

�1. p9.39q

Hence,
θLy,Lx � LL�1

y L�1 � L � LL�1
x L�1 � LLx�yL

�1

� LL�1
y LL�1

x Lx�yL
�1 �� Lθy,xL

�1 � θy,x.
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Lemma 9.6. In any special loop Qp�q the equality

x � px�1 � yq � δxy p9.40q

holds, where x�1 is the right inverse element for x, and δx is some automorphism dependent

on x.

Setting y � x�1 in (9.24), we have

px � x�1q � z � x � px�1 �Θx1 , x
zq.

Replacing z by θ�1
x�1,xz yields (9.40), with δx � θ�1

x�1,x.

Corollary. If QpAq is a left distributive quasigroup, then

δx � L�1LxL
�1Lx�1 . p9.41q

Indeed,
δx � θ�1

x�1,x � pL�1
x�1LL

�1
x Lx�x�1q�1 � L�1

x�x�1LxL
�1Lx�1 .

But x � x�1 � 1, where 1 is the neutral element of the loop Qp�q and L1 � L. So δx �
L�1LxL

�1Lx�1 .
Lemma 9.2 shows that each left distributive quasigroup QpAq is isotopic to a special

loop Qp�q. In the loop Qp�q, we have the identity

rx � py � e�1
x qs � pex � zq � x � py � zq, p9.42q

in which ex is the right local neutral element for x in the quasigroup Qp�q de�ned by (9.33).
However, we showed that ex � Lx. Thus, the identity (9.42) takes the form

rx � py � Lx�1qs � pLx � zq � x � py � zq. p9.43q

Replacing z with Lx�1 � z in the equality (9.42) we obtain

rx � py � Lx�1qs � rLx � pLx�1 � zqs � x � ry � pLx�1 � zqs. p9.44q

But Lx�1 � pLxq�1, since L is an automorphism of the loop Qp�q. Hence, by Lemma 9.6,
we have

Lx � pLx�1 � zq � Lx � ppLxq�1 � zq � δLxz.

On the other hand, δLx � θ�1
Lx,pLxq�1 � θ�1

Lx,Lx�1 � θ�1
x,x�1 � δx, using Lemma 9.5. Thus, (9.44)

takes the form
rx � py � Lx�1qs � δxz � x � ry � pLx�1 � zqs. p9.45q

We investigate the special case where L2 � 1, whence

Ar1, Ap1, yqs � y.

Applying the translation Lx of the quasigroup QpAq yields

LxAr1, Ap1, yqs � Lxy and
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ArLx1, ApLx1, Lxyqs � Lxy, so

Aru,Apu, vqs � v p9.46q

for all u, v P Q. In other words,
L2
u � 1. p9.47q

Rewriting (9.46) in terms of the loop Qp�q, we have

Rru �R�1LRpu �R�1Lvqs � v, Rru � pLu �R�1vqs � v,

u � pLu �R�1vq � R�1v, u � pLu � vq � v.

If v � 1, then u � Lu � 1, whence
Lu � u�1. p9.48q

Suppose that the identity (9.46) holds in the left distributive quasigroup QpAq. Then
in (9.43), which takes place in the special loop Qp�q that is isotopic to the left distribu-
tive quasigroup QpAq, we may replace Lx�1 with x, since Lx�1 � LpLxq � L2x � x.
Consequently, in this case (9.45) takes the form

rx � py � xqs � δxz � x � ry � px � zqs. p9.49q

But (9.39), (9.41) and (9.48) imply

δx � L�1LxL
�1Lx�1 � L�1LxL

�1LLx � L�1LxL
�1LLxL

�1 � 1.

From this, it follows that (9.49) reduces to the Bol identity (9.12). Thus, we have the
following.

Theorem 9.11. If L2
f � 1 in a left distributive quasigroup QpAq for some �xed element

f � 1, then QpAq is isotopic to a left Bol loop Qp�q.

In particular, the condition (9.47) holds in any left distributive quasigroup QpAq which
is the core of a Moufang loop Qp�q. Indeed,

L2
xy � Arx,Apx, yqs � xpxy�1xq�1x � xpx�1yx�1qx � y.

Consequently, QpAq is isotopic to a left Bol loop (compare with Theorem 9.8).
Thus, the condition L2

x � 1 is su�cient for a left distributive quasigroup to be isotopic
to a left Bol loop. Obviously, this condition is not necessary, since there are left distributive
quasigroups isotopic to groups (see 1� of this chapter), but nevertheless L2

x � 1. This
inequality holds when in Theorem 9.2 we have θ2 � 1. Below, we will give some necessary
and su�cient conditions for the loop Qp�q of (9.34) to be a left Bol loop. First, we prove
the following assertion.
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Lemma 9.7. A special loop Qp�q* is a left Bol loop if and only if

θx,yθy�x,x � 1 p9.50q

for arbitrary x, y P Q.

Indeed,
rx � py � xqs � z � x � rpy � xq � θy�x,xzs,

whence
rx � py � xqs � z � x � ry � px � θx,yθy�x,xzqs. p9.51q

Comparing this equation with the (left) Bol identity, we obtain the assertion of the
lemma.

For a left distributive quasigroup, the condition (9.50) takes the form

Px�py�xq � PxPyPx, p9.52q

where Px � LxL
�1. In fact, by Lemma 9.4,

θx,yθy�x,x � L�1
x LL�1

y Ly�xL
�1
y�xLL

�1
x Lx�py�xq � 1,

whence
Lx�py�xqL

�1 � LxL
�1LyL

�1LxL
�1.

We have obtained the equality (9.52).
Thus, a necessary and su�cient condition for a left distributive quasigroup QpAq to

be isotopic to a Bol loop Qp�q is given by (9.52). In this case, the isotopy is determined
by (9.34).

It is possible to �nd other necessary and su�cient conditions for a loop Qp�q de�ned by
(9.34) to be a Bol loop, and these conditions are expressed intrinsically in terms of the loop
Qp�q itself. As we have already seen above in the loop Qp�q, the identities (9.33) and (9.51)
hold:

x � py � zq � rx � py � Lx�1qs � pLx � zq, p9.53q

rx � py � xqs � z � x � ry � px � ψx,yzqs, p9.54q

where ψx,y � θx,yθy�x,x. From (9.53) we have

rx � py � xqs � z � trx � py � Lx�1qs � pLx � xqu � z,

x � ry � px � ψx,yzqs � rx � py � Lx�1qs � rLx � px � ψx,yzqs.

*
p9.55q

We introduce the notations
t � x � py � Lx�1q,

λx � Lx � x.

*
p9.56q

Then, (9.54) and (9.55) imply

pt � λxq � z � t � rLx � px � ψx,yzqs. p9.57q

*Here, the loop Qp�q is not necessarily isotopic to a left distributive quasigroup.
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If t � 1, i.e., x � py � Lx�1q � 1, then

λx � z � Lx � px � φxzq, p9.58q

since ψx,y � φx will depend only on x. From (9.58) we �nd

Lx � px � zq � λx � φ�1
x z,

and, consequently, the equality (9.57) takes the form

pt � λxq � z � t � pλx � φ�1
x ψx,yzq.

Since the loop Qp�q is special, we �nally obtain

θλx,t � φ�1
x ψx,y. p9.59q

We recall that t, y and x are connected by the relationship (9.56). By Lemma 9.7, the
necessary and su�cient condition for the loop Qp�q to be a Bol loop is

ψx,y � 1, p9.60q

as can be seen from (9.59). This condition is equivalent to the condition

θλx,t � φ�1
x ,

where t, x are any elements of Q. In particular, if t � 1 we have

φx � 1. p9.61q

From here it follows that
θλx,t � 1. p9.62q

It is clear that (9.61) and (9.62) are equivalent to (9.60). On the other hand, (9.62)
shows that λx should belong to the middle nucleus Nm of the loop Qp�q:

Lx � x P Nm. p9.63q

Then (9.61) and (9.56) imply

pLx � xq � z � Lx � px � zq. p9.64q.

Summarizing, we have the following.

Theorem 9.12. The isotope (9.34) of a left-distributive quasigroup QpAq is a Bol loop if

and only if the relationships (9.63) and (9.64) hold.

Remark. Theorem 9.12 is also true for any group Qp�q isotopic to a left distributive
quasigroup QpAq, since the loop Qp�q, being isotopic to a left Bol loop Qp�q, is itself a left
Bol loop.
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Notes

1The concept of a homogeneous groupoid was introduced by Hosszú [84] for groups.
2In a further paper, Stein [76] proves the following theorem. Let Γp�q be a group, and let S be a subset

that satis�es the following conditions for any a and b � c: 1) b and c lie in distinct cosets of the centralizer

of the element a; 2) aba�1 P S. Then Sp�q, where x � y � xyx�1, is a left distributive quasigroup.
3Theorem 9.2 could also be proved on the basis of Proposition 4 of Chapter VII, 4�. As was shown there

(Proposition 5), the quasigroup Bpx, yq � Apx�1, yq and the group p�q are orthogonal. In Stein's paper [76]

mentioned above (Note 2), it is shown that a left distributive quasigroup p�q and its isotope p�q de�ned by

the equality x � y � xpayq for an arbitrary element a of Q, are also orthogonal.
4We note here the following result of Stein [74]: Finite left distributive quasigroups of order 4k�2 do not

exist. The same assertion follows from a more general statement of Stein [74]: An idempotent quasigroup

of order 4k � 2 cannot have a transitive group of automorphisms. In this connection, it can be shown that

there exist distributive (and, consequently, left distributive) quasigroups of any �nite order n � 4k� 2 (see,

for example, [13]).
5Moreover, it is easy to show that Qp�q is in fact a distributive Steiner quasigroup.
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Chapter X. The question of G-loops

One of the unsolved problems in the theory of quasigroups and loops is the following: Deter-
mine those loops Qp�q which are isomorphic to each of their loop isotopes. In Chapter III, 4�,
we called such loops G-loops.*

This problem has great signi�cance in geometry, especially in the theory of nets. Here,
we just consider some of its algebraic aspects. 1

Groups are G-loops, but there are other classes of G-loops as well. We do note that
non-associative G-loops must be non-commutative loops, in view of the following theorem:

Theorem 10.1. If a G-loop is commutative, then it is an abelian group.

Indeed, let Qp�q be a commutative G-loop. Then, for any a, b P Q, the isotope Qp�qa,b
must also be a commutative loop:

R�1
a x � L�1

b y � R�1
a y � L�1

b x,

whence
R�1
a x � L�1

b y � L�1
b x �R�1

a y, R�1
a Lbx � y � x �R�1

a Lby.

Arguing further, as in the proof of Lemma 2.6, we conclude that Qp�q is a transitive loop
and, consequently, Qp�q is a group.

1�. Moufang G-loops.

We start with Moufang loops. The purpose of this section is to prove the following theorem
of Bruck [32]:

Theorem 10.2. Let Qp�q be a Moufang loop, and let Kp�q be the subloop generated by all

the nuclear elements and all the cubes x3 (where x is an arbitrary element of Q). Then Kp�q

is a G-loop. 2

Proof. Denote by px1x2 . . . xk�1xkq a product of the elements x1, x2, . . . , xk in Qp�q, taken in
this order, with some distribution of brackets. Thus, px1x2x3x4x5q might be, for example,

*Formally, G-loops were de�ned as the loops that are isomorphic to all their right and left derivatives.

However, as shown by Theorem 3.8 in Chapter III, 4�, such loops are precisely those possessing the property

of being isomorphic to all their loop isotopes.
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px1 � x2x3qpx4x5q. In this notation, there always exists 1   s   k such that

px1x2 . . . xkq � px1x2 . . . xsqpxs�1 . . . xkq.

By the de�nition of Kp�q, any element of K has the form py1y2 . . . ykq, where yi � nx3in
1 and

n, n1 P N . The expression py1y2 . . . ykq is called a word of length k.
We now recall the following properties of pseudo-automorphisms of a Moufang loop Qp�q:
a) The sets of right and left pseudo-automorphisms of the loop Qp�q coincide (see

Lemma 5.4);
b) Any inner permutation of the loop Qp�q is a pseudo-automorphism (Theorem 6.4);
c) The element x3 is a right companion of the pseudo-automorphism Tx � L�1

x Rx (Corol-
lary of Theorem 6.4);

d) The nucleus Np�q of the loop Qp�q is invariant relatively to any pseudo-automorphism
(Lemma 6.2);

e) If λ is a pseudo-automorphism with right companion k, then

λpxyq � k�1pkλx � λyq.

This equality follows from the de�nition (3.19) of a right pseudo-automorphism.
After these preliminary remarks, we can proceed to the proof of the theorem. Let us

prove the following assertion: Each element of the subloop Kp�q is a left companion of some

pseudo-automorphism. This assertion follows from the following more general assertion (A):
Each element θu, where θ is a pseudo-automorphism, and u is an element of K, is a left

companion of a certain pseudo-automorphism.

The proof of (A) will be carried out by induction on the length of the word u.
Let n � 1. Then u � θy1 � θpnx3n1q. In view of (6.20), we have

u � θnθx3θn.

Then by Property d), θn, θn1 P N . Further, any pseudo-automorphism θ of a Moufang loop
is a semi-automorphism (see Chapter VI, 2�), i.e.,

θpxyxq � θxθyθx.

In particular, for y � x we obtain
θx3 � pθxq3,

and consequently
u � n1pθxq

3n1
1 � n1x

3
1n

1
1 � y11,

i.e., u is a word of length one. In other words, the set of words of length one is invariant
under any pseudo-automorphism. Thus, when n � 1, it su�ces to prove that y1 � nx3n1 is
a left companion of some pseudo-automorphism.

We have

y1p�q � nx3n1p�q � npx3qn1p�qqq � npx3p�qq � npp�q
T�1
x q � T�1

x np�q
T�1
x . p10.1q
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Here we use (3.7) and (3.22):
bpap�qq � bap�q,

app�q
φq � pφap�qq

φ � φap�q
φ.

Since T�1
x n P N , then by (10.1) we �nd that y1p�q � p�qT

�1
x , i.e., y1 is a left companion of the

pseudo-automorphism T�1
x . This completes the induction basis.

Now suppose that the assertion pAq holds for any u of length less than n. Let u �

py1y2 . . . ynq. Then, there exists s such that

u � py1y2 . . . ysqpys�1 . . . ynq � vw.

The lengths of the words v and w are s and n�s respectively. Since θ is simultaneously a right
and left pseudo-automorphism, then let k be a right companion of the pseudo-automorphism
θ:

p�qk � p�qθ
�1

.

By Property e) of pseudo-automorphisms, we obtain

θpvwq � k�1pkθv � 0wq.

Consequently,
θup�q � θvwp�q � k�1pkθv�θwqp�q � k�1pkθvpθwp�qqq.

The length of the word w is less than n. Therefore, by the induction hypothesis, there is a
pseudo-automorphism α whose left companion is θw : p�q � p�qα�1. Thus,

θup�q � k�1pkθvpp�q
α�1qq � k�1pk�1α�1pkθvqp�q

α�1q �

� α�1k�1pα�1pkθvqp�qq
α�1

� α�1k�1�rl�1plα�1k�α�1θvqsp�q
α�1,

where l is a right companion of the pseudo-automorphism α�1.
Here we use (3.7) and Property e) of pseudo-automorphisms. Further, we note that

α�1k�1 � rl�1plα�1k � α�1θvs � pα�1kq�1rl�1plα�1k � α�1θvqs �

� L�1
α�1kL

�1
l Llα�1kα

�1θv � L�1
l,α�1kα

�1θv � βv,

where β � L�1
l,α�1k,lα

�1θ is a pseudo-automorphism. So,

θup�q � βvp�q
α�1

.

Again, using the induction hypothesis for v, we conclude that βvp�q � p�qγ, and, conse-
quently,

θup�q � p�qγα
�1

.

Assertion (A) is proved, and the validity of the theorem follows from the validity of this
assertion.

Corollary. The subloop Kp�q is normal.3
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2�. Loops with nuclei of index two.4

In this section, we exhibit G-loops which are not Moufang loops. We show that certain
WIP -loops (see De�nition 4 in Chapter V) are also G-loops.

Consider a loop Qp�q which has a nucleusN of index two, soQ � tN, pNu with p P Q∖N .

Lemma 10.1. N is a normal subloop of the loop Qp�q.

By the corollary of Theorem 4.6, we must show that the equality

xN � yN � pxyqN p10.2q

holds for any x, y P N . For this we note that if a P N , then aN � N . If a R N , then

aN � pN.

Indeed, if x � an with n P N , we have x R N , and therefore x P pN , i.e., aN � pN . To
prove the reverse inclusion, we note that aN � Na. In fact, consider yp � pn with n P N .
If y R N , then y � pn1 P pN , whence ppn1qp � pn, or in view of the fact that n1 is an
element of the nucleus, we obtain ppn1pq � pn and n1p � n, i.e., p P N , which is impossible
in view of the choice of the element p.

Now we consider the equation ax � pn. We have a R N , so a � pn2. Consequently, we
have ppn2qx � pn or ppn2xq � pn, n2x � n, whence x P N . Thus, we have proved pn P aN ,
i.e., pN � aN .

The equality (10.2) is obvious if at least one of the elements x or y belongs to the nucleus
N : It follows from the properties of the nucleus N . Consequently, it su�ces to prove that

pN � pN � p2N. p10.3q

But p2 P N . Indeed, let p2 P pN , whence p2 � pn, that is p � n P N , which is impossible.
So instead of (10.3) we must prove the equality:

pN � pN � N. p10.4q

Let x P pN � pN , i.e., x � pn1 � pn2. We have

x � ppn1 � pn2q � ppn1p � n2q.

There exists an element n3 P N such that n1p � pn3, so

x � pppn3 � n2q � ppp � n3n2q � p2 � n3n2 P N,

i.e., pN � pN � N . Conversely, let n P N , and suppose n � p2x. Obviously, x P N . Then
n � p2x � pppxq P pN � pN , i.e., N � pN � pN . Thus, the equality (10.4) is proved.

We saw above that aN � Na, and in particular pN � Np. This latter equality deter-
mines the following involutive self-map φ on the nucles N :

pn � φn � p.

177



Lemma 10.2. The self-map φ is an automorphism of the nucles N .

Indeed, let x, y P N . Then

φpxyq � p � p � xy � px � y � pφx � pqy � φx � ppyq � φxpφypq � pφxφyqp,

whence
φpxyq � φxφy.

We need the following properties of derivative operations (see Chapter III, 20). We
formulate them for the right derivative operations p�qa de�ned by the equality

ax � y � apx � yqa.

1) If Qp�q is a loop with neutral element 1, then Qp�qa and Qap�q are loops with the same
neutral element (Assertion 1 of Theorem 3.3);

2) pp�qaqb � p�qab (Assertion 2 of Theorem 3.3);
3) p�qx � p�q if and only if x belongs to the left nucleus.
Now we prove the main property of loops with a nucleus of index two.

Theorem 10.3. A loop Qp�q with a nucleus of index two is a G-loop with the weak inverse

property.

Proof. Let N be the nucleus of Qp�q. If x P N , then p�qx � p�q. Below we will prove that
p�qp � p�qλ, where λ is some permutation of the set Q. Consider y P pN , say y � pn. We
have

p�qy � p�qpn � p�qφn�p � pp�qφnqp � p�qp � p�qλ.

Consequently, each right derivative Qp�qx of Qp�q, with x P Q, is isomorphic to the loop
Qp�q. It is similarly shown that each left derivative is isomorphic to the loop Qp�q. Thus,
the theorem will be proved if we show that p�qp and pp�q are isomorphic to p�q.

We de�ne the following permutation λ of the set Q:

λn � φn, λppnq � pφn

for all n P N . Clearly,
λ�1n � φ�1n, λ�1ppnq � pφ�1n.

We show that p�qp � p�qλ, or more speci�cally

px � yqp � λ�1pλxλyq. p10.5q

The following four cases are possible:
1) x, y P N .
Then px � yqp � xy and

λ�1pλx � λyq � λ�1pφx � φyq � φ�1pφx � φyq � xy,

since φx, φy P N.
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2) x P N, y P pN , say y � pn.
We have

px � y � px � pn � ppx � pnq � ppxp � nq � pppφ�1 � nq,

whence
px � yqp � pφ�1x � n.

On the other hand, we have

λ�1pλx � λyq � λ�1pφx � λppnqq � λ�1pφx � pφnq � λ�1pφxp � φnq �

� λ�1ppx � φnq � λ�1pp � xφnq � pφ�1pxφnq � ppφ�1x � nq.

Consequently, in this case px � yqp � λ�1pλx � λyq.
3) x P pN, y P N , say x � pn. Then

px � y � pppnq � y � pppn � yq � ppx � yqp,

whence
px � yqp � pn � y.

λ�1pλx � λyq � λ�1pλppnq � yq � λ�1ppφn � φyq � pφ�1pφn � φyq � ppnyq.

Thus, in this case, the equality (10.5) is also satis�ed.
4) x P pN, y P pN , say x � pn1 and y � pn2.
We have

px � y � pppn1q � pn2 � p2n1 � pn2 � pp2n1 � pqn2.

But p2 P N , so
px � y � rpφ�1pp2n1qsn2 � prφ�1pp2n1qn2s.

Consequently,
px � yqp � φ�1pp2n1q � n2.

On the other hand, we have

λ�1pλx � λyq � λ�1rλppn1q � λppn2qs � λ�1ppφn1 � pφn2q

� λ�1rppφn1 � pφn2qs � λ�1rpppφn1 � pqφn2qs � λ�1rpppn1 � φn2qs

� λ�1rppp � n1φn2qs � λ�1pp2 � n1φn2q � φ�1pp2n1φn2q � φ�1pp2n1qn2.

Thus, the equality (10.5) is established. We can prove the equality pp�q � p�qλ�1 similarly.
Now let us prove that Qp�q is a WIP -loop. By Property 2) of WIP -loops, it must be

shown that uv � w � 1 implies u � vw � 1. Clearly, this assertion is satis�ed if at least one
of the elements u, v, w belongs to N . If none of the elements u, v, w belongs to N , then the
equality uv � w � 1 is impossible: uv � w belongs to pN , and cannot be equal to the neutral
element that belongs to the nucleus. The proof of Theorem 10.3 is complete.

To prove one of the corollaries of this theorem, we need the following.
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Lemma 10.3. Let F be a group with an automorphism φ whose square is an inner auto-

morphism:

φ2x � kxk�1 p10.6q

for all x P F and some k P F . Then k�1φ�1k belongs to the center of the group F .

Indeed, pk�1φ�1kqx � k�1pφ�1kxq � k�1φ�1pkφxq. But from (10.6) we have

kx � φ2x � k,

so
pk�1φ�1kqx � k�1φ�1pφ3xkq � k�1pφ2x � φ�1kq

� k�1pkxk�1φ�1kq � xpk�1φ�1kq.

Corollary For any elements u, v, w R N there exists a �xed element a P N such that the

equality

uv � w � pu � vwqa p10.7q

holds.

It is obvious that a P N , since uv � w and u � vw cannot belong to N . Let u � pn1, v �

pn2, w � pn3 and p2 � k. Computing uv � w and u � vw, we have

uv � w � ppn1 � pn2q � pn3 � rppn1 � pn2qs � pn3 � rppn1p � n2qs � pn3

� rpppφ�1n1 � n2qs � pn3 � rpp2 � φ�1n1n2qpsn3 � pφ�1pkφ�1n1n2qn3

and
u � vw � pn1 � ppn2 � pn3q � pn1pk � φ

�1n2n3q � pn1kφ
�1n2n3.

For given u, v, w there exists an element a such that the identity (10.7) holds. We show that
a does not depend on u, v and w. Taking into account the values for uv � w and u � vw, we
can rewrite (10.7) as

p � φ�1pkφ�1n1n2qn3 � pp � n1kφ
�1n2n3qa, p10.8q

whence
φ�1pk � φ�1n1n2qn3 � pn1kφ

�1n2n3qa and

φ�1kφ�2n1φ
�1n2n3 � pn1kφ

�1n2n3qa.

Now we �nd φ2n for n P N . To this end, we compute pppnq:

pppnq � ppφnpq � pφ2npqp � φ2np2 � φ2n � k.

On the other hand, pppnq � kn. Thus

φ2n � knk�1. p10.9q

The equality (10.9) determines φ�2n as

φ�2n � k�1nk.
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Using this equality, we rewrite (10.8) as

φ�1k � k�1n1kφ
�1n2n3 � pn1kφ

�1n2n3qa. p10.10q

But φ�1k �k�1 � kpk�1φ�1kqk�1, whence by Lemma 10.3 we conclude that φ�1k �k�1 belongs
to the center of the nucleus N . Consequently, (10.10) implies

pn1kφ
�1n2n3qφ

�1k � k�1 � pn1kφ
�1n2n3qa,

whence
a � φ�1k � k�1.

Theorem 10.4. Let Qp�q be a loop with nucleus N . Further, suppose that the loop Qp�q

has a normal subloop H of index two contained in the nucleus N . Then a necessary and

su�cient condition for Qp�q to be a group is the existence of at least one element p R H such

that

p2 � p � p � p2. p10.11q

Proof. The necessity of the condition (10.11) is obvious. Su�ciency is also easily proved.
By the conditions of the theorem, H � N � Q. Let us prove that N � Q. Suppose the
contrary, that N � Q. Then we must have H � N , so Qp�q is a loop with a nucleus of index
two, satisfying the corollary of Theorem 10.3. In particular, applying the corollary for the
case u � v � w � p, the equality (10.7) implies a � 1. Consequently, uv � w � u � vw for
any u, v, w R N . Thus, N � Q, a contradiction.

Corollary. A loop Qp�q with a nucleus of index two is not a Moufang loop.

Indeed, in a Moufang loop each element generates an associative subloop, so (10.11)
holds in Qp�q and, consequently, Qp�q must be a group. This contradicts the fact that Qp�q
has a nucleus of index two.

The following theorem complements Theorem 10.3.

Theorem 10.5. Let N be a group with an automorphism φ such that φ2x � kxk�1 and

φk � k. Then there exists a loop Qp�q having N as its nucleus of index two.

Note that the loop Qp�q is a G-loop with the weak inverse property which is not a
Moufang loop.

Proof. Let P p�q be a cyclic group on the set P � t0, pu, and let Σ � tAa,b | a, b P P u be a
system of quasigroups

Aa,bpx, yq � φ�1
b x � y

de�ned on the set N , where φ0 � 1 and φp � φ.

Consider the crossed product Qp�q (see Chapter V), where

Q � P �N,

p�q � x�,Σy .

*
p10.12q
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It is easy to see that Qp�q is a loop with neutral element p0, 1q, where 1 is the neutral element
of the group N . Obviously, the set of all pairs p0, xq, where x runs through the group N , is
a subloop of the loop Qp�q. It is also easy to verify that N is the nucleus of Qp�q.

We de�ne the following permutation λ of the set Q:

λp0, xq � p0, φxq, λpp, xq � pp, φxq.

Repeating the computations from the proof of Theorem 10.3, we see that

p�qpp,1q � p�qλ.

If x is any element of N , then it can be represented in the form x � φ�1y. Thus

p�qpp,xq � p�qpp,φ�1y,1q � p�qp0,yq�pp,1q � pp�qp0,yqqpp,1q � p�qpp,1q � p�qλ.

In order for Qp�q to have a nucleus of index two, it is necessary to prove that p�qλ � p�q.
To this end, we evaluate the expression

λ�1pλpp, xq � λpp, yqq � λ�1ppp, φxq � pp, φyqq

� λ�1p0, kφ�1φx � φyq � λ�1p0, kxφyq � p0, φ�1pkxφyqq � p0, φ�1kφ�1x � yq.

On the other hand,
pp, xq � pp, yq � p0, kφ�1x � yq.

Since φk � k, we have p�qλ � p�q, as required

Remark. If N is an abelian group, then the conditions of Theorem 10.5 transform into
the following: φ2 � 1, and there exists an element k such that φk � k.

Examples. 1. Let N � C2 � C, where C is the additive group of integers and C2 is the
subgroup of even numbers. Thus N consists of all pairs of the form x � p2i, jq, where i
and j are integers. Let φp2i, jq � p2i,�i � jq. It is easy to see that φ is an automorphism
of the group N with φ2 � 1 and φp2, 0q � p2,�1q � p2, 0q. Consequently, φ satis�es the
conditions of Theorem 10.5. The elements of the loop Q form the pairs p0, xq or pp, xq
or, more speci�cally, the triples p0; 2i, jq and pp; 2i, jq. This example was considered by
Osborne [57].

2. Let V4 � t0, a, b, cu be the Klein Vierergruppe. Let φ �
�
0 a b c

0 b a c



. The permu-

tation φ is an automorphism of the group V4, and φ2 � 1 with φa � a. One can construct
a loop Q of order 8 using (10.12). The loop Q is a non-associative G-loop with the weak
inverse property.
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3�. An example of G-loop that is not a WIP -loop

The following example establishes the existence of G-loops that are not WIP -loops.
Let F � F p�, �q be a �eld. We consider the set Q � F 1�F , where F 1 consists of all the

non-zero elements of the �eld F . Thus, Q � tpa, xq | a, x P F , a � 0u. Under the operation

pa, xq � pb, yq � pab, pa�1 � 1qpb�1 � 1qs� b�1x� yq

with s as a �xed element of F , we obtain a loop Qp�q with neutral element e � p1, 0q.
We calculate the product pu � vq � w, where u � pa, xq, v � pb, yq, w � pc, zq. We have

pu � vq � w � rpa, xq � pb, yqs � pc, zq

� pab, pa�1 � 1qpb�1 � 1qs� b�1x� yq � pc, zq

� pabc, pa�1b�1 � 1qpc�1 � 1qs� c�1pa�1 � 1qpb�1 � 1qs� c�1b�1x� c�1y � zq

or
pu � vq � w � pabc, pabcq�1p2� a� b� c� abcqs� b�1c�1x� c�1y � zq. p10.13q

Similarly, we obtain

u � pv � wq � pabc, pabcq�1p1� ab� ac� bc� 2abcqs� b�1c�1x� c�1y � zq. p10.14q

The solution of the equation pu � vq � w � u � t, where u, v, w are given elements from
Q, must be

t � p�qupv, wq,

where p�qu is the right derivative of the operation p�q. Let t � pd, z1q. Then

u � t � pa, xq � pd, z1q � pad, pa�1 � 1qpd�1 � 1qs� d�1x� z1q. p10.15q

Comparing p10.14q and p10.15q, we �nd

d � bc,

z1 � pabcq�1p1� bqp1� cqs� c�1y � z.

+

Thus,
p�qupυ, ωq � pbc, pabcq�1p1� bqp1� cqs� c�1y � zq. p10.16q

Let us show that
p�qu � p�qλu , p10.17q

where λupb, xq � pb, axq.

Indeed,
λ�1
u pb, xq � pb, a�1xq

and
λ�1
u pλuυ � λuωq � λ�1

u pλupb, yq � λupc, zqq � λ�1
u ppb, ayq � pc, azqq

� λ�1
u pbc, pb�1 � 1qpc�1 � 1qs� c�1ay � azq � pbc, a�1pb�1 � 1q � pc�1 � 1qs� c�1y � zq.
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Comparing this equality with p10.16q, we derive the relations p10.17q. Similarly, we prove
that all left derived operations of p�q are isomorphic to the operation p�q. The loop Qp�q
will be a G-loop.

Generally speaking, the constructed loop is not a WIP -loop. Indeed, suppose that
pu � vq � w � e. By p10.13q, the given equality is equivalent to the equalities

abc � 1,

p2� a� b� c� abcqs� b�1c�1x� c�1y � z � 0.

+

The loop Qp�q will be a WIP -loop if pu � υq � ω � e implies u � pυ � ωq � e, i.e.,

abc � 1,

p1� ab� ac� bc� 2abcqs� b�1c�1x� c�1y � z � 0.

+

Consequently, we must have

abc � 1,

pa� 1qpb� 1qpc� 1qs � 0.

+

If s � 0, then, as follows from p10.13q and p10.14q, the loop Qp�q is associative, i.e., it is a
group. If s � 0,

pab� 1qpa� 1qpb� 1q � 0 p10.18q

for any non-zero elements of the �eld F . If the �eld F contains more than three elements,
then the equality p10.18q does not hold, so Qp�q is not a WIP -loop.

Let us show that the loop Qp�q is special (see Chapter III, 1�), i.e., we prove that

pu � vq � w � u � pv � θ̄wq, p10.19q

where θ̄ is an automorphism of the loop Qp�q depending on u and v.
Let θ̄w � w1 � pc1, z1q. On computing the left and right sides of (10.19) using (10.13)

and (10.14), and comparing the results, we �nd

c1 � c and

pabcq�1p2� a� b� c� abcqs� b�1c�1x� c�1y � z

� pabcq�1p1� ab� ac� bc� 2abcqs� b�1c�1x� c�1y � z1,

whence
z1 � z � la,b,c,

with
la,b,c � pa� 1qpb� 1qpc� 1qs.

So,
θ̄pc, zq � pc, z � la,b,cq.
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Consequently, we have

θ̄pc1, z1q � θ̄pc2, z2q � pc1, z1 � la,b,c1q � pc2, z2 � la,b,c2q

� pc1c2, pc
�1
1 � 1qpc�1

2 � 1qs� c�1
2 z1 � c�1

2 la,b,c1 � z2 � la,b,c2q

and

θ̄ppc1, z1q � pc2, z2qq � θ̄pc1c2pc
�1
1 � 1qpc�1

2 � 1qs� c�1
2 z1 � z2q

� pc1c2, pc
�1
1 � 1qpc�1

2 � 1qs� c�1
2 z1 � z2 � la,b,c1c2q.

For θ̄ to be an automorphism of the loop Qp�q, it is necessary and su�cient that

c�1
2 la,b,c1 � la,b,c2 � la,b,c1c2 p10.20q

holds for any a, b, c1, c2. The validity of the equality p10.20q is veri�ed by direct calculation.

4�. Universal properties of loops

A property of a loop (groupoid, etc.) is algebraic if it is invariant under isomorphism. A
property of a loop (groupoid, etc.) is universal if it is invariant under isotopy. Thus, Any
algebraic property of a G-loop is universal. We consider some simple algebraic properties,
and �nd classes of loops for which they become universal.

1. The following identities are universal in any loop: associativity (Theorem 1.4), Mo-

ufang (Theorem 6.1), left or right Bol (Theorem 6.10).
2. Commutativity is a universal property only in groups.

Indeed, let Qp�q be a commutative loop. Consider a principal isotope

x � y � R�1
a x � L�1

b y

which is commutative. Arguing as in the proof of Theorem 10.1, we establish the validity
of the assertion 2.

3. The inverse property is only universal in the class of Moufang loops.

Indeed, if any loop that is isotopic to a loop Qp�q is an IP -loop, then Qp�q is a Moufang
loop (Theorem 6.3). Conversely, if Qp�q is a Moufang loop, then it will be an IP -loop.
Since any loop that is isotopic to a Moufang loop is also a Moufang loop (Theorem 6.1),
the isotope also has the inverse property.

4. If the weak inverse property is universal in a loop Qp�q, the following identity holds

xy � θxzx � px � yzqx,

where θx is an automorphism of the loop Qp�q that depends on x.
Indeed, let Qp�q be a WIP -loop, so

xpyxq�1 � y�1,
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where xx�1 � 1. Let Qp�q be a loop that is principally isotopic to Qp�q, so the operation
p�q has the form

x � y � R�1
a x � L�1

b y.

We �nd necessary and su�cient conditions for Qp�q to have the weak inverse property. For
this, we �rst �nd xp�1q from x � xp�1q � e, where e � ba is the neutral element of the loop
Qp�q. We have

R�1
a x � L�1

b xp�1q � e. p10.21q

As was shown in connection with Property g of Chapter V , 5�, equation ax � b has a
solution x � IpI�1b � aq, where Ix � x�1. Thus, from p10.21q we obtain

L�1
b xp�1q � IpI�1e �R�1

a xq � ILcR
�1
a x,

or
xp�1q � LbILcR

�1
a x.

Here c � I�1e � I�1pbaq.
Let Qp�q be a WIP -Loop, i.e.,

x � py � xqp�1q � yp�1q. p10.22q

Then
R�1
a x � L�1

b py � xqp�1q � yp�1q.

Consequently,
L�1
b py � xqp�1q � IpI�1yp�1q �R�1

a xq

and
L�1
b LbILcR

�1
a pR�1

a y � L�1
b xq � IpI�1LbILcR

�1
a y �R�1

a xq.

After cancelling, we obtain

LcR
�1
a py � xq � I�1l � LbILcy �R

�1
a Lbx. p10.23q

Since we want p10.22q to be a universal property, p10.23q must hold for any a, b, x, y P Q.
Set b � 1. then c � I�1a and

LI�1aR
�1
a pyxq � I�1ay �R�1

a x, p10.24q

whence
I�1a �R�1

a pyxq � I�1ay �R�1
a x.

Replacing a with Ia and x with RIax, we have

aR�1
Ia py � xIaq � ay � x. p10.25q

In particular, for x � a we obtain

aR�1
Ia y � ay � a. p10.26q
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Combining p10.24q with p10.25q, we �nd

ay � x � rapy � xIaqs a. p10.27q

Let xIa � z. Using Property g) of the WIP -loop Qp�q, we �nd x � I�1pIa � Izq. We de�ne
the permutation θa by the equality

I�1pIa � Izq � θaz � a,

i.e.,
θa � R�1

a I�1LIaI.

By Property d) of WIP -loops, we obtain

θa � I�1LaLIaI. p10.28q

Thus, (10.26) can be rewritten in the form

ay � θaza � pa � yzqa. p10.29q

The equations p10.24q and p10.27q show that T1 � pLI�1a, R
�1
a , L�1

IaR
�1
a q and T2 �

pLa, R
�1
Ia , RaLaq are autotopies of the loop Qp�q. Then T1T2 � pL�1

Ia La, R
�1
a R�1

Ia , L
�1
Ia Laq �

pα, β, αq is also an autotopy of Qp�q. But l � α1 � LI�1aLa1 � I�1a � a � 1 and
β�11 � RIaRa1 � a � Ia � 1, so k � β1 � 1.

Any autotopy of the loop Qp�q must have the form p2.6q. Therefore, we conclude that
T1T2 � pR�1

k , L�1
l , 1qα � p1, 1, 1qα � α, i.e., β � α and α is an automorphism of the loop

Qp�q. Considering this circumstance, we obtain

θa � I�1αI � α, p10.30q

from p10.28q, since an arbitrary automorphism α of an arbitrary loop Qp�q commutes with
the permutation I.

Remark. The equality p10.29q reduces to the Moufang identity p6.9q if θx � 1 for any x.
The equality θx � 1 is equivalent to the equality LI�1xLx � 1 by p10.30q, i.e., I�1xpxzq � z.
This latter equality means that Qp�q is a left IP -loop. Consequently: If the weak inverse

property is universal for a left IP -loop Qp�q, then Qp�q is a Moufang loop.

5. A loop Qp�q is called cross-invertible, or a CI-loop, if the identity

xy � Ix � y, p10.31q

holds, with x � Ix � 1. Cross-invertible loops were introduced by Artzy5.
We show that If the crossed-inverse property is universal for a loop Qp�q, then Qp�q is

an abelian group.

We �rst prove some elementary assertions that hold in CI-loops.
aq The identity p10.31q is equivalent to the identity

xpyIxq � y. p10.32q
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Indeed, the identity p10.31q is written in terms of translations as

RIxLx � 1,

whence LxRIx � 1. This equality is equivalent in turn to p10.32q. Similarly, we can prove
that p10.32q implies p10.31q.

bq R�1
x � LI�1x, L�1

x � RIx. p10.33q

Both equalities follow from p10.31q.
cq The equation ax � b has the solution x � bIa. The equation ya � b has the solution

y � I�1b � a.

This proposition follows from the de�nition of a CI-loop.
dq The permutation I is an automorphism in a CI-loop:

Ipxyq � IxIy. p10.34q

Indeed, from the de�nition p10.31q of a CI-loop it follows that

pxy � IxqIpxyq � Ix,

whence
yIpxyq � Ix. p10.35q

On the basis of Property cq of a CI-loop, p10.35q implies p10.34q. Similarly, we prove that
every CI-loop is a WIP -loop.

Let us prove this assertion. Let Qp�q be a loop that is isotopic to the loop Qp�q:

x � y � R�1
a x � L�1

b y.

As in the treatment 4 of universality forWIP -loops, we determine xp�1q from x�xp�1q �

e, where e � ba. We have
R�1
a x � L�1

b xp�1q � e,

L�1
b xp�1q � eIpR�1

a xq � LeIR
�1
a x,

xp�1q � LbLeIR
�1
a x. p10.36q

If Qp�q is also a CI-loop, we have

x � py � xp�1qq � y.

Interms of the operation p�q,

R�1
a x � L�1

b pR�1
a y � L�1

b xp�1qq � y.

Applying Property cq,
L�1
b pR�1

a y � L�1
b xp�1qq � yIR�1

a x,
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whence by (10.36) we obtain

L�1
b pR�1

a y � L�1
b LbLeIR

�1
a xq � y � IR�1

a x.

After reduction, we �nd
L�1
b pR�1

a y � Lexq � yx,

whence
Lbpyxq � R�1

a y � Lex,

or, considering (10.33), we obtain

bpyxq � pI�1ayqpexq. p10.37q

We write I�1a � u and e � ba � v. Consequently, uv � I�1apbaq � b by p10.32q. So,
p10.37q becomes

uv � yx � uy � vx. p10.38q

Thus, the loop Qp�q is medial. But medial loops are abelian groups. Indeed, for x � u � 1

we get vy � yv. For y � 1 equality p10.38q becomes uv � x � u � vx. Consequently, Qp�q is
an abelian group.

6. Finally, we prove the following proposition: In the loop Qp�q, the property of left

invertibility is universal if and only if Qp�q is a left Bol loop.

Let Qp�q be a left IP loop
�1xpxyq � y, p10.39q

where �1xx � 1. Consider the loop Qp�q, with

x � y � R�1
a x � L�1

b y,

that is isotopic to the loop Qp�q. Suppose that it is a left IP loop:

�1x � px � yq � y.

We transform this equality to

R�1
a pp�1qxq � L�1

b pR�1
a x � L�1

b yq � y.

But p10.39q implies L�1
b � L�1

b , so

R�1
a pp�1qxq � L�1

b pR�1
a x � �1byq � y.

Replacing �1b with c and x with Rax � xa, and setting t � R�1
a pp�1qpxaqq, we have

t rcpx � cyqs � y. p10.40q

The element t does not depend on y, so we set y � 1 in p10.40q:

tpc � xcq � 1,
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whence
c � xc � t�1. p10.41q

On the other hand, from p10.40q, since Qp�q is a left IP loop, we obtain

cpx � cyq � t�1y.

Considering p10.41q, we �nd
cpx � cyq � pc � xcqy.

Since c is an arbitrary element of Q, we have proved that Qp�q is a (left) Bol loop. The
converse proof can be seen in Chapter VI, 6�.
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Notes

1One of the general results concerning G-loops is the following: If A is a G-loop, then the inverse loops

Aρ and Aλ (see the de�nition of these inverse loops in Chapter I, 40) are also G-loops [18]
2As Bruck showed [32], Theorem 10.2 implies that any simple Moufang loop is a G-loop. Recall that

a loop Qp�q is simple if it does not contain any proper, non-trivial normal subloops. Examples of simple

non-associative Moufang loops were constructed by Paige [63].
3As an example of a G-loop which is a Moufang loop, one may consider the multiplicative loop Q1p�q of

non-zero elements of an alternative division ring Qp�, �q [31].
4Here we follow the exposition from [21]
5Crossed-invertible loops (CI-loops) are a natural generalization of abelian groups. They are studied in

detail by Artzy [3�6]. In the �nal article, autotopies of CI-loops are studied. The method of investigation

is the same as that of Bruck for IP -loops (see Chapter V, 40).
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Chapter XI. Quasigroups and nets

1�. Algebraic nets

The concept of a quasigroup has a natural interpretation using so-called nets.1.
A geometric net A consists of three families Li (for i � 1, 2, 3) of curves having the

following two properties: 1q the curves within a single family do not intersect; and 2q two
curves from di�erent families intersect precisely in one point. Using a homeomorphic trans-
formation, i.e., using a continuous deformation, two families L1 and L2 can be reduced to
two families L1

1 and L
1
2 consisting of parallel lines, where the lines from L1

1 are perpendicular
to the lines from L1

2. In other words, L1
1 and L1

2 form a coordinate net. The lines from
L1
1 have equations x � const, and those from L1

2, y � const. Then the curves from the
third family L1

3 are transformed into a family L1
3 of level curves z � fpx, yq of a function

(Figure 1).
If A is homeomorphic to a net A1 consisting of families L1

i of parallel lines, then A is
called a regular net.

The concept of a geometric net can be generalized. Thus, we de�ne an algebraic net, or
simply a net.2

De�nition 1. A system A of objects of two forms � lines and points, with an incidence
relation, is called a net if the following conditions are satis�ed.

Let the collection L of all lines from A be divided into three disjoint classes L1, L2 and
L3. Then:

1q Two lines from di�erent classes are incident at exectly one point of A;
2q Each point from A is incident to one and only one line of each class.
In general usage, the word �incident� may be replaced with expressions such as �pass

through,� �lie on,� etc.
We refer to the lines from the class Li (for i � 1, 2, 3) as i-lines. Since by Axiom 2 the

lines of any given class do not intersect, it is convenient to call them parallel.
We prove that there exists a one-to-one correspondence between the lines of two di�erent

classes Li and Lj.
Indeed, we take some k-line (for k � i, j), and denote it by l. The k-line l crosses an

i-line l1 at only one point A. Just one j-line l2 passes through the point A. Then l1 Ø l2 is
a one-to-one correspondence between the lines of the respective classes Li and Lj.

Simultaneously, we have obtained the following proposition: There exists a one-to-one

correspondence between the set of points lying on any line and the set of points lying on any

192



Fig. 1

other line of the same class. This proposition follows from the fact that the correspondence
l1 Ø A, considered above, establishes a one-to-one correspondence between all the lines of
the class Li and all the points of the k-line l.

Also from this proposition we get one more one-to-one correspondence � between the
respective sets of points lying on any two distinct lines (not necessarily belonging to the
same class).

All these facts enable us to introduce the concept of the order of a net, as the cardinality
of the set of lines of a given class, or the cardinality of the set of points lying on any given
line.

Let Q � ta, b, c, . . . u be a set whose cardinality coincides with the order of the given net
A, i.e., there exists a one-to-one correspondence between the elements of the set Q and the
lines of any class of A. This allows us to use the elements of Q as distinct labels for the
i-lines. Thus, if the i-line l is labeled by the element a of Q, we denote the line by pi, aq.

The set Q acquires a quasigroup structure if we endow it with the following operation.
Let a, b P Q. Then the lines p1, aq and p2, bq intersect at a single point A, and through this
point there passes a single line p3, cq. In this case we put c � ab.

The equation ax � b has a unique solution in Qp�q. Indeed, the lines p1, aq and p3, bq

intersect at a single point B, and through this point there passes a unique 2-line. Suppose
that it is labeled by an element d P Q, i.e., the line p2, dq passes through B. By the de�nition
of the operation on Qp�q, this means that ad � b, i.e., the equation ax � b has a unique
solution x � d. Similarly, it is proved that the equation ya � b has a unique solution. Thus,
Qp�q is a quasigroup.

The quasigroup Qp�q is called a coordinate quasigroup for the net A.
Conversely, let Qp�q be a quasigroup. We show that it is a coordinate quasigroup of a net

A. We de�ne A in the following way. The points of the net A are ordered pairs P � ra, bs

of elements of Q. The pair pi, aq, where i P t1, 2, 3u and a P Q, is called an i-line. Incidence
is de�ned as follows: the point ra, bs is incident only to the lines p1, aq, p2, bq, p3, abq. It is
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easy to see that A is a net, with Qp�q as a coordinate quasigroup.

Remark. Points A � ra, bs and B � rc, ds are on the same 1-line if a � c; on the same
2-line if b � d, and on the same 3-line if ab � cd. Therefore, 1-, 2- and 3-lines can be denoted
respectively by equations x � a, y � b and xy � s.

0 1 2 3

0 0 1 2 3

1 1 2 3 0

2 2 3 0 1

3 3 0 1 2

Fig. 2

Example. Let Q � t0, 1, 2, 3u and let Qp�q be a cyclic group. Then the group Qp�q

coordinatizes the net A (Figure 2).
Here the vertical and horizontal lines are the 1- and 2-lines respectively, while the re-

maining lines are 3-lines. The points of the net A are marked by small circles in Figure 2.
With an appropriate labeling of the lines of A by elements of Q, the coordinate quasi-

group Qp�q becomes a loop. For this, we select an arbitrary point O, and denote the lines
passing through O by an element 1 P Q. We may label the other 3-lines as shown in Figure 3.

Take the line p3, xq. It crosses the lines p1, 1q and p2, 1q respectively at the points A and
B. A single 2-line, namely p2, xq, passes through the point A. A single 1-line, namely p1, xq,
passes through the point B.

Thus, all the lines from A will be labeled by elements of Q. With this labeling of the
lines, the coordinate quasigroup Qp�q will be a loop. The point A is incident with the lines
p1, 1q, p2, xq and p3, xq, so 1x � x. The point B is incident with the lines p1, xq, p2, 1q and
p3, xq, so x1 � x.

For all the various labelings of the lines of the net A by the elements of Q, we obtain
di�erent coordinate quasigroups. It is easy to see that all these quasigroups are isotopic.
Indeed, if in one labeling lines p1, xq, p2, yq, p3, zq pass through a point A, then with a second
labeling the same lines pass through the same point, but with new labels p1, αxq, p2, βyq,
p3, γzq, where α, β, γ are permutations of the set Q. In the �rst labeling we obtain a
coordinate quasigroup Qp�q, and xy � z, while in the second labeling we obtain a coordinate
quasigroup Qp�q. In this case we have the equality αx � βy � γz or αx � βy � γpxyq, which
means that Qp�q and Qp�q are isotopic. Thus, all the coordinate quasigroups of a given net
A are mutually isotopic.
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Fig. 3

It follows that the isotopy class of quasigroups on any given set Q corresponds to any
net A whose order is the cardinality of Q. Therefore, to each property of the net, there

corresponds a certain property of the whole class of mutually isotopic quasigroups. In other
words, the corresponding property of any coordinate quasigroup is an isotopy invariant.

We also note the following fact. As seen above, in the de�nition of a coordinate quasi-
group, the choice of which particular family of lines is chosen to constitute the �rst class
(class of 1-lines), and so on, plays a role. Let the lines from the net A be labeled in some
way, and let the lines from the classes Li (for i � 1, 2, 3) be the respective i-lines. We
denote the operation of the corresponding coordinate quasigroup by p�q. Now let the lines
from L1 remain as 1-lines, but make the lines from L2 be 3-lines, and the lines from L3 be
2-lines. Denote the operation of the corresponding quasigroup in this situation by p�q. Let
a point A be incident to the lines l1, l2, l3 from the respective classes L1, L2, L3 and let them
be denoted by x, y, z respectively. By the choice of i-lines for Qp�q we have xy � z, while
for Qp�q we have x � z � y. Thus, p�q � p�q�1, i.e.,the quasigroup Qp�q is right inverse to

the quasigroup Qp�q. Consequently, renaming of the classes corresponds to choosing distinct

inverse quasigroups for the coordinatization.3

2�. Closure conditions

Interpretation of quasigroups by using nets makes it possible to study isotopy classes of
quasigroups. One of the problems that arises here is connected with the concept of regularity
of the net. A geometric net is said to be regular if it satis�es certain so-called closure
conditions r10, 11s. Here we give a general notion of closure conditions in quasigroups and
nets, and consider some of them in more detail way.
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De�nition 2. Let Qp�q be a quasigroup. We say that a closure condition pDq holds in
Qp�q if the equalities

xpi � yqi � xriysi (for i � 1, 2, . . . , k � 1q p11.1q

imply the equalities
xpj � yqj � xrjysj (for j � k, k � 1, . . . , nq, p11.2q

with
xpj , xrj P X � txpi , xri,...u , yqj , ysj P Y � tyqi , ysi,...u ,

i � 1, 2, . . . , k � 1, j � k, k � 1, . . . , n.

Before turning to examples, we prove the following theorem:

Theorem 11.1. If a closure condition pDq is satis�ed in a quasigroup Qp�q, then the closure

condition pDq is also satis�ed in any isotopic quasigroup. In other words, closure conditions

are isotopy invariants.

Indeed, let Qp�q and Qp�q be isotopic, with

xy � γ�1pαx � βyq,

Then the equalities p11.1q become

γ�1pαxpi � βyqiq � γ�1pαxni
� βysiq (for i � 1, 2, . . . , k � 1q

or
αxpi � βyqi � αxri � βysi (for i � 1, 2, . . . , k � 1q. p11.3q

Introduce the notation: αxl � ul, βyl � υl. Then p11.3q takes the form

upi � υqi � uri � υsi (for i � 1, 2, . . . , k � 1q. p11.4q

The equalities p11.2q become

upj � υqj � urj � υsj (for j � k, k � 1, . . . , nq. p11.5q

Consequently, p11.4q implies p11.5q, i.e., the same condition pDq holds in Qp�q.
Consider a net A coordinatized by Qp�q. Each of the equalities p11.1q means that certain

points are on certain 3-lines.

Remark. We will also say that the condition pDq is satis�ed in the net A.
The most well-known closure conditions providing regularity in geometric nets are as

follows. In 3) and 4), the horizontal lines denote implication, of the conclusion below the
line from the hypotheses above the line.

1q The Thomsen condition pT q (Figure 4)

x1y2 � x2y1,

x1y3 � x3y1,

+
ñ x2y3 � x3y2. p11.6q
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2q The Reidemeister condition pRq (Figure 5)

x1y2 � x2y1,

x1y4 � x2y3,

x3y2 � x4y1,

,/.
/- ñ x3y4 � x4y3. p11.7q

3q The three Bol conditions (Figure 6)

x1y2 � x2y1, x1y2 � x2y1,

x1y3 � x2y2, x1y4 � x2y3, x1y2 � x2y1,

x3y2 � x4y1, x2y2 � x3y1, x1y4 � x2y3 � x3y2 � x4y1,

x3y3 � x4y2. x2y4 � x3y3, x3y4 � x43y3.

,////.
////-

p11.8q

The respective conditions (left Bol, right Bol, and Bol) are denoted pBrq, pBlq, pBq.
4q The hexagon condition pHq4 (Figure 7)

x1y2 � x2y1,

x1y3 � x2y2 � x3y1,

x2y3 � x3y2.

We consider each condition separately.
1. The Thomsen condition pT q.

Theorem 11.2. The Thomsen condition holds in a quasigroup Qp�q if and only if it is

isotopic to an abelian group.

For the forward implication, it su�ces by Theorem 11.1 to consider a loop Qp�q (with
neutral element 1) in which the Thomsen condition pT q holds. We set x1 � 1 in (11.6),
obtaining

y2 � x2y1 and y3 � x3y1 ñ x2y3 � x3y2

or
x2 � x3y1 � x3 � x2y1. p11.9q
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Setting y1 � 1 in (11.9), we obtain x2x3 � x3x2, i.e., Qp�q is commutative. Then

x2py1x3q � x2px3y1q � x3px2y1q � px2y1qx3,

i.e., Qp�q is associative. Consequently, Qp�q is an abelian group.
Conversely, let Qp�q be a quasigroup that is isotopic to some abelian group Qp�q. We

prove that the condition pT q holds in Qp�q. Instead of Qp�q, we again take the abelian group
isotope Qp�q, and show that the condition pT q holds in Qp�q. Let

x1y2 � x2y1 and x1y3 � x3y1.

then
x2y3 � x2px

�1
1 x3y1q � x�1

1 x3 � x2y1 � x�1
1 x3 � x1y2 � x3y2,

i.e., the condition pT q holds in Qp�q. By Theorem 11.1 the condition pT q also holds in Qp�q,
as well as in a net A coordinatized by the quasigroup Qp�q.

2. The Reidemeister condition (R).

Theorem 11.3. The Reidemeister condition holds in a quasigroup Qp�q if and only if it is

isotopic to a group.

As in the previous theorem, we may assume for the forward implication proof that Qp�q
is a loop. In (11.7), set x2 � y2 � 1. We obtain

x1 � y1, x1y4 � x2y3, and x3y2 � x4y1.
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Thus
x3y4 � px4y1 � y

�1
2 qpx�1

1 � x2y3q � x4py1y
�1
2 x�1

1 x2qy3.

By the �rst equality from (11.7), we obtain

x3y4 � x4y3,

i.e., the condition pRq holds in Qp�q.
Conversely, suppose that the three equalities on the left hand side of (11.7) hold in a

group Qp�q. Then

x3y4 � px4y1 � y
�1
2 q � px�1

1 � x2y3q � x4py1y
�1
2 x�1

1 x2qy3

by the lower two equalities on the left hand side of (11.7). By the �rst of the three equalities
on the left hand side of (11.7), this equality reduces to x3y4 � x4y3, the conclusion of the
Reidemeister condition.

3. The Bol condition pBlq.

Theorem 11.4. The Bol condition pBlq holds in a quasigroup Qp�q if and only if it is

isotopic to a left Bol loop.

Proof. As above, let us prove the forward implication for the case where Qp�q is a loop.
In the equalities (11.8), set x2 � y2 � 1. We obtain

x1 � y1, x1y4 � y3, 1 � x4y1 ñ y4 � x4y3.

Consequently, x4 � �1y1 and y3 � x1y4 � y1y4, whence

y4 � x4y3 �
�1y1 � y1y4,

i.e., Qp�q has the left inverse property. Indeed, since an arbitrary loop isotope of the loop
Qp�q satis�es the condition pBlq, it also has the left inverse property. Thus, by Proposition 6
of Chapter X, 4, the loop Qp�q must be a left Bol loop.

Conversely, we show that condition pBlq holds in a left Bol loop Qp�q. Suppose

x1y2 � x2y1,

x1y4 � x2y3,

x2y2 � x4y1.

,.
- p11.10q

From the middle equation of (11.10), we use the left inverse property to obtain

y4 � x�1
1 � x2y3.

Consequently,
x2y4 � x2px

�1
1 � x2y3q,

whence
x2y4 � px2 � x

�1
1 x2qy3. p11.11q
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by the left Bol identity. From the �rst equation of (11.10), we �nd

y2 � x�1
1 � x2y1.

Thus
x2y2 � x2px

�1
1 � x2y1q � px2 � x

�1
1 x2qy1 p11.12q

by the left Bol identity. Comparing (11.12) with the third equality from (11.10), we conclude
that

x2x
�1
1 x2 � x4. p11.13q

Substituting this value for x4 from (11.13) into (11.11), we obtain x2y4 � x4y3, the conclusion
of the condition pBlq. The theorem has been proved.

The corresponding result for the Bol condition pBrq is proved similarly.

Corollary. If the closure conditions pBlq and pBrq hold simultaneously in a net A, then

any coordinate quasigroup Qp�q of A is isotopic to a Moufang loop.

Indeed, a loop Qp�q isotopic to the quasigroup Qp�q is a left and right Bol loop. By
Property 6 of Bol loops (see Chapter VI, 6�), the loop Qp�q becomes a Moufang loop.

We now �x some notation. If a condition pDq holding in a quasigroup Qp�q, or a net A
coordinatized by Qp�q, implies that a condition pD1q holds in the quasigroup Qσp�q, where
σp�q is one of the operations inverse to the operation p�q (see Chapter I 4�), then we will write

σpDq ñ pD1q.

In particular,
pDq ñ pD1q

means that condition pDq in a quasigroupQp�q implies condition pD1q inQp�q. If pDq ñ pD1q

and pD1q ñ pDq, then we will write

pDq ô pD1q

and call the equalities pDq and pD1q equivalent.
We turn to the study of the Bol condition pBq.
4. The Bol condition (B).
The closure condition pBq in a quasigroup Qp�q states that the equalities

x1y2 � x2y1 and x1y4 � x2y3 � x3y2 � x4y1 p11.14q

imply the equality
x3y4 � x4y3. p11.15q

We have the following.
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Theorem 11.5. 1) �1pBq ô pBlq, 2) pBq�1 ô pBrq.

We denote the respective products from the equalities (11.14) and (11.15) by t, s and p.
Thus, the �rst equality in (11.14) gives

x1 � t{y2 and x2 � t{y1,

where a{b � c is equivalent to cb � a, i.e., p{q � �1p�q. Likewise, the operation p�q�1 is
written as pzq.

The second equality in (11.14) gives

x1 � s{y4, x2 � s{y3, x3 � s{y2, x4 � s{y1.

The equality (11.15) gives
x3 � p{y4, x4 � p{y3.

Thus, we have
x1 � t{y2 � s{y4,

x2 � t{y1 � s{y3,

x3 � s{y2 � p{y4,

,.
- p11.16q

whence
x4 � s{y1 � p{y3. p11.17q

We denote t, s, p, y1, y2, y3, y4 respectively by x11, x
1
2, x

1
4, y

1
4, y

1
2, y

1
3, y

1
1. Thus, the

equalities (11.16) become
x11{y

1
2 � x12{y

1
1,

x11{y
1
4 � x12{y

1
3,

x12{y
1
2 � x14{y

1
1,

,.
- p11.18q

while (11.17) becomes
x12{y

1
4 � x14{y

1
3. p11.19q

Comparing (11.18) and (11.19) with (11.8), we conclude that the condition pBlq holds in
Qp{q.

Theorem 11.6. The Bol condition pBq holds in a quasigroup Qp�q if and only if it is

isotopic to a loop Qp�q with the identity

z rpxyqzzs � pz{yqpxzzq.

Proof. Suppose that the Bol condition pBq holds in a quasigroup Qp�q. Then it also holds
in a loop Qp�q isotopic to the quasigroup Qp�q. In (11.14), set y2 � x�1

3 and y1 � x�1
4 . Then

the equalities
x1x

�1
3 � x2x

�1
4

and
x1y4 � x2y3 � x3x

�1
3 � x4y

�1
4 � 1 p11.20q
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imply
x3x

�1
1 � x4x

�1
2 ,

since (11.20) yields y4 � x�1
1 and y3 � x�1

2 . Set x1 � a, x2 � b, x3 � c, and x4 � d. Then
ac�1 � bd�1 implies ca�1 � db�1. In particular, for c � 1 we see that a � bd�1 implies
a�1 � db�1, i.e., the equality

pbd�1q�1 � db�1 p11.21q

holds.
Setting d � 1 in (11.21), we have

pd�1q�1 � d.

Thus, replacing d by d�1 in (11.21), we obtain

pbdq�1 � d�1b�1. p11.22q

We have proved the following proposition: The anti-automorphic property (11.22) of the

inversion permutation I : xÑ x�1 is universal in a loop Qp�q if the condition pBq holds in

Qp�q.

Let Qp�q be an arbitrary loop isotopic to the loop Qp�q. The identity (11.22) also holds
in the loop Qp�q as

px � yqp�1q � yp�1q � xp�1q. p11.23q

Let
x � y � R�1

a x � L�1
b y p11.24q

and
x � xp�1q � e,

where e � ba. First, we �nd xp�1q. We have

R�1
a x � L�1

b xp�1q � e. p11.25q

We de�ne a self-map Ie on Q from
x � Iex � e. p11.26q

By (11.26), it follows that Ie is a permutation of a set Q and, in particular,

I1 � I,

where 1 is the neutral element of the loop Qp�q. Thus 11.25) implies

L�1
b xp�1q � IeR

�1
a x,

whence
xp�1q � LbIeR

�1
a x. p11.27q

Using this equality and (11.24), we rewrite (11.23) as

LbIeR
�1
a pR�1

a x � L�1
b yq � R�1

a pLbIeR
�1
a yq � L�1

b pLbIeR
�1
a xq.
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Consequently,
LbIeR

�1
a pxyq � φy � Iex, p11.28q

where
φ � R�1

a LbIeR
�1
a Lb.

The equation px�1q�1 � x is universal: it holds in any loop isotopic to the loop Qp�q.
Thus

pxp�1qqp�1q � x,

whence by (11.27) we obtain
pLbIeR

�1
a q2 � 1.

Then
LbIeφ � LbIepR

�1
a LbIeR

�1
a Lbq � pLbIeR

�1
a q2Lb � Lb.

Consequently,
φ � I�1

e .

Thus, (11.28) implies
LbIeR

�1
a pxyq � I�1

e y � Iex. p11.29q

Setting y � 1 in (11.29),
LbIeR

�1
a x � I�1

e 1 � Iex.

We deduce I�1
e y � t or Iet � y, since t � Iet � ty and ty � e � see (11.26).

In particular, for y � 1 we obtain t � 1 � e. Consequently,

LbIeR
�1
a x � e � Iex � LeIex,

and the identity (11.29) takes the form

LeIepxyq � I�1
e y � Iex. p11.30q

We have already seen that the equality I�1
e y � t is equivalent to the equality ty � e, so

I�1
e y � e{y, p11.31q

where p{q � �1p�q. From (11.26) we �nd

Iex � xze, p11.32q

where pzq � p�q�1. Thus, we can rewrite (11.30) in the following form (replacing e by z):

z rpxyqzzs � pz{yqpxzzq. p11.33q

Note that z � e may be any element of the set Q, so the identity (11.33) holds for arbitrary
x, y, z P Q.

Conversely, suppose (11.33) holds in a loop Qp�q. We will show that condition pBq holds
in Qp�q. Suppose

x1y2 � x2y1 and x1y4 � x2y3 � x3y2 � x4y1 � z. p11.34q
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Now (11.34) implies
y4 � x1zz, y3 � x2zz, x3 � z{y2,

or, by (11.31) and (11.32),

y4 � Izx1, y3 � Izx2, x3 � I�1
z y2.

Then x4y3 � x4 � Izx2 � Lx4Izx2. The equality (11.34) implies Ry1x2 � x1y2, whence
x2 � R1

y1
px1y2q. Thus

x4y3 � Lx4IzR
�1
y1
px1x2q. p11.35q

For arbitrary elements a, e from Q, we have

LeIeRax � LeIepxaq � Le rpxaqzes � e rpxaqzes � pe{aqpxzeq.

Here we use (11.32) and (11.33). Thus,

LeIeRa � LbIe,

where b � e{a, i.e., e � ba. From (11.35) we �nd

LbIeR
�1
a � LeIe.

We apply this equality to (11.35), taking into account that x4y1 � z � see (11.34):

Lx4IzR
�1
y1
� LzIz.

Thus
x4y3 � LzIzpx1y2q � z rpx1y2qzzs � pz{y2qpx1zzq.

Taking into account (11.34), we conclude x4y3 � x3y4, i.e., the condition pBq holds in Qp�q.
The proof of the theorem is complete.

Corollary 1. In a loop Qp�q, the anti-automorphic property of the permutation I is uni-

versal if and only if the identity (11.33) holds in Qp�q.

Corollary 2. If a loop Qp�q satis�es the identity (11.33), then any of its loop isotopes also

satis�es the identity.

In other words, the identity (11.33) is universal.

3�. Moufang-Bol axioms and loop cores

The Bol conditions pBlq and pBrq are closely related to the left and right IP -properties.
Recall that a loop Qp�q with neutral element 1 has the left inverse property if for any x and
y, the equality

�1xpxyq � y
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Fig. 8

holds, with �1xx � 1. We will interpret this condition in a net A coordinatized by Qp�q.
Let the point I have coordinates r1, 1s, and let AB be an arbitrary 3-line p3, xq. Then

point A1 (Figure 8) lies on the lines p1, x1q, p2, xq and p3, 1q for some x1 P Q. Consequently,
x1x � 1, i.e., x1 � �1x. Consider an arbitrary point C � rx, ys on the line p1, xq. Then
CD � p2, yq and CG � p3, xyq, while C 1 lies on p1, xq, p2, xyq and p3, yq for some x2 P Q.
Again, by the de�nition of the coordinate loop, we have

x2pxyq � y.

For Qp�q to be an IP -loop, it is necessary and su�cient that x2 � �1x, i.e., the 1-line
passing through A1 must also pass through C 1, for any choice of point C on p1, xq. We arrive
at the next concept. Fix an i-line l, and let m be an arbitrary i-line (for i � 1, 2, 3). Take
an arbitrary point P on m. Through the point P we draw the remaining two lines PR and
PS (Figure 9).

A single line parallel to the line PS passes through the point R, while a single line
parallel to the line PR passes through S. These lines intersect at a point T . A single i-line
passes through the point T . Following Bruck [33], we call the i-line n passing through T

the re�ection5 of the line m in the line l. In particular, for m � l we will assume that the
re�ection of m in l is also l. Generally speaking, the re�ection n depends on the position of
the point P . If the re�ection does not depend on P , then we say that the i-th Moufang-Bol

axiom for the line l is satis�ed in the net A.
Let us return to the left inverse property in a loop Qp�q. Using the concept of a line

re�ection, we can formulate the following statement.

Lemma 11.1. For a loop Qp�q with neutral element 1 to have the left inverse property, it

is necessary and su�cient that the �rst Moufang-Bol axiom for the 1-line p1, 1q holds in a

net A coordinatized by Qp�q.

The necessity has already been proven. We thus prove the su�ciency now.
Let m � p1, xq and P � rx, ys. Consequently, the lines p1, xq, p2, yq and p3, xyq pass

through P . Then R � r1, ys and S � r1, xys. Further, let the re�ection of the line m in the
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Fig. 9

line l � p1, 1q be n � p1, x1q. Thus, the lines p1, x1q, p2, xyq and p3, yq pass through the point
T . Consequently, x1pxyq � y. For y � 1 we obtain x1x � 1, i.e., x1 � �1x, and so we obtain
the equality �1xpxyq � y establishing the left inverse property in Qp�q.

A similar statement holds for the right inverse property.
We will say that the i-th Moufang-Bol axiom holds in the net A if the i-th Moufang-Bol

axiom holds for any i-line l in A.
Suppose that the �rst Moufang-Bol axiom holds in A (Figure 10).
Let m � p1, yq and l � p1, xq. Let n be the re�ection of the 1-line m in the 1-line l.

Since the �rst Moufang-Bol axiom holds in A, the position of the 1-line n does not depend
on the point P , but only on the position of the 1-lines m and l. Thus, the label of the 1-line

n only depends on x and y. Let n � p1, x
1
� yq, where

1
� is the sign of some new operation

on the set Q. Then R � rx, ps and S � rx, ts for some t. The point T must have coordinates�
x

1
� y, t

�
. Since PS and RT are 3-lines, we have

yp � xt and

xp � px
1
� yqt. p11.36q

De�nition 3. Let Qp�q be a coordinate quasigroup of a net A with the �rst Moufang-Bol

axiom. Then Qp
1
�q is called the 1-core of the quasigroup.

Let Qp�q be a loop with neutral element 1. We choose p so that t � 1, i.e., yp � x. Then

x
1
� y � xp � xpyzxq, and thus we recover the de�nition of the core from Chapter IX, 2�.
Figures 11 and 12 give the de�nition of 2- and 3-cores : If the second Moufang-Bol axiom

holds in A, then the re�ection of p2, yq in p2, xq gives the 2-core Qp
2
�q, where x

2
� y depends

on x and y in the following way:

py � tx, px � tpx
2
� yq.
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If the third Moufang-Bol axiom holds in A, then the re�ection of p3, yq in p3, xq gives the

de�nition of the 3-core Qp
3
�q, with

Fig. 10 Fig.11

pt � y, pv � vt � x, vu � x
3
� y.

Before proceeding to the study of the core, we prove the following theorem.

Theorem 11.7. For i � 1, 2, and 3, the i-th Moufang-Bol axiom is equivalent to the

respective closure conditions pBlq, pBrq, and pBq.

Let us prove the theorem for i � 1. Suppose the equalities

x1y2 � x2y1, x2y2 � x4y1, x1y4 � x2y3

hold in a coordinate quasigroup Qp�q of a net A satisfying the �rst Moufang-Bol axiom.

Fig. 12
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By (11.36), x1y2 � x2y1 implies

x2y2 � px2
1
� x1qy1. p11.37q

Also, x1y4 � x2y3 implies

x2y4 � px2
1
� x1qy3. p11.38q

Comparing (11.37) with x2y2 � x4y1, we obtain x2
1
� x1 � x4. Consequently, x2y4 � x4y3

follows from (11.38) and the latter equality.
Conversely, suppose the closure condition pBlq holds in Qp�q. Let us prove that the �rst

Moufang-Bol axiom holds in a net A coordinatized by Qp�q. For this, it su�ces to show that
in the system

yp � xt,

xp � ut

*
p11.39q

of equations, the element u only depends on x and y, say u � x
1
� y. Suppose we also have

the equalities
yp1 � xt1,

xp1 � vt1.

*
p11.40q

Set x1 � y, x2 � x, x4 � u, y1 � t, y2 � p, y3 � t1, and y4 � p. Then the equalities (11.39)
and �rst equality from (11.40) transform to the �rst three equalities from (11.8). But
by pBlq, we obtain x2y4 � x4y3, i.e., xp1 � ut1. Comparing the resulting equality with the
second equality from (11.40), we �nd that u � v. This means that u does not depend on p,
but only on x and y. For example, if p1 � x, then t and, consequently, v depend only on x
and y, so up� vq also only depends on x and y. Theorem 11.7 has been proved.

Corollary. Suppose that the �rst Moufang-Bol axiom is satis�ed in a net A. Then each
coordinatizing loop is a left Bol loop.

The statement follows from Theorem 11.4 and 11.7.

4�. Bol loop cores

We turn to the study of the core. Suppose that the �rst Moufang-Bol axiom holds in a
net A. As shown above, every coordinate quasigroup is isotopic to a left Bol loop. A core
is de�ned in any coordinate quasigroup Qp�q of the net A. The question naturally arises:
What is the relationship between the cores of all the coordinate quasigroups of the net A?

The following theorem holds.

Theorem 11.8. The cores * of all the coordinate quasigroups of a net A with the �rst

Moufang-Bol axiom are mutually isomorphic.

*Henceforth, we only consider 1-cores. Therefore, we will omit the quali�er �1�.
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Let Qp�q and Qp�q be two coordinate quasigroups of the net A, with respective cores
Qp�q and Qp`q. Then by their de�nition, we have

yp � xt,

xp � px� yqt,

y � p1 � x � t1,

x � p1 � px` yq � t1.

*
p11.41q

Let u � v � γ�1pαu � βvq. Then the equalities (11.41) transform to

γ�1pαy � βp1q � γ�1pαx � βt1q

and
γ�1pαx � βp1q � γ�1papx` yq � βt1q,

whence
αy � βp1 � αx � βt1

and
αx � βp1 � αpx` yq � βt1.

In view of the de�nition of the core Qp�q we obtain

αx� αy � αpx` yq,

which means that Qp`q and Qp�q are isomorphic.
It is convenient to indicate the re�ection of the 1-line m � p1, yq in the 1-line l � p1, xq

as follows (see Figure 10):
x, y : P Ñ R, S, T.

We note here that P uniquely determines the points R, S, T . Using coordinates, we can
write

ry, ps Ñ rx, ps , rx, ts , rx� y, ts ,

with the understanding that x� y currently means x
1
� y.

Theorem 11.9. The core of any coordinate quasigroup of a net A with the �rst Moufang-

Bol axiom is a left distributive groupoid.

Proof. By Theorem 11.4, it su�ces to prove the theorem for a Bol loop core.* In this case
it was shown that

x� y � xpyzxq.

Since the Bol loop has the left inverse property, yzx � y�1x and, consequently,

x� y � xpy�1xq. p11.42q

*Here, we consider a left Bol loop.
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Now consider the following re�ections (Figure 13):

y, z : AÑ H,E, I, p11.43q

x, y � z : I Ñ F,K,L, p11.44q

x, y : E Ñ F,B,G, p11.45q

x, z : AÑ C,B,D, p11.46q

x� y, x� z : D Ñ G,M,L1. p11.47q

The re�ection (11.46) must have the form

x, z : AÑ C,B1, D. p11.48q

But (11.43) and (11.44) imply that A, E, and B are on the same 3-line, and (11.48) implies
that B1 is on the same 3-line. Since B and B1 are on the same 1-line p1, xq simultaneously,
they coincide.

Fig. 13

In coordinates the re�ections (11.43)�(11.47) have the form

rz, ps Ñ ry, ps , ry, ts , ry � z, ts , p11.49q

ry � z, ts Ñ rx, ts , rx, ts , rx, rs , rx� py � zq, rs ,

ry, ts Ñ rx, ts , rx, ss , rx� y, ss ,

rz, ps Ñ rx, ps , rx, ss , rx� z, ss ,

rx� z, ss Ñ rx� y, ss , rx� y, r1s , rpx� yq � px� zq, r1s p11.50q

We show that
r � r1. p11.51q

210



For this, we note that HI is a 3-line, as follows from the de�nition of the re�ection (11.43).
From (11.44) we �nd that IK is also a 3-line, i.e., H and K lie on the same 3-line. In this
case the equality

yp � xr

holds. Since A is an arbitrary point of p1, zq, we set p � 1:

y � xr,

whence by left invertibility we �nd that

r � x�1y. p11.52q

Now (11.46) and (11.47) imply that CD and DM are 3-lines, i.e., C andM are on the same
line. Consequently, we have

xp � px� yqr1,

whence in view of the equality p � 1 we obtain

px� yqr1 � x. p11.53q

We �nd px� yqr, taking into account (11.42), (11.52) and the Bol identity:

px� yqr � px � y�1xqpx�1yq � x
�
y�1px � x�1yq

�
� xpy�1yq � x.

Comparing the latter equality with (11.53), the equality (11.51) is established.
Now (11.44), (11.45) and (11.47) imply that FL, LG and GL1 are 3-lines. Consequently,

F , G, L and L1 are on the same 3-line. On the other hand, from (11.43) and (11.50), and
from r � r1, it follows that K, M , L, L1 are on the same 2-line, namely on p2, rq. Since, the
3-line FGLL1 and the 2-line KMLL1 have common points L and L1, and this is possible
only if L � L1, whence it follows that

x� py � zq � px� yq � px� zq.

The proof of the theorem is complete.

Now we �nd the conditions under which Qp�q is a quasigroup.

Theorem 11.10. The core of a Bol loop Qp�q is a quasigroup if and only if the the squaring

xÑ x2 is a permutation of the set Q.

The necessity of the condition is obtained immediately: if Qp�q is a quasigroup, then
the equation x � 1 � a has a unique solution, i.e., xp1�1xq � a or x2 � a has a unique
solution, for any a P Q. Denote the solution of the equation by a1{2.

Before proving the su�ciency of the condition formulated in the theorem, it is necessary
to prove the validity of the following two relations:

px1{2q�1 � px�1q1{2, p11.54q
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px� yq�1 � x�1 � y�1. p11.55q

To prove (11.54), we use the left alternativity x �xy � x2 �y, which holds in any Bol loop:

px�1q2x2 � px�1x�1qpxxq � x�1px�1 � xxq � x�1x � 1,

whence
px�1q2 � px2q�1. p11.56q

Let x2 � y. Then (11.56) implies px�1q2 � y�1, whence x�1 � py�1q1{2 or py1{2q�1 � py�1q1{2.
The element y, along with x, can be any element of the set Q, since xÑ x2 is a permutation
of Q. We can obtain another proof, if we consider that in a Bol loop any element generates
an associative subloop (see, for example, [11]).

To prove (11.55) we �nd px�1 � y�1qpx� yq. We have

px�1 � y�1qpx� yq � px�1 � yx�1qpx � y�1xq

� x�1
 
y
�
x�1px � y�1xq

�(
� x�1py � y�1xq � x�1x � 1,

which implies the equality (11.55).

Su�ciency. Let xÑ x2 be a permutation of the set Q. We prove that the equality

a� y � b p11.57q

has a unique solution for all a, b P Q.
Let y0 be a solution of the equation (11.57). Then (11.57), by the de�nition of the

operation p�q, takes a form
a � y�1

0 a � b,

whence
pa � y�1

0 aqa�1 � ba�1, apy�1
0 � aa�1q � ba�1,

ay�1
0 � ba�1, y�1

0 � a�1 � ba�1,

y0 � pa�1 � ba�1q�1, p11.58q

or
y0 � pa�1 � b�1q�1.

Consequently,
y0 � a� b. p11.59q

We check that y0, de�ned by (11.58), is a solution of the equation (11.57):

a � y�1
0 a � a

�
pa�1 � ba�1qa

�
� a

�
a�1pb � a�1aq

�
� apa�1bq � b.

Now consider the equation
x� a � b. p11.60q
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Suppose that x0 is a solution of (11.60). Then (11.60) implies

x0pa
�1x0q � b. p11.61q

Let a�1 � c. Then px0 � cx0qc1{2 � bc1{2, whence

c1{2
�
x0pc � x0c

1{2q
�
� c1{2 � bc1{2. p11.62q

Rewriting the left side of (11.62),

c1{2
�
x0pc

1{2c1{2 � x0c
1{2q

�
� c1{2

 
x0

�
c1{2pc1{2 � x0c

1{2q
�(

� pc1{2 � x0c
1{2qpc1{2 � x0c

1{2q � pc1{2 � x0c
1{2q2 � pc1{2 � x�1

0 q2.

The right side of (11.62) is equal to c1{2 � b�1, since

c1{2 � x�1
0 � pc1{2 � b�1q1{2. p11.63q

We �nd x�1
0 from (11.63) using the equality (11.59): x�1

0 � c1{2 � pc1{2 � b�1q1{2, whence
x0 �

�
c1{2 � pc1{2 � b�1q1{2

��1
, or, using the equalities (11.54) and (11.55), we obtain

x0 � pc1{2q�1 �
�
pc1{2 � b�1q1{2

��1
, x0 � pc�1q1{2 �

�
pc�1q1{2 � b

�1{2
.

Taking into account that c � a�1, we �nally �nd

x0 � a1{2 � pa1{2 � bq1{2. p11.64q

The transitions from (11.61) to (11.63), and thence to (11.64) are invertible, whence we
conclude that the solution of the equation (11.60) exists, since the equality (11.61) is nothing
else than x0 � a � b. This completes the proof of the theorem.

Theorems 11.9 and 11.10 generalize Theorem 9.5 and Theorem 9.4 for Moufang loops.
Note the following property of a core Qp�q:

x� px� yq � y. p11.65q

Indeed, combining the equality a� y0 � b and (11.58), we obtain

b � a� y0 � a� pa� bq.

The question arises: When is a loop isotopic to the core Qp�q of a Bol loop Qp�q which
satis�es the condition of Theorem 11.10?

The following theorem holds.

Theorem 11.11. Suppose that the condition of Theorem 11.10 holds in a Bol loop Qp�q,

with core Qp�q. Then the quasigroup Qp�q is isotopic to a Bol loop.

The theorem is a direct corollary of Theorem 9.11: in the left-distributive quasigroup
Qp�q we have L2

x � 1 by virtue of the equality (11.65).
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Notes

1The concept of a net, apparently, was �rst introduced by Thomsen [23] in 1929.
2The concept of a net given here is a particular case of the concept of a k-net for k � 3. A k-net is

de�ned in the same way as a 3-net A, but L divides into k non-intersecting classes L1, L2, . . . , Lk, satisfying

Axioms 1 and 2. The concept of a k-net for k ¥ 4 is closely connected with a system of mutually orthogonal

quasigroups (see Chapter VII, 4�, De�nition 5). Details about k-nets are given in Bruck [31, 33] and

Pickert [61].
3This implies that the net A de�nes a quasigroup up to isotopy and parastrophy (see Note 7 to Chapter I).
4If a loop Qp�q satis�es the hexagon condition pHq, then x�1 � �1x, and this property is universal.

Moreover, all such loops are mono-associative, i.e., each element generates an associative subgroup (see [10],

for example).
5Thus, a re�ection is a certain transformation of the net A (in the presence of the �rst Moufang-Bol

axiom). Other transformations in nets (without additional conditions) were considered by Artzy [7], namely,

transformations analogous to motions in ordinary Euclidean planes.
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Problems

Let us formulate a number of problems in the theory of quasigroups, which, so far as the
author knows, have not been solved and whose solution is of interest.

1. Find necessary and su�cient conditions for a special loop (Chapter III, 1�) to be
isotopic to a left F -quasigroup. Is any identity ful�lled in special loops? Which loops are
isotopic to bilateral F -quasigroups (Chapter III, 5�)?

2. Let Qp�q be a group, and let x � y � zε11 z
ε2
2 . . . zεnn , where zi � x or y, and εi �

�1 (for i � 1, 2, . . . , nq. At what values of εn will the groupoid Qp�q be a quasigroup?
3. A quasigroup Qp�q is a Stein quasigroup [76], if it satis�es the identity x � xy � yx.

To which loops are Stein quasigroups isotopic?
4. A quasigroup QpAq is called a σ-quasigroup, if σA � A, where σA is an inverse

operation for A (Chapter I, 4�). If σA � AT (where AT is an isotope of the quasigroup A),
then will A be isotopic to some σ-quasigroup [72]?

5. To construct and develop a homotopy theory for quasigroups (Chapter IV, 4�).
6. To construct a theory of extensions for quasigroups (see Chapter V, 2�, and crossed

products of quasigroups. Compare [2, 26, 90]).
7. To extend theorems of the extension of groups to any loops (in particular, to Moufang

loops and to other loops classes).
8. Are there left-distributive quasigroups isotopic to loops which are not Bol loops

(Chapter IX)?
9. If a positive answer is possible to the previous question, then the problem arises of

describing such loops. In particular, it is required to indicate which identities they satis�ed.
10. What necessary and su�cient conditions should be imposed on a loop so that its

core (Chapter IX, 1� becomes a left distributive groupoid (quasigroup)?
11. In which loops is the property of being special (Chapter III, 1�) universal (Chapter X,

4�)?
12. Find G-loop classes distinct from those described in Chapter X, 1�. Describe the

class of all G-loops (for example, using identities).
13. Find other conditions of closure in nets (Chapter XI, 2�). Construct a general theory

of closure conditions.
14. Explore loops with the identity z rpxyqzzs � pz{yqpxzzq (Chapter XI, 2�, Theo-

rem 11.6).
15. Will an in�nite anti-commutative distributive quasigroup be transitive (Chap-

ter VIII, Theorem 8.4)?
16. Let Sp�q be an abbreviation semigroup (i.e., xy � xz or yx � zx implies y � z). Can
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it be included in a quasigroup (loop) with a nontrivial identity? (An identity is nontrivial
if there is a more than one-element quasigroup in which it does not hold).*

17. What necessary and su�cient conditions must a groupoid Qp�q satisfy in order for
it to be embedded in a Moufang loop, an IP -loop, or a distributive quasigroup*?

18. Are there any identities in a quasigroup Qp�q implying that Qp�q is a loop? (An
example of such an identity is associativity.)*

19. Do there exist loops with a preassigned type pL ,Φ,Rq and preassigned intersections
L

�
Φ,Φ

�
R,L

�
R,L

�
Φ
�

R?
20. In which quasigroups or loops are all (groupo) congruences are normal? (In IP -

quasigroups, all congruences are normal. See [22], for example.).

*Proposed by I.E. Burmistrovich.
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