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39. DAGGER CATEGORIES

Dagger category C has a contravariant functor {: C — C, with:
XT =X for X € Cy, adjoint fT: Y — X of f € C(X,Y), fil = f.

Example: One-object linear categories C, H with 2 = 7.

Morphism f in dagger category C is:
e Hermitian or self-adjoint if fT = f;
e unitary if invertible and fT = f~1.

Dagger monoidal category: ft is a strict monoidal functor.
Dagger compact closed category: V X € Cy, coevy = (evy)'.
Lemma: V f € C;, f™ = f*I. (Necessary, not sufficient, for DCCC.)
Biproduct dagger compact closed category: V X € C, 7& =1x.

Example: Category FDHilb of finite-dimensional Hilbert spaces,
withVze X, VyeY, (f(z)|y)= (x| fi(y) for f: X =Y.

Example: Rel with R* = R' as the converse relation.
Information theory: A bit in a BDCCCis 2:=1® 1.
Examples: {0,1} in Rel, or qubit C ® C = C? in FDHilb.

Extract information from [1,1],
e.g., false = ) and true = 1; in Rel, or scalar 1 — ¢ in FDHilb.

Trace of f € [X, X]=X*"® X is
19 xo x5 XroX X% xrg x &% 1
Example in FDHilb:

> €®€ = D ei®e; > D €@ f(e) = Do >0 €@ fikew = 325 [y
Positive endomorphism f: X - X if3¢g: X =-Y. f=4l0g.

Examples: In Rel, rt Ry=y Rx and z R z.
In FDHilb, Vz € X, (f(z)|z) > 0.

Complete positivity of f: [X, X] = [V, Y]or f: X*@X - Y*®Y:
VZeCy, V positiveg: 1 = 7" X" X ® 7,

179X oX0z %7 2 9vy*eY®Z is positive.



	39. Dagger categories



