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38. Monoidal functors

Monoidal categories (C,⊗,1), (C′,⊗,1′).

Monoidal functor F : (C,⊗,1)→ (C′,⊗,1′)
with natural transformations µX,Y : F (X)⊗ F (Y )→ F (X ⊗ Y )
and C′-morphism ϵ : 1′ → F (1) such that:

F (X)⊗
(
F (Y )⊗ F (Z)

)
1F (X)⊗µY,Z

��

α′
F (X),F (Y ),F (Z)//

(
F (X)⊗ F (Y )

)
⊗ F (Z)

µX,Y ⊗1F (Z)

��
F (X)⊗ F (Y ⊗ Z)

µX,Y ⊗Z

��

F (X ⊗ Y )⊗ F (Z)

µX⊗Y,Z

��

F
(
X ⊗ (Y ⊗ Z)

)
F (αX,Y,Z)

// F
(
(X ⊗ Y )⊗ Z

)
,

— associativity, and unitality:

F (X)⊗ 1′
ρ′
F (X) //

1F (X)⊗ϵ

��

F (X)

F (X)⊗ F (1) µX,1

// F (X ⊗ 1)

FρX

OO
, F (X) 1′ ⊗ F (X)

λ′
F (X)oo

ϵ⊗1F (X)

��
F (1⊗X)

FλX

OO

F (1)⊗ F (X).µ1,X

oo

Example: Underlying set functor U : (L,⊗, K)→ (Set,×, {1}).
Here ϵ : {1} → K; 1 7→ 1, and µX,Y : UX × UY → U(X ⊗ Y ) is the

usual quotient by relations (k1x1 + k2x2, y)
!
= k1(x1, y) + k2(x2, y), etc.{

Strong
Strict

}
monoidal functor: ϵ and the µX,Y are

{
isomorphisms.
identities.

}
Example: Free vector space functor F : (Set,×, {1})→ (L,⊗, K).

Here F (X × Y ) = F (X)⊗ F (Y ) and F{1} = K, so strong, strict.

Braided monoidal functor: F (X)⊗ F (Y )

µX,Y

��

σ′
F (X),F (Y )// F (Y )⊗ F (X)

µY,X

��
F (X ⊗ Y )

FσX,Y

// F (Y ⊗X),

Symmetric monoidal functor if (C,⊗,1), (C′,⊗,1′) symmetric.

Example: ∗ : C→ Cop in a compact closed category (C,⊗,1).
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