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37. Compact closed categories

Compact closed category: Symmetric, monoidal (C,⊗,1) with:

• Contravariant duality functor ∗ : C→ C;
• Evaluation natural transformation evX : X∗ ⊗X → 1; and
• Coevaluation natural transformation coevX : 1→ X ⊗X∗,

yanking conditions(
X

coevX⊗1X−−−−−−→ X ⊗X∗ ⊗X 1X⊗evX−−−−−→ X
)

= 1X

and (
X∗

1X∗⊗coevX−−−−−−−→ X∗ ⊗X ⊗X∗ evX⊗1X∗−−−−−→ X∗
)

= 1X∗

Lemma: Internal hom [X, Y ] = X∗ ⊗ Y .

Example: (Lfin,⊗, K) with duality X∗ = L(X,K).
If X has basis {e1, . . . , en},
and X∗ has dual basis {ê1, . . . , ên} with êi(ej) = δij,
then coev : K → X ⊗X∗; 1 7→

∑n
j=1 ej ⊗ êj.

Yanking: ei 7→
∑n

j=1 ej ⊗ êj ⊗ ei 7→
∑n

j=1 ej ⊗ êj(ei) =
∑n

j=1 ejδji = ei

and êi 7→ êi ⊗
∑n

j=1 ej ⊗ êj 7→
∑n

j=1 êi(ej)⊗ êj =
∑n

j=1 δij êj = êi.

Lemma: For Y with basis {d1, . . . , dm},
morphism ei 7→ dj corresponds to tensor êi⊗dj.

Example: Relation category Rel, biproduct is the disjoint union with
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Monoidal category
(
Rel,×, {0}

)
, compact closed with X∗ = X.

Evaluation {((x, x), 0) | x ∈ X}, coevaluation {(0, (x, x)) | x ∈ X}.

First yanking condition:
relation product of {(x, (x′, x′, x)) | x, x′ ∈ X}

with {((x′, x, x), x′) | x, x′ ∈ X} is {(x, x) | x ∈ X}.

Second is similar.
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