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30. ENRICHING ABELIAN CATEGORIES

Abelian category A (Freyd’s definition).
Matrices: X <— X xY —Y X—X4+Y~—Y
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Exact: 0 > X 5 X4+4Y —5Y 50, 0 X — X xY 5V 50
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Theorem: 0 - X +Y — X XY — 0 exact,
so X+Y =2 XxY = X@Y, biproduct.
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Diagonal: A: X [1—1> X o X. Summation: »: X & X ; X.

For f,g € A(A, B), define A T g and AT B
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Proposition: 0+, f=f=f+.10, O+ f=f=f+r0.

Proposition: (f +.9) +r(h+Lk)=(f+rh)+L (9 +r k).
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Proof. Both sides areAgA@AMB@BgB. O

Theorem: +; = 45, commutative and associative.

Proof. Setting g =h =0, have f +grh = f 4+ h=: f + h.
Setting h = 0, have (f +g) +k=f + (g + k).
Setting f =k =0, have g+h=h+g¢g. U

Theorem: A(A, B) is an abelian group.
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Proof. For f: A — B, have A A —— B ® B monic and epic, so an
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isomorphism with inverse B& B — A® A, then f+¢=0. O
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