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11. PRODUCT CATEGORIES AND BIFUNCTORS

Product B x C of quivers B, C has (B x C)q = By x Cp,
(B x ()1 = By x C, pointwise 9;(f, g) = (0;f, 0;g) for i =0, 1.

Product B x C' of categories B, C': pointwise identities, composition:

(B x C)((z,2"), (y,)) x B><C( ),
= (BxC)((z,2'), (2,2)): ((f f) (9.9)) = (f'of.g'09).
Universality: B L Bx 040 — graph maps or functors.
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Bifunctor S to D on B and C'is a functor S: B x C — D
— graph, diagram or quiver bimap if B, C are just quivers.

Proposition: Given bifunctor S: B x C'— D: For (b,¢c) € (B x C)o,
define R, := S(b,_): C — D and L. := S(_,¢): B — D.
Ry (9)=5(b.g)

ThenV f: b=V, g: c = " S(b,c) S(b, )
T~ US8(L)
Lc(f):S(frc)i > oo - ch’(f)—S(fvcl)
S, c) S, d)

Ry (9)=S(t'.g)
Conversely, given R,: C'— D and L.: B — D

with Vb € By, ce C(), Lc<b) = Rb(c)

and commuting solid square,

the diagonal defines a bifunctor S: Bx C — D. U

Example: Locally small C, B = C° R,: C' — Set;b— C(b,c),
L.: C°° — Set; b — C(b,¢) (like dualizing), Ry(c) = C(b,c) = L.(b).

For h € C'(V,c),s0 b Ly c , have

Rb(g Rb( )

hofr—=gohof C(b,c)HC(bc’)
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